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We consider the stabilization of thermoelastic plates with variable coefficients and dynamical boundary under
some suitable feedbacks. A rational energy decay rate for the strong solutions is established by Riemannian
geometry method. Finally, the uniform energy decay rate for a simplified system is obtained.
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1. INTRODUCTION

We consider the stabilization problem of thermoelastic plates with variable coefficients and dynamical
boundary where, for convenience, our problems start out on a Riemannian manifold M of dimension
2 with metric g=(.,.). When there is no thermal effect, the problem mentioned above has been

analyzed by Guo et al., (2). For the classical case where M =R 2 and g is the dot product, elastic
plates with dynamical boundary has been studied by Rao (10), thermoelastic plates by Lagnese (5),
Eller et al., (1). Here we use the Riemannian geometry method to obtain the stabilization results
for the thermoelastics plate with variable coefficients and dynamical boundary control. This method
is first introduced into the boundary control problem by Yao (15) for the wave equation.

Our paper is organized as follows: Firstly, we introduce some notations and the model we
are working on. In Section 2, we prove the existence and regularity of solutions to the model, and
establish the rational energy decay rate for the strong solutions. In Section 3, we consider a simplified
thermoelastic plate model, and obtain the uniform energy decay rate of the system.

1.1 Some notations — We introduce some notations in preparation for our systems of the
thermoelastic plates with dynamical boundary control. It is mentioned that all definitions and notations
in this subsection are standard and classical in the literature.

Let (M,g) be a Riemannian manifold with metric g=(.,.). For each xe M, M, is the
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tangential space of M at x. Denote the set of all vector fields on M by X (M ). Denote the set of

all k-order tensor fields and all k-forms on M by Tk(M ) and Ak (M) respectively, where k is a

nonnegative integer. Then

Ay e TR ). w (L1
In particular, AO(M)=TO(M)=C>=(M) is the set of all C* functions on M and
Tl(M)=T(M)=A(M)=X(M) .. (1.2)

where A(M)=X(M) has to be interpreted as the following isomorphism: for X e X(M) given,
equation

UY)=(Y,X) VYe X(M) .. (L.3)
determines a unique Ue A (M).
k
It is well known that, for each x € M, k-order tensor space T L on Mx is an inner product

k
space defined as follows: Let e, be an orthonormal basis of Mx, for any o, fe Tx, xe€ M. The

inner product is given by

2
(o, B )T k= z o (ei s € )B (ei s € ), at x. .. (1.4
x k 1

il, i2, s ik=1 1 k

Let Q be a bounded region of M with a regular boundary T". Then T*(Q) is an inner product space
in the following meaning

— k
(T Tk gy = ;{ <T1,T2)T,:dx, T.T, e TH(@), . (15)

where dx is the volume element of M in its Riemaniann metric g.

The completion of Tk(Q) in the inner product (1.5) is denoted by I? L, Tk). In particular,
I? (Q,A) = L? (Q,T). The completion of C*(Q) in the following inner product is defined by
L*(Q

()2 ) = ‘{ FOhEd fhe C™(Q) .. (16)

Let D be the Levi-Civita connection on M in the metric g. For Ue X(M ), DU is the

covariant differential of U which is a 2-order covariant tensor field in the following sense:
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DU(X,Y)=DYU(X)=(DYU,X), VX, Ye Mx, xeM. . (1.7)

For any Te T? (M), the trace of T at x is defined by

2
T = Y, Tle,e) e (1.8)
i=1
where e,, e, is an orthornormal basis of M . It is obvious that rTe C"M) if Te T2 (M). The

exterior derivative d: A¥ M)—>A k+1 (M) satisfies d? = 0. There is a first-order differential operator
§: AkT] M) — Ak (M), which is the formal adjoint of d and characterized by

(da, B2 @ Aty = (o 3 B2 @ A4 for ae Ak () and Be Akt (€2) with compact support.

The Sobolev space Hk(Q) is the completion of C* () with respect to the norm

k 2
2 ) 2 .
IIfIIHk(Q)= z ‘llelle(Q,T‘)+ l|f||L2(Q), fe C*(Q), where D'f is the ith

i=1
11

the inner products (1.5), (1.6) respectively. For details on the Sobolev spaces on the Riemannian

co-variant differential of f in metric g, and 1l are the induced norms in

@1y L*@Q)

manifolds, we refer to Hebey [3] or Taylor [11].

We will use many times the following divergence formulae

[ dvxac= [ (x.vyar, .. (19
Q r

where divX is the divergence of vector field X in Riemannian metric g, v is the normal of " pointing
towards the exterior of I', see Wu et al., (12).

1.2. Model — Let Q denote a bounded domain in Riemannian manifold (M, g) with boundary
I" consisting of two disjoint parts Iy \ TI';=T. In the following we assume that boundary T is

smooth. Here we consider a curvy plate with the dynamical boundary whose middle surface Q is
part of a surface M and where the extension effects along the tangential direction are neglected. We
assume that the material undergoing obeys Hooke’s law. Let us assume that, in addition to mechanical
loads, a homogeneous plate is subject to an unknown temperature distribution. Thus the part of the

strain energy involving the displacement y of the plate along the normal is to be defined by
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2
Po)= | [(1-u)|02y| +[.t(trD2y)2+(1+u)6trD2y]dx. . (1.10)
Q

where 0 is the temperature field of the plate, and 0< u<-;— the Poisson coefficient. The energy

produced by the dynamic boundary is to be defined by

, 12
PLOo) =J | l%XJ dr+p [ Iy’1%ar, . (L11)
r r

1 1

where p > O is the linear boundary density and J > 0 is the bending moment of inertia of the
boundary.

When there is no external force, the equation of motion for y is obtained by setting to zero
the first variation of the Lagrangian

T 2
J [.f Iyl dx- P, 0)-P, (y)]dt . (1.12)
0 Q 1

(the "Principle of the Virtual Work"). Then the variation of (1.12) is taken with respect to
kinematically admissible displacements. When the plate is clamped on a portion Iy of I" and free

on I';, we obtain, as the result of calculation by the variation of (1.12), the following system:

[ y"+Ay+aA6=0, in Qx [0, =)
y=%=0, on I‘OX[O,oo)
< J%+Ay+(l—,u)81y+a6=0, on r‘lx[O,oo) -
L py"--aa—AVX—(l-u)Bzy+a-§—€-=0, on I‘]x[O,oo),
where operator A4 is defined by
Ay = Ay - (1-p) & (kdy) .. (1.14)

v the unit normal along I' pointing towards the exterior of I' and A the Laplace operator in the
Riemann metric g. In the above equation k is the Gaussian curvature function on M: o = (1 + p)/2;

d is the exterior derivative; J is the formal adjoint of d; By, B, are the boundary operators defined

by

By = -D*y(t,7) .. (1.15)
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and

-9 (2 9y ‘
By == (D y (. v))+ k5L, .. (1.16)

respectively, where D2y is the Hessian of y, which is a 2-order tensor, and T is the tangential along
curve T

Remark 1.1 : The term (1 - ) & (dky) in the system (1.13) comes from the curvedness of

the metric. For the flat case where M=R? and k = 0, the equation in system (1.13) is similar as
q

that in Lagnese (5).

On the other hand, when there are no heat sources within the plate, and the heat flux through

either face of the plate vanishes, we may derive the following equation relating to the dynamics of
6 and y

BO-yAB+cO0-aAy’=0, in Q X [0, ), . (1.17)

where f, 7, G are positive constants, see Lagnese et al., (6).

2. RATIONAL ENERGY DECAY RATE

In this section, we will consider the control problem:

[y +Ay+an0=0, in Qx[0, )
BO-yAB+c6-aAy =0 in Qx [0, )
y=§J‘7=o, on T x[0, =)

) J%‘—:’-+Ay+(l—u)81y+a9=m, on T]x[O,w) e
py -2l (- B y+adlsy, on T, x [0, =)

g—g'—‘—ia on I'X [0, )

| YO =y, Y O)=y,, 8(0)=6 on Q,

where A>0, m, f are the feedbacks denned by

ay’ ,
m= -5%, f=-y. . (2.2)
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2.1 Well-posedness —  Set
_y g9y _
z=Y, E"_?_V lrl n=y II_I. . (2.3)
Then we transform system (2.1) into an abstract evolutionary equation
W +Au=0, u() = Uy . (2.4)
where
-z
Y Ay+aAB
‘ 1 (yA8-c60+0Az)
u=1| 8 Au=| B . (25)
: T Wy (- B y+ao+E)
) _1(3_Ax+(1_#)3 y—aﬁ-n]
pi{ dv 2 v

According o the formulation (2.5), we are led to introduce the following energy space

5-[=H?_ Q) x L? (Q) x L* (Q) x L2 (I‘l)xLz ). . (2.6)

0

For u=(y,z6,&,1m), = (3’\, ) éﬁ )€ H we define the inner product by

(u,ﬁ)ﬂzj la(y,y)+2z+POB) dx+J f E€ dT+p j NN dr .. 27
Q r r

1 1

where

ay,3)=(1 - (D*y, D*y)+u@rD?*y) (r D*3). . (28)
The domain D (A) is denned by

u=0,26,En)€ WxH . @xH2@xI2(T)x L2 ()
0
D(A) = oz 96 . e (29)
such that § = 3 , “'Z'rl’ﬂ”‘ho onT
l-‘l

where W is defined by
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yeHL @, Aye*@
0

W=| Ay+(1-pB y=v e Lz(l"l)

JA
—5;,2+(1—u)32y=u2e L2(l"1)

From Guo et al., (2), we have the following Green formulae

| A= a0.$ra- [ (ay+a-wa 3 2L ar
Q

Q r

233

.. (2.10)

ov + (1w Bzy]ydr‘, - (2.11)

if y and 31\ are smooth enough. So the traces of the function ye W can be defined by means of

(2.11) for any e H (Q).
0

Lemma 2.1 — Operator A is maximal monotone.

PROOF : Let u=(y,z, 6,€,m) e D (A). Then we have

(Au, )y = | [aCan+@y+argz+(-yA0+06-ann6]ds
Q

+IJ [(Ay+(1—u)Bly+a6+§)§-(a—aA;X+(l—u)Bzy—a%—g— )n]dr

1

2

(3

1

]drar [ mpelt+cdiax+ay | farzo
r r

- (2.12)

Now given Uy € H, we solve the equation u+Au=u0. This means that
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[ y-z=y, in Q
z+ﬂ1y+aA9=zO in Q
BG—yA9+00—aAz=ﬂ00 in Q

9 _

17=5,°0 on Ty @13

(J+1)§+Ay+(l-,u)B]y+a9=J§O, on I“l

_9Ay . _ 920 _

p+hn-—"7"-(10-WB y+a=T=pn, on I',

26

av_-xe, on T

Then eliminating z and using &= -8—:7 , n=z|r, we find that y and O satisfy the
r |
1
following system

( y+ﬂy+aA9=zO+y0 in

BO-yAb6+06-a Ay:ﬁeo—aAyO in Q
a

)’-—av-oa on I

: & ayo . (2.149)
(J+1)av+Ay+(l—-u)Bly+a9=J§0+(.I+1)-a—v, on I“}

_94Ay - 020

P+ D)y v (1 y)Bzy+aav—pn0+(p+l)yO, on I‘l
a6

~ av_—ae, on I.

The variational equation of system (2.14) is the following

A

&
o

dr

oY
S8
<

1%

| ob+ao.5nde+ [ a@ad-dayydrru+n) |
Q Q l"‘

+e+D [ y3dr+ [ (B+0)00+1D6DB)1ax+2y | 6bar

F] Q r
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A A
i%*%’yd"* FJ [pn,+(p+ 1)y 3dT

dy A
+ {J§0+(J+1)a—3] Dy
r
1

+

| Bo,-any)bax, - (2.15)
Q

2
for all ye Hy (Q), 8 H'(Q). Thanks to the Lax-Milgram theorem, (2.15) admits a unique
0
2
solution ye Hp. (Q), 0 H' (Q).
0
On the other hand, @ satisfies

-7A6=B0 +aAy-aly -(c+p)0e L* (),

] .. (2.16)
g—g =-208e H2(D).

From the elliptic theory, see [8, Theorem 5.4 in Page 165], it follows that 8 H 2 (). Then
y satisfies

ye HL (@), Ay=-y-ad0+z +y e 2@,
0

1 Ay+(1-wB ——(J+1)—3-9—ae+15 +(J+1)fﬁ’-e L) e 2.07)
Y w3 y= av 0 av 1

_9Ay __ _ 98 2
- - A=W By== G+ Dy-ageepm +(p+ Dyye LT,

5
that is, ye W. So R (I +A) =%, Furthermore using the elliptic theory, we have ye H2 (Q).

Thus we have the following result.

Theorem 2.1 — 1) For any U, € D (A), eq. (2.4) admits a unique strong solution
u(®) = (v (0,20, 60.5®,n(®)
such that
5

ye CR*:H2@) N C'R*:HL @) N CPR*: 2 (@),

0
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yl. € CPR*; L2 @), . (218)
1
g—%e C2R*;L2@)), 0 CR*;H?(Q) N C' RY; 1> (Q)). e (2.19)

2) For any Uy € H eq. (2.4) admits a unique weak solution

u® = 0®z20,60.5@.n0)

such that
ye C(R*;le_ Q@) N CLR*;L*Q), vl e c'®R*; 12 (T ), .. (2.20)
0 1
—g—%e c'(R*;I? T)). 6¢ CR*;L* Q). . (221

2.2 Regularity of solutions — In order to obtain the regularity of solutions, we need more
6 6
regularity of initial data. Let y,e H r, (Q), y e H r, () and 6, € H4(Q). Then system (2.1) has

a solution y (), 8 (¢) satisfying (2.18), (2.19) and

dy
- —1
0 O.20.00.50NO) =5y, 8 |5y | -k - (222)
r
1
Set <I)l =y, ‘I’l =6’. Then <D1 and ‘Pl satisfy the following system
(@ +40 +ard =0, in Qx 0, )
BY -7AY +0¥ —aAY¥ =0 in Qx [0, )
BIDI
¢1=W=o, on I‘Ox[O,oo)
1 " , . (2.23)
3(131 6‘<I>l
J—aT+A<I>l+(1~—u)BI<I>l+a‘l’1=——a-;’—, on I“]x[O,oo)
" c9A<I>l 8‘1-'1 ,
p(Dl——b—v———(l—u)Bz‘:Dl+a'a—v=—d)l, on rlx[O,eo),
8‘1’1
\ v =_g\pl, on I x[O0,c0).
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It is easy to check that

’

9
, 1 ’
d)l (0), (Dl 0), ‘I’l (0), v 0) |r , (bl 0) Irl € D (A), . (2.24)
1

S0 (Dl and ‘Pl satisfy

3
® e CR*HI@) N C'RY:H. @) N CPR* L @)
0

oI e CZ(R*;I? ), .. (225)
1

8<I>1

v

€ C2(R+;L2(I‘l)), ¥ e CRY":H*Q) N C'R*;L*Q). .. (226

Since y"=(l>'1 eH 12_ (Q), y satisfies the following system
0

[ 2y=—y”—anr6e [* Q)

7” 1
_ NN ) MR 0 MY
| Ay+(1-mB y=-00-5—-JZ—c H2(T). @27
aA ae ’ ’”?”
\ -5 - (-wBy=-as -y’ -py e L2(T).
From the elliptic theory, it follows that
3
ye CR*;H @) N C'RY H2(Q)). . (2.28)

If initial data have more regularity, then we can obtain more regularity of solutions to system
(2.1) by repeating the above step. Then the solution of system (2.1) is smooth if the initial is so.

2.3 Boundary stabilization — Define the energy of system (2.1) by

2

EW=51 [ [19'P+a0.0+p6 Jdc+ | [ply'l2+J %%' ]dl" . (229)
Q r
1

First, we make some assumptions.

H.1 — There exists a vector field H on Riemannian manifold (M, g) such that

DHX,X)=b®)IXP, VXe M, xeQ, . (2.30)
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where b (x) is a positive function on Q.
H2 — FO and F] satisfy that

T0¢0, TI M I_‘] =0, . (231
where
FO = {xeT'lI(H,v)<0} and I“1 = {xe I't(H,v)>0}.
H.3
2q,(q,+49y < 1, . (2.32)
where

g,= max |kIIH), g, = max ID?HI,
xeQ x€EQ

k is the Gauss curvature function, and g, is the best constant such that the following inequality is

true:
2 2
[ iyParsq [ ayan vyeH! @.
Q Q 0

Remark 2.2 : The geometric condition (2.30) is used for some observability inequalities of
the Euler-Bernouili equation with variable coefficients and the shallow shell, see Yao (13), Yao (14).
H.1 and H.2 are enough to get the uniform stabilization of the simplified model, see Theorem 3.1
in Sec 3. However, since we encounter difficulties when we try to use traditional method of
compact-uniqueness to eliminate the lower order term in the proof of Theorem 2.2 below, we make

H.3 to overcome it. For the classical case where H=x-x, and k = 0, H.3 is true since DH = 0,
and therefore we have g, (g, +¢q3) = 0. One can also find some other nontrival example in Yao
(14).
Furthermore, set
TG, F)yY=Q1-w{G,F)+ putrGrerF,
where G, F are second-order tensor and
LO) = ROy, H.-) + D’ HDy,-, "),

where *.” denotes the position of the variable.

Now we give the following result.
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Theorem 2.2 — Assume that H.1, H.2 and H.3 hold. For any initial data U, € D (A), there
exists a constant K >0 depending only on U, such that the following rational energy decay rate
holds:

E() < E(0) %f—; V>0, . (233)

for all smooth solutions of system (2.1).

Remark 2.3 : For the flat case Lagnese (5) established that the thermoelastic plate is strongly
stable in the absence of dissipative boundary mechanisms. By the idea of Lagnese (5) we can obtain
the same result, that is the system (2.1) and (2.2) is strongly stable even in the absence of dissipative
boundary mechanisms. Here we omit it and only consider the energy decay rate of the system (2.1)
and (2.2).

In order to prove Theorem 2.2, we need some lemmas. It is mentioned that in this paper
C is a positive constant which may be different from line to line.

Lemma 2.2 — The energy of system (2.1) satisfies

2
4 pn=- a9y’
< E®= j[iyl, - Jdl‘
rl
- | mper+ceya-ay | ¢drs<o. . (234)
Q r

From system (2.1), it is easy to check Lemma 2.2. From Guo et al., (2), we have the
following lemma.

Lemma 2.3 — Assume that H.1 and (H2) hold. Let ye H*(@ M H (@) and
[}]

Ay"'(l"'“)Bxy:Dl’ on I‘l,

s . (235)
7‘;24-(1—#)32)7:\)2, on T,.
Then we have
1
- | ayrp)ar <-3 [ bay,y)de
Q Q
c| (1o, 12+1v B dT + [ @y, Lopdx .. (2.36)

r Q
1

where C is a positive constant depending only on the domain.
Set

0=Qx[T,S}], X=TIXxI[T,§] Z=I“l.X[T,S], i=0,1.
i
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Proof of Theorem 2.2 — Let 0 <7< S<+e. Multiplying the plate equation in (2.1) from

both sides by E (f) H (y) and integrating over Q x [T, S] by parts, we then obtain in one hand

| E®HO)Y” do
Qo

= [ EonO)Y axip - [ E'0HG)y O
Q 0

+% g E@ly’1? div(H)dQ—';' zj E@®ly’*(H,v) d%.

1

By Cauchy-Schwartz inequality, we have

[ Ho)y ax
Q

< CLE®.

Then it follows that

J EoHy axi - [ E‘0HO)y dQ
Q Q

S
2-C,EXM+EXS) + C, | E'OE@ad
T

2-2C, E%(T).
Inserting (2.38) into (2.36), we have

| EmHG)y”do
1)

* ’ R ,
> -2C EX(T)+b, g E®lyPdo -5 zj E@lyP ds

where

b0= min b(x), R= max |HI
x€EQ xel

. (237

. (2.38)

. (239

.. (2.40)

On the other hand, by Lemma 2.3 and the boundary condition in the system (2.1), we obtain

- [ EwHO)Ay+ar0)dQ
0
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s-2 [ sE®aod+ | EQa(DODEHO))dQ
[ o

va [ E@ %% HydZ+C | E®
z z
1

2

” Iz ?_‘Vh” QL’
[Ipy +y'I°+ Jav + c?vl +92]d)3

+ | E@T®*y. LOY)d0. .. (241)
Q
In the following we estimate some terms in (2.41).
Since
(D6,DH(y))=D6{(H,Dy)=DH(D 0,Dy)+D2y(H,D 0), .. (242)
we have

I(D6,DH)) <IDHIIDOIIDyl+ID*ylIHIID 61
< Cle0I2+el02ylz+elDyI2, Ve>0. . (2.43)

Applying embedding theorem and (2.43), we obtain that

f E(t)a(DG,D(H(y)))dQSCeJ E@®ID61*dQ
0 0

+e | E@D*yP dg. . (2.44)
0

By the Cauchy inequality, we have

(I T(Dzy.L(y»dx}z < [ T0*y.D*pax | TWO)LOY)
Q Q Q

=J. a(y,y)dx f T(L(y),L(y))dx ... (2.45)
Q Q

It is easy to obtain
T(RD)’a',H,'),R(Ry"’H»‘))
= (- HER 1 DyP+uH )P R <PIH? Dy P .. (2.46)

and
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T(D*HDy.-,-),D*H(Dy,-,-)) < |\D* H*1 Dy . . (247)
From (2.46), (2.47) and the definition of L (y), by the Cauchy inequality again, we have

| T@*nLonax s @y+a)* | 1Dyiar
Q Q

A

g @, +a)? | aoyde
Q

IA

24, (g,+ 4, E() . (248)

Combining inequalities (2.45) and (2.48) yields

S

f E@® T{D*y,L(y)dQ < 2, (q,+4,) j E (@ a:. . (2.49)
0 T

Inserting (2.44) and (2.49) into (2.41) yields

- [ EoH»)Ay+ers)do
0

s-3b, | EWaGydo+e | E®av.y)do
Q Q

c, | Emipoldg+c | Eweaz
0 :

2 2
2. 19y’ w2, | 9y”
+c£[ E(® [Iy Pe| G| 41y is _Lavl ]d):

1

S
+2q (g, +q) 1 E2()dr. .. (2.50)

Therefore combining H.3, (2.40) and (2.50) with the plate equation, and choosing € small
enough, we have

S
| E*@ar<cE?@)+ cET)
T

{ [ aper+ielydo+ [ & ax
0 z
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2 2

, 2 iz: "2 ay”
+zj [Iy Pe| G| +iym s _Lav, sz . . (251)
1

Now define the energy of higher order E] (r) by

2

_1 "2 ;o 2 "2 dy”
El(t)-2 j [ly”WF+a@’y)+B161“1dx+ I [ply “+J v dr
Q I‘l
. (2.51)
dE_(?)
Then differentiating the equation (2.4) gives i < 0. Thus
2
"2 dy”
>:I (ply | S ! ] d3 < CE ) . (253)

where C1 is a positive constant which may be different from those below. And by Lemma 2.2, we

have

| aper+ierydg | dx
o =

+ I (Iy'l2+
Z

2
ay’
" l Jd L < CE(T) . (2.54)

From (2.51), (2.53) and (2.54), it follows that

N
j E @y dr < E(T)(CE(0)+C1 E(0)+C1 (E1 (0)) <KE (T)R(0), ... (2.55)
T
E, O
where we have put K=C+ Ci+C —.
(7N

Finally, we deduce the rational energy decay rate from (2.55) according to the following
classical result (see Komornik (4) and Lagnese (5)).

Lemma 24 — Let E:R*—R™ be a nonincreasing function. Assume that there exists a
positive constant K such that

| E20a < KEQE@), VvT>0,
T
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then we have

Ea)sE«ni%%, VT>0,

3. UNIFORM STABILIZATION OF A SIMPLIFIED MODEL

.. (2.56)

In this section, we consider the following simplified model, in which the bending moment of inertia

of the boundary J is neglected,

¥+ Ay+aA0=0,

BO-yAB+GO0-aAy =0

9y _
y=3v=0
Ay+ﬂ—uﬂ?y+a0=—£i
$ 1 av’
98y q_ a2l
py -5, ~(-mB,y+azr==-y’
a0
8V——Aa

| YO =y, YO =y, 8(0)=6
Introduce the energy space H,

H=H. @x2@xL*@xL*(T),
0

and the linear unbounded operator A,

=

Ay+aAe

Au = __1_
B

124y - _adf_
'p(av +(1 #)32)’ aav n)

(yYA6-660+aAz) ’

where u=(y, z, 6, ). The domain of the operator A is defined as

in QxI[0, o)

in Qx[0, )

on r‘ox [0, o)
on I“1 X [0, =0)
on I"1 X [0, o),

on I'x[0, «)

on Q.

.. 3.1)

.. (3.2)

- (3.3)



VARIABLE COEFFICIENTS AND DYNAMICAL BOUNDARY CONTROL 245

u=(nz.0n)e WxH . @xH2@xL*T). n=zi.

0 1

b@y= .. (34)
Ay+(1-mB y+a9+—a-§-=0 onT,22420=0, onT
1 v I’dv ’
where
yeHL @), Aye 2@
0
2 35
W= Ay+(1-pB y=v e H2() .. 3.9)
2
d,Ay+(1-mB,y=v, €L (rl))

Setting

zZ=y 'r]:y'lr, .. (3.6)

we transform system (3.1) into an abstract evolutionary equation:

W+Au=0 u(@)= Uy .. 3.7

By the same arguments as in Section 2, we can get the well-posedness and regularity of the
solution to system (3.1), but we omit it.

Let (v, 8) be a solution of system (3.1). Then we define the associated energy by

E(t)=% [ Wy P+agy+B@rax+ [ piy?ar| .. (3.8)
Q

r
1

Set

Q=Qx[0,T}, T=Cx[0,T]}, Z=Tx[0,T], i=0,1.

Now we give the following result.

Theorem 3.1 — Assume that H.1 and (H.2) hold. For any solution of system (3.1), there
exist two positive constants K and ® such that

E@) < KE©)e ®, Vie>0. .. (3.9)

Similar to Section 2, we have the following Lemmas.

Lemma 3.1 — The energy of system (3.1) satisfies
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2
4 - _ 2, |9y
CE®D = j(lyl + |55 )dr
r
1
- | opeP+cPax-ay [ #dr<o. .. (3.10)
r r

Lemma 32 — Assume that H.1 and H.2 hold. Let ye H*(Q) M le_ (Q) and
V]

Ay+(1—,u)Bly=1)l, on l"l,
IA .. (3.1D)
o928y - =

v +(1 u)Bzy \)2,+v3 on I“1

with v, € L2(T)). i = 1, 2, 3. Then we have

- ﬂlyH(y)dxs—% [ bagiyar- [ v HmAr

Q Q l"l

+C [ (1o Priv BdT+10), . (3.12)

r
1

where [(y) is the lower order term with respect to the energy which may also be different from
line to line.

Proof of Theorem 3.1 — Because of density of D (A), it is sufficient to consider the smooth

initial data uy € D (A). Multiplying the plate equation in system (3.1) from both sides by H (y) and

integrating over Qx [0, T] by parts, we then obtain in one hand

[ Hoyydo=- [ HO)y axi]
Q Q

+ bly'l2dQ——;- [ 1y P (H vy ds. .. (3.13)
0] z

1

By the Cauchy-Schwartz inequality, we have

| HOoYy ax
Q

< CE(1). .. (3.14)

It follows that from Lemma 3.1 that
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2
| [ly'l2+ %{7’ ]dZSE(O). . (3.15)
z

1

Combining (3.14), (3.15) with (3.13) gives

[ y"Hdo 2 b, [ 1y 2 dg - cE(). o (316
) )

On the other hand, using Lemma 3.2 and (2.43), we obtain

- [ Hoyay+argdo
0

H(y)dZ

™
Q)lQ;
<

<-2 [ bao.ydo+ | a(pap@oNd+a | 20
Q0 g

2
_j py”H(y)dZ+C ] (|y'|2+ %%' +92Jd2+lot(y)
z z
1 1
2

l a ! ”

<-25, [ ag.yyao+c j (Iy 2 4 3%’ )dz-j py”H()dE
Q l zl

+e [ ao.do+c, [ 1DoRdg+C | Fds+inp), . (17)

) 0 z
T

where lot (y) = j 1 (y) dt. Integrating by parts, we have
0

- | yrHo)az == [ y'HOAT + [ HeOydn .. (3.18)

z r z
1 1 1

Again by Cauchy-Schwartz inequality, we have

| Hoyyar|

r
1

< CE(0). .. 3.19)

0

In addition, a direct computation gives

2
) darT, .. (3.20)

[ HoHy ar sg | (ly’l2+
rl rl
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where

R = sup {HL

xeTl

Inserting (3.18)-(3.20) into (3.7), we obtain

- J (ﬂty+aA6)H(y)dQs(——;—bo+e) J a(y,y)dQ + CE (0)
Q Q

2
%y—v—l )d2+C £|De|2dQ+c i P dx +lot (y),

+c | (ly’lz +

z
1

.. (3.21)

Combining (3.16), (3.21) with the plate equation in system (3.1), and choosing & small
enough, we get

T
[ E@ar < cE©
0

+c[ j [.y'.u

From Lemma 3.1, it follows that

3y’ |”
av

)d}:+ [per+erdo+ | Gaz|+iorey)
) z
. (3.22)

E@®)
ay’ |
scT{ zf [Iy'l2+ 7917! ]d2+£(ID6|2+92)dQ+ £ Bdel+lot(y)
1

J
.. (3.23)

By a compactness / uniqueness argument which is similar to that in Lasiecka (7), the lower
order terms can be absorbed. So

E®

< CT{ | (ly'l2+
zl

ay’
av

2
)d2+ [aper+eydo+ | ax
Q z

| U —

< CT(E 0) -E(T)), . (3.24)

for T big enough. Thus



10.
1L
12.
13.

14.
15.
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Cr

1+C}

E(T) <

E(0). . (325)

Finally, by the known result of Pazy (9), we obtain the uniform energy decay rate (3.9).
theorem is thus proved.
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