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We introduce a new subclass ‘T(a. B, v) of analytic functions with negative coefficients which is defined by

using the Owa-Srivastava fractional calculus operator Q% in the unit disk IU. The main object of this paper is

to investigate coefficient estimate, distortion theorem and various other interesting properties for analytic functions

belonging to the class T(a, B, 7).
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1. INTRODUCTION AND DEFINITIONS
Let A denote the class of functions f(z) normalized by
_ k
f@ =z + kzz a,z, . (1.1

which are analytic in the open unit disk U = {z:ze @ and Izi<1}. Also let § S* (p) and

XK (p) denote, respectively, the subclasses of A consisting of functions which are univalent, starlike

of order p and convex of order p in IU (see, e.g.. [13]).

We note that
f@e Xp) @ z2f @ S (). . (12)

and that §™ (p)c S" (0)=S5" and K(p) < K(0)= K(0<p<1), where S* and K are the subclasses

of A consisting of functions being starlike and convex in IU, respectively.
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Several essentially equivalent definitions of fractional calculus (that is, fractional integral and
fractional derivative) have been studied in the literature (cf., e.g., (2), (7) and (9), p.28 et seq.). We
state the following definitions due to Owa (3) which have been used rather frequently in the theory
of analytic functions (see also (6) and (12)).

Definition 1 — The fractional integral of order A (A>0) is defined, for a function f(z), by

2
-4 1 f@€)
D f@=v53 — d¢, v (1.3)
¢ ra) E[ @-g)'*
and the fractional derivative of order A(0<A<1) by
Z
A = L 4 [ _fG)
D f@):= Ta-1) % j Y dg, . (1.4)

where f(z) is an analytic function in a simply-connected region of the z-plane containing the origin,

and the multiplicity of (z—C);L"1 involved in (1.3) (and that of (z—C)_'1 in (1.4)) is removed by
requiring log (z— &) to be real when z—-{>0.

Definition 2 — Under the hypotheses of Definition 1, the fractional derivative of order

n+Ad (0<A<line Ny:=INU {0}) is defined by

Dn-t-l f@ = Vi

n
z dz

A
D f@. . (1.5)

With the aid of the above definitions, Owa and Srivastava (6) defined the fractional calculus

operator ot (Ae R;A#2,3,4,..) by

Qi@ =Te-»? D! f@. . (18

for functions (1.1) belonging to the class A (see also (10) and (11)).

Recently, Choi et al. (1) investigated the subclass A (o, B, y) of A for a<2,B<2 and

y<1, which was defined by using the Owa-Srivastava fractional calculus operator Q% as follows:

o
A(a, B y) = er A:Re Q @) >vyin U }. .. (1D
| QPr )

We note that A(1,0,7)=S"(y) and A(a+1,0,7)=S" (3 &) which was studied by Owa
and Shen (5).
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Let 7 be the subclass of S consisting of all functions of the form

20

f@=2- % af (@ 20;z€ V). . (1.8)
n=2

We introduce the class of function 7(c, B, y) as follows:

T By)=A@By N T - (19)

We also note that the class T(a+1,0,7)=T" (%, &) was studied by Owa (4), and the
special case 7(1,0, y)=‘T* (7, 0) was studied by Silverman (8).

In this paper, we investigate coefficient estimate, distortion theorem and radii of star-likeness
and convexity for analytic functions belonging to the class T(¢, 3, y). Furthermore, some inclusion
properties of this class are also considered.

2. COEFFICIENT BOUNDS AND DISTORTION THEOREM

We begin by proving
Theorem 1 — Let B<a<2 and y<1, and let the function f(z) be defined by (1.8). Then
f@e T(a. B, 7) if and only if

- ((Te-a) re-g
2 (F(n+1—oc)—yl“(n+1—ﬂ)]"!ang"7' - (2.1)

n=2

The result (2.1) is sharp.
PROOF : Using the definition of fractional calculus with (1.8), we have

A f=z- Y omAad (@ 201<2), - (22)
n=2
where
_n!lT2-2)
o(nA) = Th+l=A) (n22). .. (2.3)

Assume that the function f(z) defined by (1.8), is in the class T(a, B, y). Making use of

(1.6) and (2.2), choosing values of z on the real axis, and then letting z — 1~ through real values,

we obtain easily at the assertion (2.1) of Theorem 1.

Conversely, assume that the inequality (2.1) holds true and let 1z1 = 1. Then, from (2.2) we
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obtain

00

- Y Gma-onpya
n=2

Q% (2)
Pr

z—z o (n, B anz"
n=2

oo

Y, lema-o@p)la

n=2

IA

oo

1- ) iq)(n,ﬁ)'an

n=2
This last expression is bounded above by 1 -7 if

-

Y lomay-ompl+a-plomplia <1-¥ . (2.4)
n=2

Since f<a<?2, it is easily seen that ¢ (n, B) > 0 and ¢ (n, @) — ¢ (n, B) 20. Therefore, we

can rewrite the inequality (2.4) as

(- -]

2 @mo-re®Bla <1y . 25)

n=2

Hence, we conclude from (2.5) that f(z) e T(c, B, 7).
Finally, we note that the result (2.1) is sharp, the extremal function being

f@=z- A-P)Tp+1-a)F(n+1-P)
n!{F@-@T@+1-pH-1TQ-HT(+1-a)]

Z' n22).

Remark : If a=A+1 and § = 0 in Theorem 1, then it would immediately yield the result
of Owa [4, Theorem 2.1].

Corollary 1 — Let B<a<2 and y<1. If f(z)e T(a, B, 7), then

a < A-Nln+1-l@+1-§ (n22). .. (2.6)
T AT QR-T(+1-f-yTR-fHT(n+1-0)}

Theorem 2 — Let 0 <a<2,B<a and 0<y< 1. If f(z) e T(a, B,7), then
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Theorem 2 — Let 0 Sa<2,B<aand 0<y<1. If f(2) e T(o, B, 7) then

Lzl - (1’—7)(2—0)(2—13),“2
2{2-B)-r2-a)}

Sif(z)isizl

LU=NC-92-p) p
2{2-8)-12-a)}

for ze 1U.

PROOF : Let 0<sa<2,B<a and 0<y<1 and let f(z)e T(e, B, y). Then, by virtue of

Theorem 1, we obtain

oo 20

@R a)-y0@B) Y a < 3 @na)-ro(npa,

n=2 n=2
<1-%

where ¢ (n, @) and ¢ (n, B) are given by (2.3). This readily yields

- 1-y (1-7Q2-a)(2-8)
a < = . . (2.7
§ $2,0)-76(2.8) 2{2-B)-y2-0)}
Consequently, we get
If@12121-12R Y g 21z1- 4=NC-ACQ-p) p
n=2 2{@2-8)-72-)!
and
If@Isizli+1zR Y a,siz1+ UZNE=DC=F)
n=2 @{2-B)-r2- o)}
which completes the proof of Theorem 2.
Theorem 3 — Let B<0,f<a<2 and 0Sy<l. If f(z)e T(a B, y). then
1z11-¢ 1-ne-p
|Daf(z) STog ( sk l) . (28)
and
lﬂ’f()! il (1 1-ne-p) l) (2.9)
“Te-9 2--r2-a) o

Jor z€ WU. The results (2.8) and (2.9) are sharp.
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PROOF : Let f(z)e Z(a, B, y). Then, in view of Theorem 1, we obtain

Y, o(mnoya,<l-y+y o B)a,
n=2 =2

n

where ¢ (n, @) and ¢ (n, B) are given in (2.3). Since B<O, it is easily seen that
-2
O<¢(n’ﬂ) < ¢(2’ﬂ) - 2_ﬁ

By applying (2.7), (2.10) and (2.11), we obtain

Y, ¢(ma)a <1-y+y02.B) Y a
n=2

n=2

1-ne-B)
T 2-B-y2-oy

Hence, by virtue of (1.6) and (2.12), we observe that

re-a 2 f@| < lzl+izf Y, ¢mnda

n=2

I

2 -7)2-8)
izl+1zl 2 B-yC-)
and

o 2 (1-'}’)(2"ﬂ)
FQ-0"D, f@)| = lzl-1zF 3752500

which prove the assertions (2.8) and (2.9) of Theorem 3.

3. FURTHER PROPERTIES OF THE CLASS T(o, B,7)

Next, we prove

Theorem 4 — Let B, <B,<a<2 and 0<y<1. Then

T(a B, 1) © T(& By, 7).

.. (2.10)

. (2.11)

- (2.12)

PROOF : Let f(z) € T(a, fB;, 7). Since B; <B,<2, we see that ¢(n,ﬁj)>0 (j=1,2) and
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0. B)
0. B)

> 1 (n<2),

where ¢ (n, ﬂj) (G=1,2) is given by (2.3). Therefore, by using Theorem 1, we have

oo

@ma)-y0@Bla < Y @mo-yo(mpB)a
n=2

n=2 =
<1l-7
which implies that f(z) € T(a, B,, 7).
Theorem 5 — Let ﬁ5a15a2<2 and y< 1. Then

T(e,Bv) < T(e, B 1)

The proof of Theorem 5 uses Theorem 1 in a straightforward manner. The details may be
omitted.

Corollary 2 — Let ‘Bl S,B2Sa] Sa2<2 and 0< y< 1. Then
T, B,7) = (e, B, 7).

Theorem 6 — Let f<a<2 and y<1, and let f(z) e T(e, B, 7). Then f(z) is starlike of
order p(0<p<1) in lzl<r (& B % p), where

ri@Byp)

= inf Q-p){rQ-or'(n+1-8)-yrQ-g)r(n+1-o) 1/(n-1)
- n-p)A-y)T(n+1-a)T(n+1-P)

n
(n=2).
PROOF : Let f(z) € T(e, B, 7). Then it is sufficient to show that

Z Z

f@ ' < 1-r

for lzl<r (a, B. 7, p). The rest of the details involved are fairly straightfoward and may be omitted.

Corollary 3 — Let B<a<2 and y<1, and let f(z) € T(et, B, 7). Then f(z) is convex of
order p(0<p<1)in lzl<ry(a B ¥ p), where

r, (@B, %p)
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o (1=pm! {T@-)T(n+1-B)—yT2-B)Tn+1-a)} ] D
1 nn-p)(1-7) T+ 1-a)T (n+ - B)

n

(n22).

Theorem 7 -— Let B< <2 and y<1. Also letj}(z) =z- z a .7 (an‘jZO; i=1,

n,Jj
n=2
.., m) be in the class T(a, B, y). Then the function h(z) defined by
] m
h@=— 3 f@ - (3.1)
=1’

also belongs to the class T(a, B, 7).
PROOF : From (3.1), we obtain the expansion

h@=2- ¥ |+ ¥ oa |2
j=1

Since j;.(z) € T(a, B,y)(j=1,..,m), by using Theorem 1, we have

Lo m

Y fema-nap | L 3

n=2 Jj=1

<1-
an’j <l-7y

where ¢ (n, @) and ¢ (n, B) are given by (2.3). Hence, by Theorem 1, h(z) e 7(a, B, ¥), which

completes the proof of Theorem 5,

Theorem 8 — Let B<a<?2, y<1 and o>-1. If f(z)e T(a, B,7y), then the function
F (z) given by

(o}

Z
F =2t [ 1o lrmar  (0>-1; ze 1) . 32)
z 0

is also in the class T(a, B, 7).

PROOF : Let the function f(z) defined by (1.8) be in the class 7(a, B, ¥). Then, from (3.2)
we have

o0

F(® = z - z bnz",
n=2
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where bn= (c+ 1)/ (n+c)) a,. Furthermore, by using Theorem 1, we obtain

I
/

(¢mwn-y¢0uﬁntgji)an

]
™M

z (¢ (n'v a)- Y¢ (n’ﬁ)) bn
n=2

n=2

o0

>, @moy-yempBya

n=2

N

IA

1-7

where ¢ (n, @) and ¢ (n, B) are given by (2.3). Hence, in view of Theorem 1, we conclude that

F(z)e T(a, B, 7).
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