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Based on a p-band frame multiresolution analysis (FMRA), we directly construct a p-band frame wavelet
consisting of the fewest functions. This least number 1, is determined by this FMRA. Moreover we also construct

a p-band frame wavelet consisting of r functions for any integer r21,.
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1. INTRODUCTION

In 1989, Mallat (6) established the notion of 2-band multiresolution analysis (MRA) and constructed
a corresponding orthonormal wavelet. For any p-band MRA (8), one can construct a corresponding
orthonormal wavelet consisting of just p — 1 functions. In 1998, Benedetto and Li (1) established
the notion of 2-band FMRA.

In general, let p 22 be an integer and {Vm} be a closed subspace sequence of L*R satisfying:

@GV, cV,,me2 U V,=L*®), N V, = {0}

m m
(i) fe V,, if and only if f(p-) e V, ;.
(iii) There exists a @€ V|, such that {¢(-~n),ne Z} is a frame for Vo

Then {V,} is called a p-band FMRA and ¢ a scaling function. When the term "frame" in

(iii) is replaced by "orthogonormal basis", the above p-band FMRA is a p-band MRA (8).
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,
Let {V,} be a p-band FMRA. If {"’“}1 cWy (Vo®@Wy=V)) and {y,(--n),
ne Z,u=1,..,r} is a frame for W, then {Wﬂ }: is called a corresponding p-band frame wavelet.

Hereafter @ is an orthogonal sum.

For a 2-band FMRA, Benedetto and Treiber (2), and Kim and Lim (3) constructed a
corresponding frame wavelet in 2000-2001. Later on, Mu, Zhang and Zhang (7) discussed the

higher-dimensional case. In (4), Kim, Kim and Lim constructed a quasi-biorthogonal frame wavelet.

In this paper, for a p-band FMRA, we will construct directly a corresponding frame wavelet
consisting of the fewest functions. This least number, in general, is not p — 1, but is some positive
integer T, (1,<p) determined by this FMRA. Moreover we will also show that the number of
functions in the corresponding frame wavelets may be any number in the set [1y, =) ( Z,. This

is a significant difference between FMRA and MRA.

Throughout this paper, p =2 is an integer and T = [0, 2z]. If a point set E satisfies E +

2n m=E (ne 2), then E is called a 27-periodic point set. Clearly, the characteristic function X
is a 2m-periodic function. For a 2z-periodic point set E, we define its periodic measure | E| as
Lebesgue measure of the point set E (M T. If |E|-E,|=|E,~E,| = 0, then we say the point

sets El =E2. In addition, notation "a.e." often is omitted.

Let f,ge LZ(R). Define a bracket product [f, g HHw) = 2 ]"\((J:)-\L 2k7) :g\'(CO+ 2k m).
k

o0

Hereafter the Fourier transform j/‘\(a)) = J‘ f@e 40 gt and 2 = Z
R k

k=~oco

We need the following propositions.

Proposition 1.1[1] — Let fe L? (R). Then {f(--n),ne Z} is a frame for its closed span

if and only if there exist two constants A, B > O such that A [ £, 71 (@) < B[ . }] (@=0).

Proposition 12[5] — Let f,ge L2(R) and let V = span {f(--n),ne Z} and U = span

{g(-~n),ne Z). Then V L U if and only if [ , ] (0)=0(we R).
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2. DEGREE OF p-BAND FMRA AND RELATED POINT SETS

Let {V } be a p-band FMRA and ¢ a scaling function. Let the point set
E={we : [ ¢.0](w) # 0}. .20
Clearly, E is a 2n-periodic point set. Without loss of generality, we assume [7] that
[9.91(@ = X (@ (o€ R). - 22)

Let H0 € LG such that (/;\)(p . )=Ho 6) Consider a row vector

D,(®=D, (o), _, wap=1

2vrw 2vrm
=(HO(W+TJXE((D+T))V=O,MP_1 (we R). .. (2.3)

By (2.2), the square of the norm of the vector D0 (W) is

2
2vrw 2vrm
Ho(co+—p ] XE(G)+—p ]

p-1
2
v=0

p-1 ’ 2 » 2
=y > |H 0+ 1 2%n l ol 0+ ZXE 4 2un
k v=0 0 p ) p

p-1
=Y 3 lbpo+2tp+vnl’= Y | dpo+2sm P =16, 0]100),
k

v=0 s
again by (2.2), the norm

D (w)ll=X_ (pw) = X; (w) (weR)
0 E ~E
p
To construct the corresponding p-band frame wavelet consisting of the fewest functions, we
define some related point sets, and then based on these point sets, we make a matrix extension for

the vector D (w).

Definition 2.1 — Let {Vm} be a p-band FMRA and E be stated in (2.1). For an integer Y,
define
2vn) |

p-1
Ayz= weR: Vg‘o XE(aH—p— =Y} 0<y<p).
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The number T = max {y:OSySp,IAYI>O} is said to be the degree of {V, }. If

1 1
A R--E
o [se)

AN (R—;E)l = 0, then we say {V, ]} regular. If > 0, then we say

{v,} singular.

Remark : If {V,} is a p-band MRA, then {V, } is a regular p-band FMRA of degree p.

rr

Example 22 — Let ¢ = X . Then [§,p]=X; and E = [-p,p]-«z::z. Taking

i
53]
H=X, , we have lq\)(p~)=H (’;\) Using an ordinary method, it is easy to prove that {V, } : V.=

p

span{@ (p"" - —n),ne€ Z} is a p-band FMRA. By Definition 2.1,

A=RA=90<y<p, y#1) and IAI N (R—I%E] > 0,

and so {Vm} is a singular p-band FMRA of degree 1.

Notation 2.3 — For @ = (ap, ... @, _1), if each o, = 0 or 1, then we denote are {0, 1)2,

and denote the number of the nonzero components in & by A, and denote all nonzero components

A -1

[+4
in o by {ak.}
J j=0

Definition 24 — Let ae {0, 1}” and E be stated in (2.1). Define

2vre
Ea.—{a)e R.XE(aH—p—]—a (V—O,...,p—l)}.

14

9

Definition 2.5 — Let ace {0, 1}” and Tp=[—

RRE]

] +2 wZ. Define

ARk

E and e =FE -—e. .. (2.5)
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p
By Definitions 2.1 and 2.4 and Notation 2.3, we have R= ) A, and A = E

Y=0 A=Y

a

o

Let the p-band FMRA {V, } be of degree 1. By Definition 2.1, we have lAYI =0 (y>1),

k1 p-1
further, R= U A, = E, By Definition 2.5, E, = ) E,, ., we have
Y=0 A,=1 k=0
p-1
R = U Ea. & (a disjoint union). ... (2.6)
A<t k=0

a

Example 2.6. — We turn to Example 2.2. By Definition 2.4, we see that for e {0, 1}7,

[-1’—21—",—’—‘-3’—”]+2nz, a=0 (1=0,...p-1),
E = p PP P !
o
0, otherwise,
where 91=(8V, p V=0, ..p-1’ hereafter 8'.’]. is Kronecker delta. For a = (1,0, ...,0), we have
Ea0=[~§,§ 2127, e;=[_-fg,£2]+znz
’ . P p
T x| T
e =|-=,-= -, = |+ 2nZ,
[ P Y [Pz P }
and for a#(1, 0, ..., 0), the point sets E o e:x and ei are all empty sets,

Lemma 2.7 — For any ae {0, 1}°, and k = 0, ..., p — 1, there exists a Be {0, 1}’, such

that E, + —ZIL;—”=EB, and o maps f, one-to-one.

PROOF : Let ae {0, 1)P. Since Xp (@) is a 2m-periodic function, by Definition 2.4, we

obtain that we E if and only if for any fixed &,

where IV:OSIVSp— l,lv=k+v (mod p) (v=0,..,p-1).
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Denote B,=a,; (#=0,...p—1). Then B=(By, ... B,_p e {0, 1}’. So we E, if and only
v
it o+ X0e Eg
14
2km .
Hence Ea + ——p——=E B and o maps B, one-to-one. Lemma 2.7 is proved.

Theorem 2.8 — Let {V, } be a p-band FMRA of degree 1 and E be stated in (2.1). Then

! E and —l-E can be decomposed inte the following disjoint unions:

R___
P
p-1
_1..E= U (el +_2M]
p A<t k=0
[+4
and
1 Pl %
R-1E= U (ez + —-’EJ - (27
a p
A Sto k=0

where To=T- 1 (1:0=’c) if {Vm} is regular (singular).
PROOF : Denote two families of point sets:

M] ={E_,ae {0, 1}/, k=0, .., p -1}

ok

2k i
M —{Ea’0+ S ae {o,1} ,k_o,...,p-l},
By Definition 2.5 and Lemma 2.7, for k = 0, ..., p — 1, there exists Be {0, 1}” such that

2k 2krw 2k 2k
4 = T |+ —=|E +— — | = .
Ea,O p (Ea M p) p ( o )4 ) M (Tp-'- p ) Eﬂ.k

Since o maps f3, one-to-one, M, and M, are one-to-one correspondence, further M, = M,. By (2.6),

we get

A
|
—

R= (E +—! ”J. . (2.8)
a0 p
A<t k=0

4

Again by E + 2kn=E, we have

2kr 1 2krm
(Ea,oﬁu ' ]mpg_(gw : )
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1, . 2%=n 1), 2=
—E+=L = |E — |+ =£

From this and (2.5), (2.8), we get the first formula in (2.7). Again by (2.8) and (2.5), noticing

2
that | e o

=0(la='c) if {V,,} is regular, we get the second formula in (2.7).

By Definition 2.4 and Notation 2.3, it follows that for ae {0, 1}°, we Ea if and only if

X (w+33’—5)= ¢ . (2.9)
0. velh)

L v=k (j=0...4,-1),

Let D, (@) be stated in (2.3). Since the norm of Dy (@) is X 1, (w) and e;, e‘zz c E, by
p

(2.9), we have

1 2.
Lemma 2.9 — Let ae {0, 1}P. For we ey the vector | H, w+—i— is an
p j=0,...2,~1
2k. w

. 2 .
unit vector. For we " the vector [Ho[aﬁ—;—-J) is a zero vector.
Ji=0,.,4 -1

a

3. CONSTRUCTION OF p-BAND FRAME WAVELET
Let {Vm} be p-band FMRA of degree © and E be stated in (2.1). In order to construct a

1
. . 0 .
corresponding p-band frame wavelet, we first construct filter functions {H /J} , where 1, is stated

i 0
in Theorem 2.8.

T

() Define {Hﬂ }10 on %E. By Theorem 2.8, we only need to define Hu on each

el +2V7t'
a p :

1 2k &
By Lemma 2.9, we know that for we e, the vector | H, w+——1’,— is an
=0, .. A -1

unit vector. Extend this unit vector to a Ay -order unitrary matrix P (@) = P, j(CD))u j=0,.. A ~1
'y 'y - 9 evey a

- . . . 1
of the 27-periodic functions on 27-periodic point set e,, where
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A -1 2k
* - i
(0, @)_, e Na

J

For u=1, .., )‘a — 1, define

2k. 1 2k.
= - '=O, veoy -1 » vee .1
Hu(a)) Pu.j o ——L—p , W€ ea+—Lp (J /la ) 3.1
H @=0, oe U (e] + 2’—”) - (32
u @ p
vEfk.}
L J
For /.t=/'La, . define
p-1 5
H @=0, oe U | +2XE| .. (3.3)
# v=0 * p

tO
(i) Define { Hﬂ}

on R—}%E. By Theorem 2.8, we only need to define Hl—t on each
1

. 2k.
By Lemma 2.9, we know that for we e; the vector (Ho(aH—LJ] is a
j=0,.,4 —1

a

zero vector. Taking any /la-order unitrary matrix Q (@) = (Qﬂ j(cu))”=] A j=0, A ~1 of the
¢ 9 weny a, 9 even a

2m-periodic functions on 27n-periodic point set ei. For u=1,.., 4, define

2k,
Hﬂ((o)—Qw.(a) J, we e, + > (j=0,..,4,-1),

H,(@)=0, oe U} (ei+2l’-').

p—1
For p=24 _+1,..,7_ define H (0)=0, wme U [e2+2—VE)_
a 0 u o p
v=

T T

Up to now we already define {H# }10 on R, and each Hye L;r Define { l//'u} ‘e’ (R) as
1
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v @)=H ¢ ¥=1,..1) (3.4)
W# = o (p H=1, .. o .

Example 3.1. — For the p-band FMRA defined by Example 2.2, using the above method
of construction of p-band frame wavelet, we get a corresponding p-band frame wavelet consisting

of one function Y, satisfying {[\Il (p-)=H, % where H| =X, and
T =z

sl -—-—=

{ P pz]

V/]=XPFX[_7“‘]=X[~”-E] y [z ﬂ}. . (3.5)

and so

T
Below we prove that { W#}lo defined in (3.4) is a corresponding p-band frame wavelet.

Lemma 32. — Let W = span{ u/u(--n), ne€ Z}. Then each v, is a nonzero function and
{v/“( -—n),n€ Z} is a tight frame for W% with bound 1.

PROOF : From (3.4) and (2.2), similar to the proof of (2.4), it follows that for
0y <1,

p—1 .
A A v ) — 2vrw 2vrw
[Wﬂ,vf#](pw)— Vgo Hu(aH » )Hu,(an ’ )XE(CO+ » J

(we R), where Y= @ .. (3.6)

For ISpS‘co, by (3.6) and (3.3), we get

1
[ W, l?fu](p 0=1, wce (A Su, 3.7)

by (3.6) and (3.1), (3.2), we have
A -1

l 2. &
A A _ 2 i 1
[Wﬂ, W#](pw) = j;o | Pu,j(a)) l XE(aH—-L—p ), we e, (A >p.

Since the matrix P () is an unitrary matrix and (2.9), we obtain that

[, 0,]ea=t oe e, G >H, . (39
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Since [ Aw#, Qﬂ] pw)is a —zplperiodic function, by (3.7) and (3.8), we have [ {/\I#, /y\/u](p W) =1or

0 (coe e;-c—i;—”). Using Theorem 2.8, for we ;l)-E,

[Q/”, l’I\fu:l(P w) =1or0. . (3.9)

Similarly, we can prove (3.9) holds for we R—ﬁE. So (3.9) holds for we R. Since {V, }
is of degree 7, we have 1A | > O, further we see that each v, is a nonzero function. Using

Proposition 1.1, each {!//u(-—n), ne Z)} is a tight frame for w® with bound 1. Lemma 3.2 is

proved.

Define a (1y+ 1) X p matrix D= (D ,V)#=0, T V=0, ey p= 12 where
D @=H |0+2Z|x [0+ZZ)| wer) (3.10)
v u » " » . .. (3.
The Oth row of D is DO which is stated in (2.3).
Lemma 3.3. — (i) All row vectors of D (w) are pairwise orthogonal, so are all column

vectors of D (w).

T
. 0
(i) The subspaces {WU‘) }0 are pairwise orthogonal, where W® s stated in Lemma 3.2

and WO =y,

PROOF : By the definition of Hu and (2.9), we see that on e}x (or ei), a submatrix of

D(w) is a la-order unitrary matrix and the rest elements of D (@) are all zero. So (i) holds for

1 2
we e, (or WE egy).

By the periodicity of H# and X, we conclude that the matrix D(m+%—)v£) can be obtained

from the matrix D (w) by interchanging its columns. By Theorem 2.8, (i) holds for we R.
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Since the uth row and u'th row of D (w) are orthogonal (u = u’), by (3.6), [1’;‘/”, %,] (pw)
= 0 (we R). Again by Proposition 1.2, we get (ii).

Lemma 3.4. — The decomposition W;= w® holds, where W, is such that

1

"o

H

PROOF : Let Dp v be stated in (3.10). First we prove that

T
0

F@= Y |D,,@ |2 =X (@) (0cR). . (311)
u=0

For =0, ..,p—1,

2rx 2ln
Flo+— (=X | o+—
(o5 )l =) X

2
. (3.12)

H [co+&c)
K p

For we e:x, by (3.1) and (3.3), noticing that P (@) is an unitrary matrix, we conclude that

for j =0, .., 4,1,

A -1

a

- Eo IPM,(a))!z:l.

% 7 )|
H | o+——
p p

T

0
u=0
From this and (3.12), it follows that for /e {kj},

F w+§£§ =X co+2£7—t . ... (3.13)
4 E P

For /¢ {kj}, by (2.9), we get F (co-k-zll)—”) = 0. Hence, by (3.12), we see that (3.13) holds

for we el and all I Similarly, (3.13) also holds for we e and all . By Theorem 2.8, we get
@3.10).

1

0
By Lemma 3.3 (i), we have 2 Bp o(a)) D” V(w) =0, v#0(we R). From this and (3.11),
=0 ’
we get
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0
; o@D, (@)= 8,0 Xp (@  weR (v=0,..p-1).

. . 2vrR
Noticing that SV,OXE(‘O—TJ = v0 E(a)) (v=0,..,p—1) and (3.10), we get

0
> Eﬂo( 2""]H()X (@ =8, X, (o)
p=0 P

Since X (@) = 1 (we E) and §(0)=0(w¢ E) (by (2.2)), we have

0
D Du’o[m 2p )H (@ @) =8 (p(a)) (v=0, ...p-1). .. (3.14)
u=0

— 2 -
Since D 00 (w) € L,,, we expand it into Fourier series D 100 (w) = 2 h('u) iko por | = 0, ..,
k

p -1, let
@ ® —ipk-hw
C, @ = % Ry € : . (3.15)
p-1 Ave
— 2vm -t (1) .
Then D, | ®- » = e P C# (w) (v=0,..,p-1). Again by (3.14) and
=0
(34), we get
- 21v7t
A
Z x=8 9@ (v=0,.,p-1), .. (3.16)

¢, A . p-1 :
where x;= z o i (w) u/y(pa)) (¥p=9). Regarding {x, }o as the unknown variables, the

system of equations (3.16) has an unique solution x,=ll’6)(a)) (=0,.,p-1). So

T
0

p(@=p 3, c (w)w o) (=0,.,p-1).
L=0
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. ) . . . .
Replacing C# (w) with (3.15) in above iormula, we obtain that

T

(1]

)

o (pt-s)= ZO zk: hees Yy C=R) € Z).
u:

From this and

V,=span {@(p--5s), se Z}, W = span v, (p-—), s€ Z} (O‘S#STO),

we get Vi=WOQ+w® 4+ + wwO=v)). By Lemma 3.3 (ii) and V, =V, ® W,, Lemma

3.4 follows.

Combining Lemma 3.2 with Lemma 3.4, we see that {u/u(w—n),ne Zu=1,..,7} is a

tight frame for W, with bound 1. So we obtain that

1
Theorem 3.5 — Nonzero functions { Wll} ¢ defined in (3.4) is a corresponding p-band frame
1

wavelet.

4. THE NUMBER OF FUNCTIONS IN p-BAND FRAME WAVELETS

T

At first we prove the frame wavelet {l/l ”} ® defined in (3.4) is that consisting of the fewest
1

functions.

r

Lemma 4.1 — Let {V,} be a p-band FMRA of degree 7. If {g#} is a corresponding
1

p-band frame wavelet, then the number r27, (7, is stated in Theorem 2.8).

PROOF : By the assumption, {g“(w-n),ne Z,u=1,..,r} is a frame for W,. Since

Vi=V,®W, and ¢(pr~s)e V,(s=0,..,p—1), we have

r

W)

o (pt-s)= 20 zk: a g”(t—k), where 8y= 9
y:
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Setting 111(5()__ s =az2 (ke Z,5s=0, ..., p—-.1) and then taking Fourier transform, we get

r
W k-
o@=p Y 3 n, ' P0% o) (s=0,..p-1)
=0 k

Replacing @ by a)+% (ve Z) in the above formulas, we conclude that

L2WVS r
_l— .
e P ,(b(aHM}:p 2 2 nﬁ)_se—'(pk—s)wgu(pw+2vn)
P u=0 k
(s=0,...,p-1),

and then adding these equalities over s, we get

r
A A 2vrw
‘E’O J,(@) g (po+2vm = 8v,o¢(w+TJ’

where

_ W e 2 ’ _ ’_
J (@)= §l: m, ¢"PeL _and 0Sv'Sp-1,v'=v (mod p).
- 2 o
Let H, e L,, be such that §u(p-)=1’-\1# a)(,u=0, . 1), Where Hy=H,. We have
T " 2
Y J(oH (w-a--—“m) ) (co+—v”)= 5, i\o[aw———zwr).
H H p p v'.0 p
r=0
Since J# and I"{u are 2m-periodic functions, by (2.2), we have

r
o 2vrw 2vre ) _ 2vrw
”go J#(w) Hu((o+—-——p )XE (a)+——p )— 8v,’0 XE[aH—p J

Let I =0, .., p — 1. In the above formula, replacing v by v~/ and @ by (0+%’—t, we get

,
2w 2vr 2vre
z J#(aﬁ » ]i’{u(aﬁ——-p JXE(aH———-p )

} vrY, _
= 8v,1 XE[co+ » )(V—O, o p—1). . (4.1
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Consider the following two matrixes

B(w:= (ﬁ (m+-2-ﬂ)XE (w+MD
H p P ) u=0,.r,v=0...p-1

A (o) = diag (XE (m+2—;£)l
=0,..,p-1

By (4.1), we know that each row vector of A (w) is a linear combination of row vectors of
B (w). Hence

and

B (w)
rank B (w) = rank , WER .. (4.2)
A (o)

For we A,, by Definition 2.1, we conclude that there are just T nonzero elements in
A (@). Hence by (4.2), rank B(w)27 on A,. Since the number of row vectors in B (@) is r + 1

and 1A | > 0 ({V,} is of degree 1), we have r21-1.

Specially, if {V,} is singular, then >0. On the point set

1
A R-—E
Ar N (R—ILJE J D0 (w) (see (2.3)) is a zero vector, so the Oth row in B (w) is a zero vector.

So we have r>1. Lemma 4.1 is proved.

T
By Lemma 4.1, we know that {W#} ® defined in (3.4) is a corresponding p-band frame
1

wavelet consisting of the fewest functions.

Theorem 4.2 — Let {V, } be a p-band FMRA of degree t. Then the number of functions

in corresponding p-band frame wavelet may be any number in the set [ty o) (™ Z,, here To IS

stated in Theorem 2.8.

T
PROOF : Lemmas 3.2 and 3.4 show that the functions { W#}lo defined in (3.4) are such that

for each L, v, is a nonzero function and {l//u(- —n),ne Z} is a tight frame for w® with bound

T

land Wy= © W
p=1



276 ZHIHUA ZHANG

So [ v, ¥, ](w) =1 or 0 (we R), precisely say, let ¥ = {a)e R:[ v, ¥, ](a))= 1] Then

[l’l\q, !?/,] =X, . (43)

and Y is a 2n-periodic point set and !Y1> 0. We split Y into / disjoint 27-periodic point sets

1 !
such that ¥ = 1y Y© and each 1Y¥1 > 0. By (3.4), ¥, (p-)=H, §. Define

i=1

( .
tr@},

l
{wh.}l c L’ (R) as

A A )
w]i(p-)-H]i(p, where H”=H1 X_l_y(o € LZ”. .. (44
p
1 e e
Denote W(h_) = span {ulli(--n),ne Z}. Similar to (3.6), we get
P! 2 2 2
A A VT ) — Ve VT
[Wxi’ le](pw) - v;o Hli(m+ p )Hlj [“H p )XE [a’+_p_)
(we R). .. (4.5)

1 1
So [z?fl,., u’,‘/lj](co) = 0 (@< R) (i#)), further W', 1 W(lj) (i#j). By (4.3) and (4.4), we have

l !
hoa=eo X, @= 3 H @@= Y ¥, 00 ©@d.
p

i=1 i=1

)
)
Namely, ¥, = 3, v,. So we obtain that W' = & W

i=1 i=1

(1)
i’

Since Y@ is 2n-periodic point set and (4.4), H”(co-i-%’—t] = H, (co+2i75] X1y0 ().
p P

2
H (a)+——-2v’t) X (a)+——2vn)
1 )4 E p

X1y0@=[¥.9] 00 X1,0 @=X1,0@.
P P P

Again by (4.5), (3.6) and (4.3), we get

p-1

[%’ Q'1:'](”") = X

v=0
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So each y,; is a nonzero function (since 1YP1>0 and {y;(-—n),ne Z} is a frame for

W),

1

Again noticing that each {w#(mn),ne Z} is a frame for ww by W, =

i (1)‘ r
® W, |®e| © W
i=1 \ #=2

nonzero functions is a corresponding p-band frame wavelet. Noticing that / is any natural number,

0

Theorem 4.2 is proved.

Example 43 — Let {V, } be a p-band FMRA defined by Example 2.2. We have known

that y; defined by (3.5) is a corresponding p-band frame wavelet. Using the above splitting trick

2p-2
stated in Theorem 4.2, we see that {l[ll i}

. . A .
| satisfying W],l:=x[_i_ﬂ_i_+_l] [il i&] is

2" 2p p° 2

also a corresponding p-band frame wavelet.
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