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The dynamical behaviour of non-critically finite odd transcendental meromorphic function y; (z) = 4 sz s
z
. . X

described. Bifurcation in the dynamics of y;, (x) is shown to occur at A = A'(= 2.69528), where 4" = Snh 3 and

X is the unique positive real solution of the equation tanh x=-§=. The -images of the Julia sets of v, (z) are

computer generated by using the characterization of its Julia set as the closure of the set of points with orbits
escaping to infinity under iterations.
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1. INTRODUCTION

The dynamics of one real parameter families of polynomials or entire functions is studied extensively
(7,9,13,14,16,18). However, very little work is done so far concerning the investigations of dynamics
of one real parameter families of transcendental meromorphic functions. The present paper aims to
describe some of the interesting aspects in the dynamics of an one parameter family of non-critically
finite transcendental meromorphic functions. Dynamics of such functions is important since the
iterative processes associated with Newton’s method applied to an entire function often yields a
meromorphic function as the root finder. An introduction and standard terminologies in the theory
of complex dynamics may be found in (12,17).

The dynamical behaviour of critically finite meromorphic transcendental functions share some
of the properties of entire and rational functions, for instance, these functions do not have wandering
domains (3) and Baker domains (4). In contrast, non-critically finite transcendental meromorphic
functions may have wandering domains and Baker domains (19). Though the dynamics of critically

finite meromorphic transcendental functions has been studied for several interesting classes during
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last two decades (3,5.6,15), the dynamics of non-critically finite transcendental meromorphic functions
has not been explored so for. The presence of infinitely many critical values and the behaviour of
the orbits of critical values for non-critically finite transcendental meromorphic functions make it
difficult to study the dynamics of such functions. In the present work, an effort is made to fill this
gap by studying the dynamics of a family of non-critically finite transcendental meromorphic
functions.

The following results exhibit the importance of singular values in the dynamics of a
transcendental meromorphic function:

Theorem A 1 (5) — Let f(z) be a transcendental meromorphic function. Suppose z lies on

an attracting cycle or a parabolic cycle of f(z). Then, the orbit of at least one critical value or

asymptotic value is attracted to a point in the orbit of z

Let B be the class of meromorphic functions having bounded singular values. Zheng (21)

proved that if fe B is a meromorphic function, then for z € F (f), the orbit { Faea) }n=0 does not
tend to eo. Dominguez (8) gave a characterization of the Julia set of meromorphic transcendental
functions as the boundary of the set of all escaping points, ie., if f(z) is a meromorphic
transcendental function, then J (f)=dI(f). The following characterization of the Julia set, given by
Zheng (20) for meromorphic transcendental function, is quite useful to computer generate their Julia

sets:

Theorem A 2 — Let fle B be transcendental, then J (f) = I(f).

For the class of meromorphic functions with polynomial Schwarzian Derivatives, the
characterization of the Julia set in Theorem A 2 is independently given by Hoggard (11).

Avetision, Arakelion and Gonchar (2) proved the following analogue of Denjoy-Carleman-

Ahlfors Theorem (1), guaranteeing finite number of asymptotic values of a meromorphic function
and needed in the sequel:

Theorem A 3 (2) — Let f be a meromorphic function of a finite Nevanlinna order p and

lim nr, o, f)

b, s e g <+oo. Then, the number of finite asymptotic values of the function f counted

according to their multiplicity is not greater than 2p.

We consider the one parameter family of odd transcendental meromorphic functions defined
as:

<

T= {WA(Z) = lsﬂg—z :A>0,z e(ﬁ}
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In Sec. 2, it is proved that a function y, € 7 is non-critically finite and all singular values

of y,(z) are bounded. The fixed points of the function y, (x) are found and their nature is

investigated in Sec. 3. It is shown in Sec. 4 that there exits a critical parameter value A" >0 such

that bifurcation occurs in the dynamics of y, (x) at A=A" (= 2.69528), ie., if the parameter value

crosses the value A", then a tremendous change occurs in the dynamics of v, (x) (Fig. 3). The

characterization of the Julia set of ¥, (z) as the closure of the set of all escaping points of y; (z)

for 0 <A< A", 2=1" and A> A" is found in Sec. 5. Further, in this section, it is proved that the
Fatou and Julia sets contain certain intervals of real line for 0 <A< A", It is also shown in this
section that, for A <A, the Fatou set of ¥, (z) contains a unique parabolic domain for each of the

two rationally indifferent fixed points of y; (z). It is further observed in this section that for

A> A" chaotic burst occurs in the Julia set of ¥, () and the Julia set of ¥, (z) contains the whole

real line. In Sec. 6, our results found in this paper are applied to generate computer images of Julia

sets of , (z) using an algorithm based on these results. Finally, the results on dynamics of
non-critically finite transcendental meromorphic functions found here are compared with recent results

in (14) on dynamics of non-critically finite entire functions E, (z) =A(e-1)/z, A>0.

2. BASIC PROPERTIES

The following proposition shows that functions in the family 7 are indeed non-critically finite and
have bounded singular values:

Proposition 1 — Let v, € 7. Then, v, (z) is non-critically finite and all singular values are
bounded.

PROOF : The critical points of W, (z) are solutions of the equation V/'A (z) = 0. This implies
that solutions of the equation z cosh z — 2 sinh z = 0 are critical points of y, (z). It is easily seen
that this has two real solutions and infinitely many purely imaginary solutions, so that y; (z) has

two real and infinitely many imaginary critical points.

To find the critical values of y; (z), let {iyk} .y, real, be critical points of v, (z).

k=—oco
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sin y sin ¥, . o
Since, y; (i) = — ik and the values —5— are real and distinct for distinct k, it follows that
Yk Yk

oo

the values in the set {1///1 (iy)k} are imaginary and distinct. Therefore, the function v, (z)

k=00

e . . .. . . n(r, oo,
possesses infinitely many imaginary critical values. Since lim

<+ oo, and Nevanlinna
— I logr

order (10) of the function ; (z) is 1, by an analogue of Denjoy-Carleman-Ahlfors theorem (c.f.
Theorem A 3), the function y; (z) has at most two finite asymptotic values. This proves that the

function y; (z) is non-critically finite.

Since,
sinh Jy fsiny |
v, (y) | =2 Llaa—r <2 cam
ATk (iy)? ly, Py
k k k
where, M = max {l/y,% }, all critical values of y; (z) are bounded. Further, , (z) takes finite

I €h<oo
values on both the real solutions. Thus, it follows that all of singular values of ¥, (z) are bounded.

O
Let

x3

- forx#0
0 (x) =  sinhx - ()

0 forx=0.

The following are properties of function ¢ (x) needed in the sequel:

Properties of ¢ (x)

() ¢ (x) 1s continuously differentiable in IR.
(ii) ¢ (x) is positive in (—e0, 0) (U (0, ).

(iii) o (x) >0 as x > —c0c and ¢ (x) = 0 as x — oo,
The Properties (i), (if) and (iii) follow easily from eq. (1).
(iv) ¢’ (x) has two non-zero real zeros at x=+X (= 2.9847), where =X are non-zero real

solutions of tanh x=

W [ =
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. . . X
It is sufficient to show that the function g (x) = tanh x=3 has only two non-zero real

solutions. It is easily seen that g (x) has only one positive maxima at x = log (V2 1) and only
one negative minima at x = - log (\/—2— —1). Therefore, g (x) has only 1wo non-zero real solutions.
By Newton-Rapson Method, the two non-zero real solutions of g (x) are x=*X (=2.9847). Thus, it

follows that ¢’ (x) = 0 at x=xXx (Fig. 1(a)).

(v) ¢ (x) is strictly increasing in (—e,—X) \U (0,X), is strictly decreasing in
(=% 0)U (X, ) and has exactly two maxima at x==*X, where £ are non-zero real solutions of

tanh x= %z

Since, ¢ 7 (xX)= —Ls-l-rl where, x=%X (= 2.9847) are the only non-zero real zeros of

¢’ (x), it follows that ¢ ”’ (£ X ) < 0. Therefore, ¢ (x) has exactly two maxima points at x ==* X. Further,

since $(0)=0,0(x) >0 as x— o and ¢ (x) >0 as x—> —oo, it follows that ¢ (x) is strictly

increasing in (—e0,—=X) \U (0,X) and is strictly decreasing in (- X, 0) \U (X, ).

The graph of ¢ (x) is as shown in Fig. 1(b).

35 T
08 v ! '_ ulm‘(x]_')('{:i ...... - E Xa:'lﬁinh(:(:‘ """""""" =
08 I\ ; 7 3t i :
0.4 F \ AN 1 2st 29 A -
02 \\ ™ b 2l / v \ ]
\ \ /A U
o} " y R / \ \ |
\\ I N 15 F 7 Vot I’ kN
o2} N/ N . / Vi N
-0.4 | \_/ : \\ 9 // “\ ’i .\\
o6t % N o5t \ i/ N
N 1 A ! 1 0 el A W 1
-0.8 » 2 0 2 4 -10 -5 Q 5 10

F1G. 1: (a) Graph of g (x) (b) Graph of ¢ (x)

3. FIXED POINTS AND THEIR NATURE FOR y,e€ T

In the present section, we find the fixed points of v, (x) = A— sinh x and describe the nature of these
x2

fixed points. Throughout in the sequel, we denote
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A= 0(X) )

where, X is the unique positive real solution of the equation tanh x =

W=

The following proposition gives the number and locations of real fixed points of the function

¥, (x) for A>0:

Proposition 2 — Let y, e 7, then, the locations of real fixed points of the function
x3 . .
v, x) =4 Sinh ;s 2TC given by the following:

() For 0< A< A", ¥, (x) has exactly one fixed point in each of the intervals (—eo, —X),

(-%,0), (0,%) and (X, ), where X is a positive solution of the equation tanh x=

Wl

(ii) For A=2A", only fixed points of ¥, (x) are at *Xx, where X is as in (i).
(iii) For A> A", ¥, (x) has no fixed points.

PROOF : The fixed points of the function ¥, (x) are the solutions of the equation ¢ (x)=41
where, ¢ (x) is given by (1).

(i) 0<A<A®:

Since ¢ (¥)=A" and A< A%, in view of Properties (i), (iii) and (v) of the function ¢ (x), the
line u = A intersects the graph of ¢ (x) at exactly four points. By Property (ii), (iii), (v) and using
o (x)=A", it follows that one of the solution of d(x) = A for 0<A< A" lies in the interval
(0,x). Similarly, since by Property (v), ¢ (x) is decreasing in the interval (Xe) and ¢ (¥) = A,
the other solution of ¢(x) = A for 0<A<A" lies in the interval (X, o). Moreover, since

¢ (=x)=¢ (x), we get ¢ (x) = A has one solution in each of the intervals (—e,—X) and (-, 0). It

therefore follows that v, (x) has exactly one fiked point in each of the intervals (—eo, —X),

(=% 0), (0,%) and (%, ).
(i) A=A"

By Property (v), ¢ (x) has exactly two maxima at x=+X and the maximum value of o (x)
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is ¢ (X)=A". Consequently, the line u=A" intersects the graph of ¢ (x) at exactly two points
x=%%. It follows that the equation ¢ (x) = A" has exactly two solutions at x=*X. Thus, ¥, (x) has

only two real fixed points at x=+X for A=A".
(i) A> A"

The maximum value of ¢ (x) is ¢ (X)) = A" (c.f. Property (v)). Therefore, for A> A", the

line u= A does not intersect the graph of ¢ (x). Consequently, the equation ¢ (x) = A has no solution

for 2> A*. Thus, ¥, (x) has no fixed points for 4> A ]

Let the fixed points of the function y;, (x) found in Proposition 2 be denoted by -r;e
(—o0,—X), —a; € (-%0), ay€ (0,X) and rj € (X, ). The nature of these fixed points for different

values of parameter A is described in the following theorem:
Theorem 1 — Let y, € T.
(i) If 0<A<A’, then (a) the fixed point r, € (=, =X) is repelling, (b) the fixed point

-a € (- X,0) is attracting, (c) the fixed point a, € (0,X) is attracting and (d) the fixed point

7, € (X, o) is repelling.
(ii) If A> 2", then the fixed points x=+X of v, (x) are rationally indifferent.

PROOF : Since 1//;1 (x)=lxc°th_325mhx and the fixed points of v, (x) are solutions of

X

3

X . T ! . . . .
A= b x it follows that the multiplier y, (xf) of the fixed point x; is given by

W;I(xf) = xf coth xf—2 .. 3)
Let

xcothx -2 forx#0
G =
o | forx=0.

The function G (x) is differentiable and its derivative is given by
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coth x — x coseh? X forx#0
G'(x) =

0 forx=0.

Since. G’ (x)#0 for x#0, G’ (0)=0 and G” (0)= % >0, the function G (x) has exactly one

minima at x = O and the minimum value is — 1. It is easily seen that the function | G (x) | satisfies

<1 forxe (-x,0) U (0,%)

IG(x)I{ =1 forx=0,tx

>1 forxe (—o0,—X) \U (x0).

\

Consequently, by (3), we get that the multiplier W’A (x f) of the fixed point x 2 satisfies

![/;l(xf) <L if xe%0 U 0.5 . ()
V&) | =1, if x=t% G)
, ' oo, — % 5 oo). . (6
W)L(xf) > 1, if xfe( y—=X) U (xo0) 6)

() 0<A<A": Since —a; € (X,0) and aj € (0,%), by Inequality (4), 1//'1 (xay) | <1 giving

that —a, and a; are attracting fixed points of W, (x). Similarly, since —r,€ (- o, Xx) and

1. € (X, ), by Inequality (6), ‘ !//:1 (xry) | >1 giving that —r, and r; are repelling fixed points of

¥y ().

(i) 0<A<A*: By Eq. (5), l 1//;1 (xx)| = 1. Thus it follows that x=+X are rationally

indifferent fixed points of v, (x).

4. BIFURCATION IN DYNAMICS OF y,(x) FOR xe IR\{0}

Our results on complex dynamics are induced from the corresponding results on real dynamics of
such functions investigated in the present section. It is proved in the following theorem that there

exists a parameter value A" > 0 such that bifurcation in the dynamics of the function y; (x),

xe R\ {0} occurs at A=A". The Phase Portraits (Fig. 3) describing the dynamics of y, (x) for

various values of parameter A are also obtained using this theorem.
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Theorem 2 — Let y, € 7.

(@ If 0 < A<AS, l/l’i(x)—>al as n— o for xe(x*,rl),l//’;(x)——-)—al as n— o for
xX€ (—r/l,—x*), WZ(x)—)oo as n— oo for xe (0,x%) U (r), ) and wi(x)—>—oo as n.— oo for

xe (- oo,—rl)'u (=x",0), where x" is a positive solution of v (x)=r;.

() If A=2", l/li(x)—n? as n—o for xe (x %), t//’i(x)—)——)"c’ as n—o for
xe (=% —-x7), w;(x)-—wo as n— oo for xe (0,x) U (X o) and Wz(x)%—oo as n— oo for

x€ (oo, —%) U (-x",0), where x™ is a positive solution of v, () =X.

() If A> A%, w;(x) — o as n— o for all xe IR\ {0}.

s : . X
PROOF : Let x . denotes the real positive solution of the equation tanhx x=3 Then,

1//;1 (i) = 0. By Newton-Rapson Method, x, . = 1.91501. Since,

v )= 2A (cosh x) (x tanh x— 1) _ A (cosh x) *-2)
x3 253

it follows that t//; *,im) > 0. This proves that the point X pin is the minima of W, ().

Define the function f; (x)=y, (x)—x for xe R\{0}. It is easily seen that t, (x) is

continuously differentiate for x € IR\ {0}. Note that the fixed points of y;, (x) are zeros of 1), (x).

(@ If 0 < A< A", by Theorem 1, y, (x) has two attracting fixed points —a;,a; and two
repelling fixed points —ry, ry. Since t'l (=r3) > 0 and in a neighbourhood of —r; the function

"JL (x) is continuous, "A (x) > 0 in some neighbourhood of —r;. Therefore, #, (x) is increasing in a

neighbourhood of —r,. By the continuity of ¢, (x), for sufficiently small 0,>0,1,(x) > 0 in
(=rp~ry+6)) and 1) (x) < 0 in (-1, — &, —ry). Next, since t,l (—a;) < 0 and in a neighbourhood

of a, the function t;1 (x) is continuous, tl;L (x) < 0 in some neighbourhood of —a;. Therefore, 1) (x)

is decreasing in a neighbourhood of —a;. By the continuity of t) (x), for sufficiently small 62 > 0,
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FIG. 2. Graphs of 1) (x) = y; (x) — x for different values of parameter A
@) > 0in (—ay,-8,,~ay) and t; (x) < 0 in (—ay, —a, +4,). Further, since tlA (x) <0 and in a
neighbourhood of a; the function t:.t (x) is continuous, t;l (x) < 0 in some neighbourhood of a;.
Therefore, ¢, (x) is decreasing in a neighbourhood of a,. By the continuity of ¢, (x), for sufficiently
small §; > 0, 7, (x) > 0 in (a, - 85, a;) and t, (x) < 0 in (a,, a, + &;). Furthermore, since t')_ (ry) >
0 and in a neighbourhood of r, the function t;l (x) is continuous, tll (x) > 0 in some neighbourhood

of ry. Therefore, 7, (x) is increasing in a neighbourhood of r,. By the continuity of ¢, (x), for

sufficiently small &, > 0, 7, (x) > 0 in (rj, 73+ 8,) and ¢, (x) < O in (ry— &, ry). Since 1) (x) # 0

in (—eo,—71) U (=rp—ay) U (-a,0) U 0,a3) U (a3, ) U (rp, =), (Fig. 2(a)), it now

follows that

>0 forxe(—r,—al) U (O,al) W) (r;t’°°)
tl(x)zvll x)—x v (1)
<0 forxe(—oo,—rl) U (—aAO) U (—al,rl).

The dynamics of the function v, (x) is now described by the following cases:

Case i (xe (x',r,)): Since

‘V'A (ay) ’ <1, l[/’l Cpir) = 0, t//'}v (x) is increasing for x > 0 and

v, ()
Using Mean Value Theorem, it follows that Ly, -y (@)l < Ix—a;l for xe [a, b].

there exists a point be [x

a,<x, i T2 such that for all e [ag, b] D [ay, x,,;,].

in’

Consequently, l//'i (x) >a; as n—e for xe [a; b]. For each xe [b, r,) the forward orbits of

¥, (x) contain a point from [a,, b]. Therefore, 1//; (x) > a; as n—oo for all xe [b,ry). Thus,
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I/IZ(x)—>al as n— oo for x€ [ay, ry).

Further, since v, ") = r, and Y, (x) is decreasing in ", a 2l ¥y (x) maps the interval

", a,] into [a,, r;). This gives t//;L (x) —>a; as n— e for xe (x*, a,l.

Case ii (xe€ (- rl,—x*)): Since y; (x) is an odd function, the proof of the assertion follows

on the similar lines as in the Case i.

Case iii (xe (0,x") U (ry,=)): By (7), it follows that, for xe (r), ), y; (x) > x and
l//';L (x) > 1 for x>r,. Therefore, 1//'}1 (x) > e as n—>co. Further, since y, (x*)=r/1 and v, (x) is
decreasing from o to Y, (x") as x increases from 0 to x", ¥, (x) maps the interval (0, x") into the

interval (r,, ). This gives w:{ (x) > o0 as n—> oo for xe (0,x).

Case iv (x€ (—o0,—ry) U (- x",0)): Since V) (x) is an odd function, the proof of the

assertion follows on the similar lines as in the Case iii.

(b) If A=A", by Theorem 1, ¥, (x) has two rationally indifferent fixed points at x=+X.
Since 1;1 (-x) =0 and tz (-X) < 0, so that 1, (x) has maxima at —X. Since #, (-X) = 0, t, (%) <
0 in a neighbourhood of —Xx. By the continuity of 1, (x), for sufficiently small , >0, ¢, (x) < 0 in
(=X-6,=% U (-=X,—X+§)). Further, since t/)v(—i) = 0 and t;_(—,'\?) > 0, so that ¢, (x) has
minima at X. Since #; (x) = 0, £, (x) < 0 in a neighbourhood of X. By the continuity of t; (x), for
sufficiently small 6, > 0, #;(x) > 0 in (x- 6, %) U (% X+8,). Since 7; () #0 in (—eo,—x) U

(=x,0) U (0,X) (U (X, ), (Fig. 2(b)}, it now follows that

>0 for xe (0,x) U (X, )
1=y, ()-x - (8)
<0 forxe (~o,-x) \U (-X0).

The dynamics of the function v, (x) is now described by the following cases:

Case i (xe (", %)): Since y; () <1 for xe (&, %), vy (¥)=1 and ¥ (¥)>1 for x>F,
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it follows that |y« (x)-xI<lx-X| for xe (x**,%). Therefore, u/;* (x) X as n—o for
xe (7, %)

Case ii (xe (=%, —x1)): Since v, (x) is an odd function, the proof of the assertion follows
on the similar lines as in the Case i.

Case iii (xe (0,x) \U (X e): By (8), it follows that, for xe (¥ ), y,* (x)>x and
Wl/l* (x)>1 for x>X. Therefore, V/;* (x) > as n—»>co. Further, since > ™) =% and v, (x) is
decreasing from  to y, (x**) as x increases from 0 to x*", ¥, (x) maps the interval (O, x"") into

the interval (X, ). Thus, w’i (x) > e as n— oo for x e (0, x**).

Case iv (x€ (—e,—X) U (- x**,0)): Since ¥, (x) is an odd function, the proof of the

assertion follows on the similar lines as in the Case iii.

(¢) If A>A%, by Proposition 2, the function ¥, (x) has no fixed points. We observe that

t, () > 0 for all xe IR\ {0}, (Fig. 2(c)). The dynamics of S5 &) is now described by the following

cases:
Case i (xe (0,)): Since y, (x)>x for x > 0, Y (x) = oo as n— oo,
Case ii (x € (-, 0)): Since y; (x) is an odd function, the proof of the assertion follows in
the similar lines as in the Case i. O
0<l<j,‘/_._\ /—\ A=R /_\ /\
- - te—— >
! - -x*Q x* a; I, -£ -5 0 X X
@Q0< A< A G)YA= XM
AR
—~— } >
0
C©)A> X
sinh x

FIG. 3. Phase Portraits of the function y; (x) = A for xe R\{0} and A > 0

x2
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It followé by Theorem 2 that bifurcation in the dynamics of y; (x), xe IR\ {0} occurs at

the parameter value A> A", where A" =%3/sinh ¥ and ¥ is the unique positive real root of the

x

equation tanh x= 3

. . ~ . x . ~
. The numerical computation of the root x of the equation tanh x = 73 gives x

= 2.9847. Thus, by (2), an approximation of parameter value is A" = 1.4. The bifurcation diagram

for the function v, (x) = A (sinh x) x2, A > 0 is shown in Fig. 4.

5. DYNAMICS OF w, () FoR ze €, 0<A<A" anD A> 2

In the present section, the dynamics of the function y, (z) for z e ¢ and 0<A<A* and 1> A" is

described. For the case 0 <A< A", a characterization of the Julia set of ¥, (z) as the closure of the

set of all escaping points of y, (z) is found in the following:

Theorem 3 — Let y, € T and the set of escaping points of the function Y, (z) be defined

by I(y;) = {ze C :W;Ln(z)—>°° as n— o and l//ln(z);too}. If 0<A< A’ then the Julia set

Fixed Points

—-10 /! L4 l" v .Yy

1 2 A 3
Parameter value

sinh x
x2

FIG. 4. Bifurcation diagram for the function vy (z) = A for A>0
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J(wy) = T(yy).

PROOF : By Proposition 1, all singular values of v, (z) are bounded. It now follows by

Theorem A 2 that the Julia set J(y;) = I'(y). ]

In the following proposition, it is shown that Julia set and Fatou set of the function
v, € T contain certain intervals of the real line:

Proposition 3 — Let y;€ 7 and 0<A< A*. Then, the Julia set contains the intervals
(=01, (= x",0),(0,x") and (rp, ) and the Fatou set contains the intervals (- r)_,—x*) and

(x*, ra)-

PROOF : By Theorem 2(a), for 0 <A< A", l//’; (x) | > as n—>o0 for x& (oo, —r;) U

x50 U ©0x) U (ry, =) and hence, by Theorem 3, The Julia set contains the intervals
(=00, 7). (-x",0) (0,x") and (ry, ). Again, by Theorem 2(a), for 0<A<A, wﬁ (x) > ay as
n— oo for xe (x, ) 1;/2 (x) > —a; as n— o for xe (-1, —x"), where —ry and r, are repelling

fixed points of , (z). Therefore, it follows that the intervals x € (- r,, —x") and (x", r,) are contained
Y2 A A

respectively in the basins of attraction A (a;) and A (- a;) of the attracting fixed points x=a, and
x=-a, of y,(z) for 0<A< A", where Aay) = {ze T l[/’i(z)—)alasn—wo} and A(-ay) =
{z eC: l//; (z) »>—azasn— oo}. Since the Fatou set contains basin of attractions, the intervals

(- rl,—x*) and (x", r,) belong to the Fatou set of v, 2). ]

Remark 1 : The existence of parabolic, wandering or Baker domains in the Fatou set v,

can not be ruled out. It is to be noted here that the conditions of Theorem A 1 and [[19], Theorems
3 and 4] are not easily verified for the function v,

Next, the dynamics of the function y, (z) for ze € and A=A" is described. The following

proposition shows that the Fatou set of y; (z) contains parabolic domains:

Proposition 4 — Let, y, € T and A=A". Then, F (y, ) contains a parabolic domain for

each of two rationally indifferent fixed points of v, (x).
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PROOF : Let U, = {ze C: WZ(z)—)Sasn——)w} and U, ={ze (OF l//Z(z)—)—fasn—>°°}.
By Theorem I(ii), it follows that y;, (x) has two rationally indifferent fixed points at x==xX. Since,

by Theorem 2(b), ¥ (x) =% as n—eo for xe (", %), ¥; (1) > ~F as n— oo for xe (% —-x™)

and w’i (x) tend to o for (X, o) and tend to —oo for x € (— o, —Xx ), the rationally indifferent fixed
points *Xx lie on the boundaries of U, and U, respectively. Thus, U; and U, are disjoint parabolic

domains corresponding to x and —X in the Fatou set of v, (2).

O

The useful characterization similar to that in Theorem 3 for computationally generating the

Julia set J (¥, ), A=A" is given by the following:

Theorem 4 — Let y, € T and the set of escaping points of the function y; (z) be defined

by I(y;) = {ze@ :l//’i(z)—)ooasn—)ooand w’i(z);too}. If A=A", then the Julia set J(y,) =
I(yy).

PROOF : The proof of theorem is similar to that in Theorem 3. O

In the following proposition, it is found that for A=A" Julia and Fatou sets of the function
v, € T contain certain intervals of the real line.
Propositions 5 — Let y, e 7 and A=2A". Then, the Julia set contains the intervals

(~o0,—%), (=5, =0) (0,x™) and (X, o) and the Fatou set contains the intervals (=X, —x ) and

%),

PROOF : By Theorem 2(b), W, (x) > for xe (0,x™) U (F ), y;(x)—-= for
x€ (oo, %) U (=x7,0) ¥y () >F for xe (¢", %) and v () > - for xe (=%, -x""), if
A=A". Therefore, the intervals (—oo, —%), (=x",0), (0,x"") and (X, o) belong to the Julia set of
¥, (z) and the intervals (- % —x") and (x*,X) are contained in the parabolic domains U, and
U, respectively. Since the Fatou set contains the parabolic domains, the intervals (- % -x") and

(x**,X) are contained in the Fatou set of ¥, (2).

U
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The dynamics of the function y, (z) for ze ¢ and 2> 2" is given by the proposition 6

below showing that the Julia set J () contains the whole real line.
Proposition 6 — Let y; € Tand A> A*. Then, Julia set J (v, ) contains the whole real line.

PROOF : By Theorem 2(c), I l//'i (x) | = oo for all xe R\ {0}. Consequently, it follows that

IR\ {0} < J(y;) - Further, O€ J(y, ), since the asymptotic value O is also a pole of v, (2.

Therefore, R < J (y; ). O

The characterization similar to that in Theorem 3 for computationally generating the Julia

set J (y, ), for A> 2" is found in the following:

Theorem 5 — Let y; € T and the set of escaping points of the function v, (2) be defined

by 1(¥;) = {2€ @ : Y} ()) > =25 n — o and w’;(z);eoo}. If A=2", then the Julia set ] (y,) =
I(y,).

PROOF : The proof of theorem, for A> A", is similar to that in Theorem 3. O

Remark 2 : Since the orbits of singular values of the functions ¥, (z) are imaginary, these
are mnot attracted by any real attracting fixed points of y, (z). Consequently, the existence of

wandering and Baker domains [[19], Theorems 3 and 4] for ¥, (z) can not be ruled out.

6. APPLICATIONS AND COMPARISONS

The computer images of the Julia sets of v, € T are generated by the following algorithm based

on Theorems 3 and 5: (i) Select a window W in the plane and divide the window W into kxk
grids of width d. (ii) For each grid point (i.e. pixel), compute the orbit upto a maximum of N
iterations. (iii) If, at i <N, the modulus of the orbit is greater than some given bound M, the original
pixel is colored black and the iterations are stopped. (iv) If no pixel in the modulus of the orbit
ever becomes greater than M, the original pixel is left as white. Thus, in the output generated by

this algorithm, the black points represent the Julia set of ¥, (z) and the white points represent the
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sinh z

3 for L = 26 and A = 2.7 are
z

Fatou set of y, (z). The Julia set of a function y; (z) = A

generated in the square domain R = {ze € : —10<R (z) <10 and —10< 3 (z) <10} and images of
Julia sets are shown in Fig. 5. To generate these images, for each grid in the rectangle R.the

maximum number of iterations N = 200 is allowed for a possible escape of the bound M = 100.

The Julia set of the function y, (z) for A =26 (<A = 2.69528) is shown in Fig. 5(a) and

it is observed that the Julia set has the same pattern as those of the Julia sets of y, (z) for all A

satisfying 0 < A< A", This conforms to the result of Theorem 3. The nature of image of the Julia

23
T, \
)‘ Px. - .
A% S ol ite ] & ..

(@A=26< A\

= 3.69528

FIG. 5 : Julia sets of the function y;(z) = lsmg %, for different values of parameter A
F4

set of y, (z) for 2 = 2.7 (> A* = 2.69528) given in Fig. 5(b) shows a chaotic burst in comparison

to the Julia set of y, (z) for 0<A<A" for a fixed bound M = 100. The resulting generated Julia

set contains significantly large number of black points. This is a visualization of Theorem 5.

It is interesting to compare the results found here with some of the known recent results.
Table 1 gives a comparison between the dynamical properties of non-critically finite odd

. . sinh . . .. .
transcendental meromorphic function v, (z) = 4 : 3 % with the dynamics of non-critically finite
z

transcendental entire function E, (z) = A (¢*— 1)/z [14].
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TaBLE 1. Comparison of dynamical properties of y,(z) and E, () for A>0

sinh z A

2
Wl(z) = A 2 >0 El(Z)=A.e
Z

~1,}L>0
z

v, (z) is an odd transcendental meromorphic function. Ej(z) is neither even nor odd transcendental tire

function.
Vv, (z) has infinitely many critical values. E, (z) has infinitely many ecritical values.
¥, (z) has only one finite asymptotic value 0. E, (z) has only one finite asymptotic value O.

The bifurcation occurs in the dynamics of W, (x) at  The bifurcation occurs in the dynamics of Ej(z) at

only one parameter value A" = 2.69528. only one parameter value Ap~= 0.64761.

Julia set J(y,;) contains the real line for A> A" Julia set J(E;) contains the real line for A> A,

For 0<A<A, F(y,) is not equal to the basin of For 0<A<Ag F(E;) equals the basin of attraction

attraction of the real attracting fixed point, of the real attracting fixed point.
Fatou set F(y;) contains parabolic domains for Fatou set F(E;) contains parabolic domain for A>Ag
A=A"
Julia set J(w;) is the closure of escaping points Julia set J(E&;) is the closure of escaping points
for all A>0. for all A>0.
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