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The class H™ of symbol ‘a’ and pseudo-differential operator hu, associated with the Bessel operator

a
LS
u dxl 4x2

are defined. It is shown that the product of two symbols is a symbol. The product

h h, , of two pseudo-differential operators hy o

wa My and h, , associated with symbols a(x,€)e H™ and

b(,n)e H" is defined. It is proved that h,L a h;gb is a continuous linear mapping of the Zemanian space

H), into itself. It is shown that the Hankel transform of hu. a hu, p (1) satisfies a certain L'-norm inequality.
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1. INTRODUCTION

The theory of Hankel transformation of distributions developed by Zemanian (10) has been exploited
by Pathak and Pandey (3, 4) in the study of a class of pseudo-differential operators associated with
Bessel operators in the development of a theory of Sobolev type spaces and in investigating regularity
of non-homogeneous Bessel differential operator equations. Another class of pseudo-differential
operators has been studied in (6).

It is well-known that the product A (x,D)B(x,D) of two classical pseudo-differential

m m
operators A (x,D) and B (x,D) associated with the symbols a(x,&)e S 'and b(x,E)e S

respectively is the pseudo-differential operator C(x,D) associated with the symbol

m, +m, . . .
cx,é)e S possessing the asymptotic expansion
- SN N I
cwe)~ Y EA (3%, (a75).
” u! 14 L *

Its theory has been given in (7) using Fourier transformation of distributions. An analogous



280 PRADIP K. PANDEY

theory for the product hy a h  is developed in this paper. Our approach involves direct computation

u,b
of the product of pseudo-differential operators.

The Hankel transformation hp of g L (0, =) is defined by

« (1.D

e

9@ = [ I @e00d u>-
0

Here J# denotes the Bessel function of first kind of order p. It is given by

-1y (ﬁrzr
2
. (12)

Ju(x) B ;0 r(u+r+1)

The following asymptotic properties of J# (x) are useful in our investigations.

J#(x)=0(x"), x>0

2 _ur r 1
NE [wfet o

Zemanian (10) has studied the Hankel transformation given by (1.1). The Zemanian space
Hu (I) is known to consist of all complex valued C “-functions ¢ on / = (0, o) such that

k
i (x'] Hd—x_)

We shall use notation and terminology of (2), (6) and (10). The differential operators Nﬂ,
Muand Sﬂ are defined by

1
7 ¢ (x)

u
Y, i @) = sup

xel

< oo, Vm, ke NO' . (1.3)

1 1
B+ o
2(d 2
Nu = Nu,x =x (dex .. (1.4
—p-1 et
2(d 2
M” = M#,x =X (dx)x .. (1.5)
e & 1-44f
S =S x—MHN# =—+ 2 . (1.6)

From (2) we have the following relations for any ¢ € Hu.
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_ — 2
RS, 0)=h MN $)=->ho (17

1
(7] ()

k X v k~v —p-=
=Y (VJ (f‘%) 9({‘%} (x ¢) .. (1.8)
v=0
r " 2j+u+%— 1 d r+i "ﬂ‘%
S, 00 = Y b x (x ‘—k-) x ¢ (x) .. (1.9)
j=0

where bj are constants depending only on u.

Following formula is useful in our investigation:

H+m

(x“ %J K J,m) = (- Y " A ™y (k) . (1.10)

In the present work we assume that the symbol ae H™, be H", where H™ is a symbol
class defined as below.

Definition 1.1 — Let I denote (0, e). The function a (x, £): C* (IxI)— € belongs to the

class H™ if and only if Vgq,v,0¢€ Ny there exists a constant D, vm, q>0 such that
v o
g -1 i -1 _d_. < , nm-—o.
(1+x) (x dx) (é d{‘) a(x, &) _Da,v‘m,q(l+§) .. (11D

where m is a fixed real number. If a (x, £) satisfies the inequality (1.11) with g = O then the symbol
class will be denoted by H .

Definition 1.2 -— Let a(x,y) be a complex valued function belonging to the C* (Ix1),

where /=(0, ). Then the pseudo-differential operator h#, associated with the symbol a (x.y) is

a

defined by

(h#,au>(x)=£ @' 1 ) a@NU, 00, ueH, - (112)

where
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U,0)=(h,1)0) = [ )5, @)ueax . (L13)
0

The product h# hy p i a continuous linear map of the Zemanian space Hﬂ into itself and

., a

which satisfies a certain L'-norm inequality.

2. THE HANKEL CONVOLUTION

We recall the following results on HankeJ convolution needed in the sequel. Let A (x,y,z) be the
area of a triangle with sides x,y, z if such a triangle exists. For y>0, set

2
D (x.y.0)=2"52 ()" ‘/2[1‘ (7+_12_)]

TN @y 2" Ay, 2122 R

if A exists and zero otherwise. We note that D (x,y,z)20 and that D (x,y,z) is symmetric in
x,y,z. We have

oo

[ iGyD@my.9dow@ =je)ion . 22)
0
where
Y-'l‘ 1 !
do(2) = [2 2 r(y+§H 2V d,  y=p +% - (23)
and
1 1_
: T2 ‘1) 277
jx) =2 r y+5 x J : x) . (24)
T3
We also have
| Dy dow =1 . 25)
0

Next, we define LL (0, =) as the space of all real measurable functions on (0, <) satisfying

i = [ if@idow < .
0
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Lemma 2.1 — Let fe L; (0, =), then the associated function f* (x, y) is defined by

Ffans= | f@Dwynndo@ O<xy<e . (26)
0

Let fe L; (0,0) and g€ L:, (0, ) and the Hankel convolution of f and g be defined by

frgw= | Ffangmdom. er)
0

Then the integral defining f# g (x) converges for all x, 0 <x<eo, and
Ilf#glll < llfll1 llglll, .. (2.8)

and (f # g) (x) = (g # f) (x) almost everywhere.

3. PRODUCT OF SYMBOLS
Proposition 3.1 — The product of two symbols is a symbol.

PROOF: Let a(x,E)e H™ and b (x, £) e H", then using Leibnitz type differentiation formula
(1.8) and inequality (1.11) we get

(1 +x)7 (x“g;} (5"2‘%]

o v (4 v d o-3 d V-3
< 2 s) Z (r](l+x)‘1 (6-121..5) (x_lgx_) a(x,é)l
s=0 \ r=0
X '(f—lzdz) (x“l-;-;] b(x,lj)l
o o v v
< 2 (S) E (r)D(l-S.V—r,m,q(l+§)m~a+sEs‘r’n,0(l+€)n-s
s=0 r=0 =
s Ea,v,m,n,q(l-'-g)m-l-n_a’ .. (3.1

Therefore, a (x, ) b(x,E) € H™*",
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4. PRODUCT OF PSEUDO-DIFFERENTIAL OPERATORS

Lemma 4.1 — Let the symbol b(y,n) € H". Then the function ¢# (&) defined by

¢#(é)=£ b, (&) U, (m)dn . (4)
where
- 1
b, &) = | & 1€ J,0m) b n)dn - 4D
0
and
o0 1
u,m) = [ om)y? 7, Gm ) (x) d, . (43)
0

satisfies following inequality:

Bz
|¢(§)| E 2 a+E¥y L wvr2o. . (4.4)

unrq

PROOF: We have
9,6 = g |2,©] | v, an

From ((3), Lemma 3.1, p. 742) it follows that there exists a constant Bﬂ g such that

+4r+-!- % 2 1
| £,(6)| M,q(Hn) 2 (148) 2 (1+&7) - (45)
Using this estimate we obtain
< < B 1 u+n+4r+% ,u+% 21
EAAE b By g4 & 2 a+g™)
l U, (n)! dn Vr20. .. (4.6)

i
. Hts -
Since IUu(n)leH# we have |U#(n)| <Cn 2 (1+n) i Vie N,

Using this estimate of Uu(n ), the expression (4.6) yields :
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oo

1 1
Hen+dr+—  j+=—

< 2 2
EAIE J By g0 ¢
e
Q+&E¥y . ca+nytn 2 dq
, p+l T
< B £ 2 (1+§2r)—1 j’ (I+n)2;£+n+4r+l—l dan.

wnrgq
10

Since the last integral is convergent for sufficiently large value of /, we have
1

! ptz r —
|9,&)| s E & rasgryl

unr.q

Definition 4.1 — Let a(x,E) be a symbol in class H™ and b(y,77) be another symbol

belonging to class H". Then the product of the two pseudo-differential operators h}u‘ . and h“, b
associated with the symbols a (x, &) and b (y, n7), respectively, is defined by
o 1
- 2
(h, 0 () _g @2 I & ax Eh k&) dE - (4T)
Substituting the value of hﬂ (h# bu) (&) 4.7) we get
- 2 2
by 1) @) = £ @7 J xE)ag)de { €92 I, ENdy
o 1
x [ om? s ombo.m) U mydn
0
co _]_ oo
=Jeer s edawsrae [ b & v man
0 0
Therefore,
o 1
— 2
(h, oy 0 @ —£ @8, (xE)ax§) 9, (£)dE . (48)

In view of estimate (4.4) we see that the integral on right hand side of (4.8) exists. This
satisfies the above definition.
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Theorem 4.2 — Let the symbol a(x,E)e H™ and b(y,n)e H". Then the product

hﬂ. ahﬂ. p i a continuous linear mapping of H“ into itself.

PROOF : Let ue Hﬂ. Then we have

1

oo 1 ot 2
(hu’ah#,bu)(x)=({ &) Ju(xé)a(x,@dé{ EN? I, €Ny

- 1
x [ on? s omben) U, m)dn. . 49)
0

Now, h# p 1S a continuous linear mapping of H“ into itself by ((3), Theorem 2.3, p. 739).
Hence ¢= (h# pW O eH L by the same theorem, h# o @ is a continuous linear mapping of Hu into

itself.

Next we give a norm estimate for & o For which we define the norm

where u e H“(I), yz—é—,se R and 1<g<ee,

|

Theorem 4.3 — Let a(x,E)e H™ and b(y,n)e H" and let u > -

2
Then
||(h#,ahu’b(u)||G° < Em{llullco + lull ] . (4.10)
w1 u1 w1
where
teN, t>2u+n+4r+1, E =E and re N .
m H.n,r,qg,.tm 0
PROOF : From (4.8) it follows that
oo l oo
2
{ @ E I OB, b0 = ! a, (€)9, €)dn @11)
where

e 1 1
a,©) = | @& Jﬂ(xé)[(xn)z Ju(xn)a(x,n)]dx.
0
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In view of (2.2) this is equivalent to

- 1
[ cer s eerm b
! n tma mb

1 oo 1 1
U+ += -p-=
=48 2 [0 2o mz ?DEn2dow
0
- 1 el
x | @?J @x ® a@mn)ds
0 H
where A =2MT (u+ 1)~ 2. Therefore,
gl =Ll 1
2 2 2
hy b b0 E)=A-E" { "2 ¢ mdn {z D2
pet
xhu(x 2acnn))@)msax
so that
ud
2
3 RO I3
ik 1
SA- .f n "2 ¢ (n)l dn fz 2D(§,n,z)|An(z)ldo(z). . (4.12)
0
where

1
Bt
4,@ = h”(x 2 a(x,n))(Z)-

We use the estimate ((3), Lemma 4.1, p. 744):

1
Bt
m 2 2r-1
IAn(z)l scr'm’q(1+n) z 1+, VreN,

and the obvious inequality

a+n)" <2" 1 +n)"

and we get
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1

H < l‘l=
Ié 2h (h h u)(&)‘SA-B,,m,qI n 2 a+n”
0

N |-

M pea b

oo

[ pEny a+27" do,
0

X

IA

MM+ 1) C

r,mgq

[ DEny a+27" do),
0

X

1

IA

(-]

T -y mop-3
2“*”’r<u+1>c,'m,q£[n 241 2]|¢um)5dc<n>

9, (M) | dn

w1 1
f[n”+2+nﬂ+m+2}n—2"_}|¢#(n)|dcm)
0

x | 0+2Y ' D& n2)do ). .. (4.13)
0
Now we take
f@ =+ el 0)
and
m=HT@+nn 2 yeL @), p=0
gp 77 - (ﬂ n I¢u(n IE “(7 )7 p"‘ , m.
Then applying inequality (2.8) to (4.13) we obtain
RN
& T h b0 @) = H f2 Y g m)
p=0,m L!
laa s || T g
p=0,m Ll
"‘ﬂ—l m-— . —
s(B || notem o 2o L @19
L' # L

Now, applying the estimate (4.6) we have
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1
P-p-3

& e

© tm §

(1+m)

O w3

<C
p.un,rq

A
Y W]

<C
p’”’n-r,q

A
© ey §

C 9 [
pnu’”;r,q

’

pH T, gt

IA

—u-d 2
n B, @) () «|||n B, G ()
L' .
Hence
1
| T )
n #n Ll
scp'“'r’q,‘(llull . + laull ' ) .
G G
w1 wi
Therefore applying (4.14) to (4.15) we get
|§-“_5h t, b wE&|<c (llall + 1 ull
G
'y
+ C (llull + 1 ull
m ° ,
G G

)l déSB#,n,r.q J‘ gl’(1+§2r)—1 dé
0

1

—-H
2u+n+4r+1 n 2 Uﬂ(ﬂ)’ dn

1

-u-
(1+n)2u+n+4r+l n ) Up(ﬂ)l dn

1

-4
a+n) n 2 Uﬂ(n)| dn,

I
(l+n)' n

1
2
h”(u)(n)IlL. ]

w1

@>2u+n+4r+1)

289

. (4.15)
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where E =E
m

—
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||(h”,ahu’bu)(§)lla° ssm{llull . +1ull ' ]

w1 G G
i #1

unr.qtm
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