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In this paper, we study the topological dynamical properties of minimal continuous semi-flows on a compact
metric space. Firstly, we connect a minimal continuous semi-flow with minimal sets of its time-one map. Secondly,
by using the connection, we prove that the minimal continuous semi-flow is a minimal continuous flow if its
time-one map is open, and for any minimal continuous semi-flow, there is an invariant residual set such that the
restriction to the set is a minimal continuous flow. Finally, we show that any noninvertible, minimal continuous
semi-flow is a factor of a minimal continuous flow, and there is no noninvertible, minimal continuous semi-flow
on a two-dimensional compact manifold.
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1. INTRODUCTION

Suppose X is a topological space, R is the real line and R¥ = {xe RIx>0}. Let (¢

R*xX—X (resp. ¢ : RxX—X) be a continuous semi-flow (resp. continuous flow) (semi-flow

(resp. flow) for short), i.e., ¢ is a continuous map and satisfies the following:
1) O, x) =x, Vxe X;
@ o, 0t x)=p(s+1t,x), Vs, te R™ (resp. s,t€e R), xe X.

For te R™ (resp. te R), write ¢,=¢(t-):X—>X. Here ¢, is called time-z map of ¢.

Let ¢ be a continuous semi-flow (resp. continuous flow) on a compact metric space X and

f:X—X a continuous map. A subset Yc X is called an invariant set of ¢ (resp. f), if
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(Y)Y for any € R (resp. f(Y)CY). A subset Y X is called a minimal set of @ (resp.
@, p

), if Y is non-empty, closed and invariant, and if Y has no proper subset with these three properties.
If X is a minimal set of ¢ (resp. f), then @ (resp. f) is called minimal. Obviously, when Yc X is

a minimal set of ¢ (resp. f), the restriction of © (resp. f) to Y is minimal.

It is well known that always there are minimal sets of dynamical systems on compact metric
spaces. As far as “irreducibility” is concerned, minimality plays the same role in the theory of
topological dynamics as ergodicity plays for measure preserving systems. So, minimal sets belong
to the most remarkable invariant sets of dynamical systems. At present, in spite of many papers
published with respect to minimal sets, the majority of them are obtained for invertible systems
(homeomorphisms and flows). Since the majority of practical systems are noninvertible (continuous
maps and semi-flows), the research about their minimal sets has not only theoretic significance, but
also extensively applied value. Recently, S. Kolyada, L. Snoha and S. Trofimchuk have studied the
dynamical properties of minimal continuous maps from the topological point of view (see (1)). In
this paper, we shall devote ourselves to the dynamical properties of minimal semi-flows. In Section
2, we shall give a connection between a minimal semi-flow and the minimal sets of its time-one
map. In Section 3, we shall describe the relation of its feeble openness to the minimal flow. In
Section 4, we shall show that any minimal semi-flow is a factor of a minimal flow and there is
no noninvertible minimal semi-flow on a two-dimensional compact manifold.

The authors wish to thank the referees for some valuable suggestions.

2. THE CONNECTION BETWEEN A MINIMAL SEMI-FLOW AND MINIMAL SETS OF
ITS TIME-ONE MAP

Firstly, we give two relative concepts with this section.

Definition 2.1 — Suppose ¢ and y are semi-flows on compact topological spaces X and Y,
respectively. If there is a continuous surjective map (resp. homeomorphism) h:X — Y such that A
maps the orbits of ¢ to the orbits of y, then ¢ is weakly orbit equivalent (resp. orbit equivalent)

to v, and v is called a factor of ¢.

Definition 2.2 — Suppose f: X — X is a continuous map on a compact metric space X, and

£:X—R" is a positive continuous function. Write ¥ = {(s,x)10<+<{(x), x € X}. Define an

6
~

equivalent relation on Y as follows:

[ 1,=0@&) [1,=C()
Il=t2
(tl,x]) ~ (tz,xz) = or <« t2=0, or < t2=§(x2)
X =X
x,=f(x); f)=fx).
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Write Yo=Y/ ~ and n:Y—>Y ¢ is the quotient map. Now, define a semi-flow y/C on
Y ¢ as follows:

[ [+, 0<r+1< (),
n ) n . n+1 ‘
véa =y [ t+1- Y CFSTT W] Y (Fmstrrs Y CE @),
i=0 i=0 i=0
n=0,1,2, ...

\

v ¢ is called a suspended semi-flow of f under {.
When f is a homeomorphism, we can define similarly a suspended flow § of f under ¢

Remark 2.3 : (1) According to [2], Y $is compact and metrizable.

(2) It is evident that f is minimal iff I/IC is minimal. l//l is the suspended semi-flow of f
under the function whose value is the constant 1. For any { I/JC is orbit equivalent to l//l. Thus,

for any {;, {, which are positive continuous functions on X, 1,/§1 is orbit equivalent to wgz.

In this section, we will prove the following.

Theorem 2.4 — Suppose @ is a minimal semi-flow on a compact metric space X. If @, is
not minimal, then there is a positive integer k=1 such that for any minimal set Y <X of @, we

have

1N U e)=X and {(pt(Y)lte [O%)} is the family of all minimal sets of ¢,

0$t<% k

in the meantime, it is also the family of all minimal sets of @y;

(2) if @ is the suspended semi-flow of ¢, :Y— Y under {=1, then there is a continuous

1

2'r

surjective map h: Y! > X such that ho ®,=0, o (Vt20) and when A ([s,y]) =h ([, z]) (Where
k

0 <5, 7<1), we have s=1. Moreover, [s,y]l=[1,z2], or [1,y]=[1, z].

Lemma 2.5 — Suppose ¢ is a minimal semi-flow on a compact metric space X. If for any

x€ X, there are a positive integral sequence {n;} and an irrational number T > 0 such that

@, (x) > @, (x), then ® (¢, x) =X (where ® (¢;,x) is @-limit set of ¢, through the orbit of. x).
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PROOF : Refer to page 373 in (3).

Proof of Theorem 2.4. (1) Suppose YcC X is any minimal set of ¢,. Note that

¢([0,1],Y) is a closed invariant set of ¢. It follows from the minimality of ¢ that ¢ ([0, 1],Y) =
X. Write r = inf {re (0,1]1 ¢, (Y)=Y}. We shall prove r > 0. In fact, if r = 0, then there is a

point sequence {7,} < (0, 1] such that lim ¢ = 0 and ¢, (Y)=Y. Since the point set A
n— oo n

= {k,1,In21, k, is the positive integer satisfying 0 < k, ¢, <1} is dense in [0, 1], and

¢, , Y)=Y, we have ¢, (Y) =Y (Vte [0, 1]), and then ¢@([0,1],Y)=Y#X, which is a
contradiction.

To prove ¢@.(Y)=Y, suppose a point sequence {t,} < (0, 1] satisfies lim ¢ =r and
n— oo

®,(Y)=Y. Then, we have ¢, (y)e Y(Vye Y). Since ¢ is continuous and Y is closed, we have

9, 0)eY(VyeY), and thus ¢, (Y)c Y.

On the other hand, for any ye Y and ¢, there is y, € ¥ such that ¢, (y,)=y. We may

assume y, — y* € Y, then o, (") =y. Therefore Y 0. (Y), ie, Y=0,.(Y).

In the following, we shall prove that there is k=1 such that r=-llc-. In fact, since

¢, (Y)=Y, and w(¢;,y)=Y for any ye ¥, we may assume that a number sequence {n ]} satisfies

lim ¢, () =¢,(y) for any fixed point y€ Y. It follows from Lemma 2.5 and Y#X that r is a

s oo
rational number. If » = 1, the claim is evident, else write r=£ (l, k are positive integers, [>1,/ is
prime to k and k>1[). We assert [ = 1. If not, suppose k=Im+r; (m21,1<r </, and m and

r, are positive integers). Then, it follows from ¢, (Y)=Y and @1 (Y)=Y that

k
Y=0,(Y)= @t ) =0r ° (p'1n Y) = or, (Y). This is a contradiction with the definition of r.
m++r — - —_—
! ko k k
k
1

So we have r=-.

™
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It is clear that Y is a minimal set of ¢;. We shall prove that ¢, (Y) (Vre (O,%)) is also
k

a minimal set of ¢;. For any ze ¢,(Y), take y € Y such that z= ¢, (y), hence {(p’; (z)InZO} =

k k

o, ({ (p’: (z)InZO}] = ¢@,(Y). This implies that ¢,(Y) is a minimal set of ¢;.
s k
k

Let Y"cX be any minimal set of ¢@,. Then there is te[O,%] such that
k

Y* M @, (Y)# ¢, therefore ¥ *=¢,(Y). This shows that {(pt(Y)IOSt<%} is the family of all

minimal sets of ¢ ;.
k

k

Since Y is the minimal set of ¢, and ¢, (Y )(OSKJ—] is the minimal set of ¢ r then
k

n
@, (Y) is the closed invariant set of ¢,. For any z=¢,(y)€ ¢,(Y), we have {(p (z)InZO} =
i
qot({ (pn(_y)InZO}) = @, (Y), ie, ¢ (Y) is the minimal set of ¢,. Furthermore, using the proof
1

similar to ¢ 1 yields that for any minimal set ¥ of @, there is te [0,%] such that ¥ " = o, (Y).
k

This shows {(pt )l OSt<-]1;} is also the family of all minimal sets of ¢,. In addition, the proof

above also shows that k is irrelative with the choice of the minimal set Y of ¢,.

(2) Define the map h: Y1 5 X as follows:

h(ls.yD) = ¢, 0), Vs, yle vl
k

For any 20 and [s,y] e Y], write s+t=n+¢,(n20,n is an integer, 0<¢ <1). We have

h°¢,([s,y1>=h([t',<pﬁ<y>]j= Opur =0,,,00=0,°h (55,
k k k k

therefore h o th =@, °h
k
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Now, define a map o:[O,l]xY%[O,%}xY, c((s,y))=(%,y). Then, ¢ is a

homeomorphism. It follows that hem=¢@°0o, where ©:{0,1]xY—>Y Uis the quotient map. Since

T is a continuous surjective map and X = U @, (Y), so h is a continuous surjective map.
1
Ss€ [0, X ]

Finally, since ?s OM=h{s,yD=h(7,2]) = ¢r (z) (assume s=7T), we have Os-1° @1 o) =
k k k k

¢1 (2). Because ¢ (¥), ¢; ()€ Y and 0 <1<s<1, we have osf—_—l<l. Furthermore, it follows

k k
k k k
from (1) that T=s. If T=s = 0, then y=z and [0, y] = [0, z}. If 0 <s =1 < 1 and

[S, }’] * [T’ Z], then (PL (}’) = {Pl (Z)’ i°e" [l’ )’] = [l, Z]'
k k

3. THE RELATIONS OF A MINIMAL SEMI-FLOW WITH A MINIMAL FLOW

In this section, we still suppose ¢ is a semi-flow on a compact metric space X. The following
definition comes from [1].

Definition 3.1 — Suppose f: X — X is a continuous map. If f(U) contains a nonempty open
subset for any nonempty open set Uc X, then f is called feebly open. If the only closed set
A c X for which f(A)=X is A=X, then f is called irreducible.

@ is called open (resp. feebly open or irreducible), if ¢, : X — X is open (resp. feebly open

or irreducible).

The following lemma shows that the definitions for ¢ are reasonable.

Lemma 3.2 — If ¢ is open (resp. feebly open or irreducible) and ¢ : X — X is a surjective

map for any 120, then ¢, ( V120) is open (resp. feebly open or irreducible).

-1
PROOF : Let 0 <t<1. Since ¢, _. is a surjective map, we have U = @, _. ° ¢,_, (U)

for any open set Uc X. Furthermore ¢ (U) = ¢; ° ¢, _. (U), ie, ¢, (U) is an open subset. If

k
T>1, write T=k+r (where k is a positive integer and 0 <r<1). Since ¢,=¢, ° ¢, and ¢, and

@, are @, is open, then
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The proofs for the feebly open and the irreducible are similar to the above.

Lemma 33 — If ¢ is topologically transitive, i.e. there is a point xe€ X such that

@((R™¥,x) = X, then @,:X—>X (Vt20) is a surjective map. In particular, when ¢ is minimal,

@,:X—>X (Vt20) is also a surjective map.

PROOF : It follows from the condition that there is a point x € X such that ¢ (R ¥, x) = X.

Then, for any point y e X, there is a real sequence {r;} such that ¢, (x) >y. We can assume
y ] ti

;> (Vr20) and ¢, _,(x) >z It is clear that ¢, (z)=y.

Lemma 3.4 — If ¢ is minimal, then ¢ is irreducible.
PROOF : When ¢, is minimal, it follows from Lemma 2.1 in (1) that @, is irreducible, ie.,

¢ is irreducible. When ¢, is not minimal, it follows from Theorem 2.4 that ¢ ; (where k is given
k

in Theorem 2.4) is irreducible.

k
Since ¢, =¢ | and ¢ is a closed map, then ¢, is irreducible, i.e. ¢ is irreducible.
k x

Theorem 3.5 — (1) If ¢ is minimal, then @ is feebly open.

(2) If @ is open and minimal, then ¢ is a minimal flow.

PROOF : (1) Since ¢ is minimal, it follows from Lemma 3.4 that ¢ is irreducible, i.e., oA

is irreducible. Then, according to Lemma 2.3 in [1], ¢, is feebly open, i.e., ¢ is feebly open.

(2) Since ¢ is minimal, it follows from Lemma 3.3 that @, (V120) is a surjective map.
Using Lemma 3.4 and Lemma 3.2 yields that ¢, is irreducible. On the other hand, it follows from
Lemma 3.2 and those conditions given that ¢, is open. Finally, by Lemma 2.2 in [1], we get that

@, is a homeomorphism. This shows that ¢ is a minimal flow.

The following two lemmas are from Theorem 2.7 and Theorem 2.8 in [1].

Lemma 3.6 — Suppose f:X—X is a continuous surjective map. Then the map

£:X—[0,diam X), x> diam f -1 (x) is upper semi-continuous (where diamA is the diameter of the

set A).
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Lemma 3.7 — Suppose f: X — X is a minimal continuous map. Then
(1) the set A = {x€ X:cardf"] = 1} is a Gg-dense set of X;

+ oo

(2) the set X' = M fi (A) is a residual invariant set of f and f ly, is a minimal

[=—o00

homeomorphism.

Theorem 3.8 — Suppose @ is a minimal semi-flow on X, then

-1
(1) the set A = {xeX:card(pl ®=1

} is a Gg-dense set of X (where k = 1 when
k

®, is minimal and k is given in Theorem 2.4 when @, is not minimal),
i .
(2) the set X' = (M @, (A) is a residual invariant set of ¢ and the restriction of ¢

to X' is a minimal flow.

PROOF : We will prove the theorem in two cases as follows:
Case 1 : ?, is minimal.

-1
It follows from Lemma 3.7 that A = {xe X:card @ (x)=1} is a Gg-dense set of X,
1

+ oo

X"= M @ (A) is a residual invariant set of ¢, and @, ly, is a minimal homeomorphism.
1

[=—o0

We shall prove that ¢,ly,:X"— X’ is a homeomorphism for any e [0, 1]. Firstly, the following

claim is evident.

_l ;
Claim 1 : xe X" iff card ¢ ((pll(x))= 1, Vie Z

It is easily seen that ¢, (X’)c X’. Since ¢, (X")=X’, we have ®,(X")=X". This shows
that X* is invariant under ¢ and @,ly,: X’ — X’ is a continuous surjective map. On the other hand,
if x;,x,€ X’ and satisfy ¢, (x;) = @, (x,), then @y (x;) = @, (x,). Since @, ly+ is a homeomorphism,

we have xXp =X, i.e., (ptIX, is one to one. Now, suppose x,,x€ X’ and X, > X. If
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(0,x) ') >y and y# (@l (), then cardg, (x)22. If we write z=¢,_,(x), then
ze X’ and ?, x c ((pt(z) ) Therefore card (p:1 (2) 22. This makes a contradiction with Claim
1. So (¢, IX,)_I :X"— X’ is continuous, ie., @ly,:X’ =X’ is a homeomorphism. Hence, the

restriction of @ to X’ is a minimal flow.

Case 2 : ?, is not minimal.

Suppose Y is any minimal set of ¢,. By applying Lemma 3.3 and Lemma 3.6 to ¢, we
k

(=)

get Am=C_1 ([0,;’11-}) (Vmz21) is open in X. Write A = A, . To prove A is a Ggz-dense

m=1

subset of X, it is enough to prove A, is dense in X by the compactness of X and Baire Theorem.

In fact, if we put B, =A M o, (Y) for te 0,-1— , then it follows from Theorem 2.4 (1) and
t,m m t k

Lemma 3.7 that B, = (;l(p‘(y))‘l([o,—;;j], A,= U B, and B, is dense in

03:5%
®,(Y). Therefore, A, is dense in X.
+oo .
1
Let X"= M  ¢;(A). According to Lemma 3.3, ¢ | : X > X is a surjective map. It
i=—e  k k

follows from Lemma 3.4 and Lemma 3.2 that ¢, is irreducible. By the remark at the end of
k

-1
Theorem 2.5 in [1], both ¢ | (A) and ¢ ; (A) are residual sets. Since the intersection of countably
k x

many residual sets is still residual, we get that X’ is a residual set of X.

oo 4 co
. 1 ’ i
Write Bt = N Bt’m (Vte [O,Z:l) and Xt = M (pl(B[). It follows from
m=1 i==—o0 k
Theorem 2.4 and Lemma 3.7 that ?, IX':X;-—>X; is a minimal homeomorphism and

k !
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o
A
-
IA

]

Claim 2 : X ,=,(Xy) (Ve [0,%]).

-1 1 ’
The proof is as follows: If card ¢ ((pll (9, (xp)) ) 2 2 for xy€ X, and some i € Z, then
k k

-1 i -1 i+1 ,
card ¢ 4 P10 |22 or cardg, ¢, (x) {22 However, according to
k k k k
x€X’'= 1 X, and Claim 1, this case doesn’t exist. Hence, we have
1
05t<k'

-1 1 ’ ’ ’
card @ | ((pll (@, () J =1 for any ie Z This shows ¢, (xj)€ X, and then ¢, (X,) c X,
k k

Similarly, we also have ¢, (X.)cX. So, (o{(pl (X;))g 0 Xy), e,
1_, ——t
k k

9,(X,)c ¢ (Xy). Using ¢,(X,) =X, yields that (X,) < ¢,(Xy). This gives
k x

X, =¢0X,)

Now, we continue to prove the theorem. Since ¢, (X,) = X, we have ¢ (X ") =
*

’ ’ ’ 1 . ’ ’ s
o, U Xy |= U o, ,Xg)=X’ for any SE|:O,7€‘:|,1.C., O ly X" >X"is a

1

<t< < =
0<t< O_tsk

x|

continuous surjective map. It follows from Claim 1 and O SSS% that @ |y, is one to one. Finally,

using the proof similar to Case 1 yields that (¢, ly ,)-1 is continuous. This shows that ¢ I, is a

homeomorphism. That is to say the restriction of ¢ to X’ is a minimal flow.

4. EXISTENCE OF MINIMAL SEMI-FLOWS

Firstly, we show that minimality is preserved by passing to a factor.
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Proposition 4.1 — Suppose ¢ and y are semi-flows on compact topological spaces X and

Y, respectively. If y is a factor of ¢, and ¢ is minimal, then y is minimal.

PROOF : Suppose h:X— Y is a continuous surjective map and 4 maps the orbits of ¢ to
the orbits of y. For any ye Y, take x€ X such that A (x)=y and h(p (R, x)) = v (R *.v). Since
@ is minimal and h is a continuous surjective map, we have Y=h(X) = h(@(R * X)) =

w(R", y). Hence, v is minimal. It follows from Proposition 4.1 that we may get a noninvertible
minimal semi-flow by the way of making “quotient flow” for a minimal flow (where

“noninvertibility” means that 37 > 0 such that ¢,: X — X is a noninvertible map). Suppose ¢ is a

minimal flow on a compact topological space X. Take two points p,q € X and p #gq, then define

an equivalent relation on X as follows:
x x ~y iff x =y or there is 20 such that x=(pt(p) and yz(pt(q).

Write Y=X1 ~, then it follows from compactness of X that Y is a compact topological space.
It is evident that ¢ induces a semi-flow y on Y and being a factor of ¢ (under the quotient map),

Y is minimal.
Furthermore, we have the following.

Proposition 4.2 — Suppose ¢ is a semi-flow on a compact topological space X. ¢ is minimal

iff @ is a factor of a minimal flow.

PROOF : According to Proposition 4.1, it is essential to prove only the necessary. If ¢ is

minimal, it follows from Lemma 3.3 that ¢, is a surjective map for any r>0. Then, according to

[4]. the inverse limit flow (X, @) determined by ¢ is minimal and ¢ is a factor of .

Concerning the problem of the existence of minimal systems, it is interesting to compare the
situation in discrete and continuous dynamics. In discrete dynamics many spaces, among them 2-torus
and some nonhomogeneous metric continua, are known to admit both minimal noninvertible maps
and minimal homeomorphisms (see (5)). Further, by (6), the only 2-manifolds which admit minimal

maps are finite unions of tori and finite unions of Klein bottles. In continuous dynamics the situation
is a bit different. For a two-dimensional compact manifold M 2 it is known that ¢ is a minimal

flow on M2 iff M? is the Torus T2 and ¢ is the minimal flow on T? (see Th. 2.6.3 in (7)). As

for noninvertible minimal semi-flow, we have the following.
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Proposition 4.3 — There is no noninvertible minimal semi-flow on M 2,

PROOF : If not, suppose ¢ 1is a noninvertible minimal semi-flow on M 2. Then there is

) -1
pe M~ such that we have card ¢, (p)22 for any t20. Fix t+ > 0 and take two points

-1
ppPy€ @, (p),p,#p, and a > 0 such that p,,p, & B (p,a). Choose 0 < 6<a and T > 0 such

that o(0,T1,B(,d)) =B (p,a). Choose  a;>0 and 0<8,<d such that

B(.8) M B(cpz(p),al ) =9 B(%(p),al]g B(p.a) and ¢ 7 (B (p,8)) < B(<pz<p),a1).
2 2 2 2

Take two points g, g € (p(R+,p1 M 9B (p,a), qTe ¢(R+,p1) M 9B (P, 3)), q,¢ (p(R+,p2) M

0B (p,a) and q* e (R, p,) M 9B (p,8) such that the orbit arc from g (resp. g,) to g lies in
2 2 1 2

B (p,a) and the orbit arc from qT (resp. qZ} to p lies in B(p,8;) (see figure 1). Since

oR . p)=M 2, there is ;>0 such that ¢, (p)e Dc B (p,d,) (where D is the shadow part in figure
0 t 1 p g

D). Then ¢ . (p) € B(or(p),a;) =B (p,a). However, it follows from the fact that B (p, 81) C
t0+§ 5

FiG. 1
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« 1
B(@,d) and ¢([0,T),B(p,d)) < B(p,a) that there is t & [to, t0+£J such that @, (p) lies in

the orbit arc from q, to p or in the orbit arc from g, to p. Therefore, the orbit of ¢ through p is

a periodic orbit. This makes a contradiction with the minimality of ¢.
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