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Let G be an abelian p-group and let F be a field of any characteristic. Then the Sylow group of all normed
p-elements S(FG) in the group ring FG is thick if and only if it is bounded.

This strengthens results due to Nachev (Compt. rend. Acad. bulg. Sci., 1994) and to the author (Acta Math.
Hung., 1997) jointly with (Acta Math. Sinica, 2004), all proved for the more restricted class of torsion-complete

p-groups.
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1. INTRODUCTION

Suppose RG is the group ring of an abelian p-group G over a commutative unitary ring R of arbitrary
characteristic, and S(RG) is the group of all normalized invertible p-elements (often called p-units)
in RG. For a subgroup A of G, the symbol / (RG; A) denotes the relative augmentation ideal of RG
with respect to A. All unexplained notions and notations as well as the terminology are the same
as those in [11].

In 1994, Nachev has shown in [13] by using a topological approach that S(RG) is
torsion-complete only when it is bounded, provided R possesses prime characteristic p. In 1997, we
have generalized in [4] the cited assertion to mixed groups and rings with nilpotents and prime
characteristic. Recently, in 2004, we have extended in [10] Nachev’s statement to the semi-simple
case over a field. The major aim here is to extend the results in these two papers [4, 10] for a
more large class of p-torsion abelian groups, or in other words-to supersede the affirmation of
Nachev from [13] both in a modular and a semi-simple aspect to the class of so-termed thick
p-primary abelian groups, introduced in [2].

And so, we begin with the formal introducing of the main characters.
Definition 1 (2) — An abelian multiplicative p-group A is named thick if over any 1ts

subgroup C the factor-group A/C being a direct sum (= a coproduct) of cyclics implies A = CB for
every basic subgroup B of A.
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This definition parallels with the corresponding one of a large subgroup. Namely, if L is
any large subgroup of the abelian p-group A, we well-know that A = LB for each basic subgroup
B in A and that A/L is always a direct sum of cyclic groups, since L is fully invariant in A.

Definition 2 (2) — A multiplicatively written abelian p-group A is said to be essentially
finitely indecomposable (abbreviated as e.f.i.) if each direct factor of A that is a direct sum of cyclics
is bounded.

Clearly the torsion-complete groups are thick [2], and the thick groups are e.f.i. [2]. There
exists a conjecture of J.M. Irwin which says that all e.f.i. groups are precisely thick. Some particular
cases in this way were examined in [2], but the full exploration is not made yet. Because the direct
sums of torsion cyclics are pure-complete, owing to [2] they are thick if they are bounded. This
follows also in view of the above formulated two definitions together with [11].

It was proved in (3) by Cutler-Irwin that G is efi. < G/G!is e.f.i., where G s the first

Ulm subgroup of G.

By analogy, we shall now verify the validity of the following.
Group Proposition — Suppose G is an abelian p-group. Then G is thick < G/G Uis thick.
PROOF : The following criterion of Benabdallah and Wilson (2) will be useful.

Criterion (Benabdallah-Wilson) — A is a thick abelian p-group <> A” " [plc C for some
n20 and all subgroups C of A such that A/C is a direct sum of cyclic groups.

"sufficiency". Foremost, given that G/G! is thick and C<G so that G/C is a direct sum
of cyclic groups. Thus G '<C and G/GY/C/G'=G/C is a direct sum of cyclics, hence by
definition the decomposition G/G l=(c/G "B’ holds fulfilled for every basic subgroup B’ of
G/Gl. But it is well-known that (see, for instance, (11)) BG 1/G1'2B is a basic subgroup of

G/G' provided B is so in G. Thereby, the identity G/G' = (C/G ') (BG /G ) easily implies that

G=CB for an arbitrary basic subgroup B of G, as wanted. This proves the first part half.

“necessity". Next, we treat the converse inclusion. However, not every basic subgroup of

G/G! is of the type BG 1/G, as above, for B basic in G, so the statement of the definition is
not convenient enough for our proof. That is why, for our purpose, we shall use the criterion of

Benabdallah-Wilson formulated above.
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First of all, assume given G is thick and CG 1/61<G/G! for some C<G such that
G/G'Y/CG'/G'=G/C G is a direct sum of cyclic groups. So, CG! is nice in G. Furthermore,
the cited criterion ensures GP [p]gCG1 for some n20. It is not hard to compute that

G”/GY) [p]

n k
[ N i<e(G? P1G? ):I/G]. Henceforth, by what we have already shown,

k

k
G{p"}/GYHY b ¢ [mkw(cc‘cf’)]/cl = CG (M <uxGP )/

G/G' ¥ [p]

cGl/Gl. Finally, the criterion is again applicable to infer that G/G ! must be thick. This completes

the proof in general.

2. MAIN RESULTS

The proofs of the two main theorems require certain preliminaries; the next proposition, which is
one of them, is also of independent interest.

Proposition 1 — For every proper large subgroup L of the reduced abelian p-group G, the

condition G/L bounded implies that L=AG?” for some bounded subgroup A <L and n 2 1. Moreover,

for each reduced abelian p-group G which contains an unbounded basic subgroup, there exists a

n
large subgroup of G of the type L= H GP [p2"] so that G/L is unbounded.

n<®

PROOF : We assume that G/L is bounded over each fixed large subgroup L. Write G = BL
where B = @;;1 B,,B, =8 , (pk) are homogeneous of order pk for some ordinal oy, is an
k

unbounded basic subgroup of G (if B is bounded, then G is bounded and hence G = B by cf. [11]).

It is long-known by Megibben, and documented in [1] and [11], that B (™) L is large in B, whence

n

o0 Pk , ,
BMNL = &,_, B, for certain naturals n <k with n,<n, _ ,. Therefore, G/L =
oo pnk
@, (B,/Bk ) hence n, = n, | = n, , = ... for some existing index ke Z". Taking into

-

i n - n n "
account [1], L= H GP kppk—") = A H G? [p™"=AGP, where A = G’ ! M7 ..
k=1 m=1

Pnk‘] k"l_nk-x . . .
G p ] and n=n,. This substantiates our first claim.
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For the second one, that the so-defined L is a large subgroup follows by a classical result

usually attributed to the F. Richman (see e.g. [1]). Evidently, G/L is unbounded, since otherwise

S 5 n
there exists a positive integer s such that G’ < L whence G’ c H leid [p2"] which is an
n<®

5 s+ 1

absurdity when G P 2c? because of the following arguments. It is plainly seen that
5 5 n 5 § n

G" ™\ GP PP 6P so G PP M\ GP P21 GP whenever n>s2> 1. Next,

for each ge G’ [pk] such that 1 <k<2(n-1) we consider the product gg’ where g’ € G’ [p2"] \

G” P . Thus gg'e G” p* \ G” [P*~ ] and by what we have already shown above

n

n n 5 5 5
both g’e G° and gg'e G¥ . Thereby ge G’ . Henceforth, G” =G’ ™~ UG’ p* \

e n 5 5

G" ") U U G’ P cG”. Therefore G° is divisible whence G” = 1 that is
i>2n

impossible since G is a priori taken to be unbounded.

The proof is finished in all generality.
The following general construction without the use of large subgroups is also interesting:

For every reduced unbounded p-group G there is C < G with the property that G/C is an
unbounded direct sum of cyclic groups.

co

In fact, by a result of Kulikov ([11], p. 111, Corollary 18.4), we have G= U Gn,

n=1

G,<G,,1<G and all G, are direct sums of cyclics.

2 n
Furthermore define G, M G” = A, G, N GP = A, etcetera inductively G, ~ G? =

0

A,and A= J] A, = B, where B,=A|A,...A, Thus B,cB, _ .
n=1

n=1

Evidently A © G”, so A=G” M A and whence inductively A = (G, M A) G* M A),

n

because of the relation A C G, G” ftulfilled for every natural number n since AjA, .. A, <G, and

H Ak;GPn.

k>n
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Next, by what we have already shown above, we obviously calculate that

n n oo
G,A) N\ G" cA and that G, N (G’ A)cA. Since G/A = U (G,A/A) and

n=1

G,A/Ac G, ,A/A, by using the classical criterion of Kulikov ([11], p. 106, Theorem 17.1), we

deduce that G/A is indeed a direct sum of cyclic groups.

To see that G/A may be chosen unbounded, we assume if possible that there exists positive

! o t o

integer ¢+ so that G’ < A. Consequently, U (G, N Gp) c U (G N Gp)
n=1 n=1

n

G, NG P )).- But if there are an index n and a non-identity element w, such that 1#w, €

141

P . ..
), we obtain a contradiction.

G, NG"H)\(G,_, UG

So, the claim sustained.

Now, we come to the first subsection titled

1. Modular case.

We begin here with

Proposition ([6], p.5, Theorem 1) — Suppose G is an abelian p-group with a subgroup H,
and R is a commutative unitary ring of prime characteristic p. Then S (RG)/S (RH) is a direct sum
of cyclics if and only if G/H is a direct sum of cyclics.

Lemma ([5], p.11, Lemma 4) — Assume G is an abelian p-group with subgroups H and C,

and R is a commutative unitary ring of prime characteristic p with a subring P having the same
unity. Then

S(PH)[pl<cS(RC) < either (1) H=1o0or 2) H#¥1,PcR and Hc C.

After this, we are able to prove

Theorem 1 — Let G be an abelian p-group and let R be a commutative ring with 1 and
prime characteristic p. Then S(RG) is thick if and only if G is bounded.

PROOF : Evidently G bounded yields the same property for S(RG), hence it is thick.

Now, we treat the more difficult reverse question. If we allow G to be unbounded, exploiting
the above method demonstrated via Proposition 1 and other routine folklore arguments, we may
select a subgroup C of G so that G/C is an unbounded direct sum of cyclics. Consequently, the

Proposition stated above on quotient groups applies to show that S(RG)/S(RC) =2 GS(RC) \

S(RC)=G/C is an unbounded direct sum of cyclic groups. Employing now the group-criterion
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n

quoted above, S P RG)[pl =S (Rp G P )[p} € S(RC) for some n20. Furthermore, the Lemma

n

ensures that the inclusion G’ < C holds. But thus G/C should be bounded. contradicting our
hypothesis. Finally, we extract the fact that G must be bounded, completing the proof.

As an immediate consequence, we obtain

Corollary (Nachev [13]) — With R and G as in the Theorem, S(RG) is torsion-complete if
and only if G is bounded.

2. Semi-simple case.

We concentrate here on the semi-simple situation that is somewhat more difficult to handle
than the modular one. This is so because of the fact that a statement similar to the above Proposition
does not hold good in general. In fact, G/H being a direct sum of cyclic groups does not imply
that the same is true for S (KG)/S (KH) provided K is a field of char(K) #p, even when H is pure

in G whence it is a direct factor, as some simple examples show (whereas the converse holds).

Further, we discuss certain preliminaries from (12) too. For G an abelian p-group with a
subgroup A, we define @ : G — G/A as the natural map. For K a field of char(K) #p, we extend
¢ linearly to @ : KG — K (G/A) by <I>[ 2 fgg] = Z fo0@) = Y f, (gA). Since ¢ is a

ge G geG geG
homomorphism, it is only a routine exercise to show that so is ®. Thus ® maps p-elements into
p-elements, or in other words @ : S(KG)— S (K(G/A)). That ® is a group epimorphism (= a
surjective homomorphism) follows immediately from (12). (We only indicate that for rings of prime

characteristic p such a conclusion is easy to prove.) It is also well-known that ker® = (1 +

I1(KG; A)) M S(KG). We recall that Mollov gives in (12) another description of the kernel.

The fact that T = (1 + I(KG; A)) M S(KG) is a group (see [8, Lemma 6]) follows also

like this: If ae T and b e T, we obviously have ab € T since I (KG ; A) is an ideal. Secondly, there
is ne IN with @ = 1. Thus a'=d” ~'e T by applying the first step.

Before arguing the main assertions from this section, we repeat the above demonstrated
procedure, so we need a few helpful affirmations. The first of them is a restatement of [12,
Proposition 11] that is crucial. (We emphasize that the idea presented below works even for the
modular case.) Namely, we are in a position to formulate:

Proposition ([12, Proposition 11] and [8]) — Suppose we are given that G is an abelian
p-group and K a field of the first kind with respect to p. Then S(KG) is a direct sum of cyclic
groups if and only if so does G.
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Although not strictly necessary, it is also useful to indicate that the second technical statement
from the modular case has a corresponding analogue for the semi-simple case. Nevertheless, we
require a stronger version. The next lines document this.

Lemma — For G an abelian p-group, A <G and K a field of char (K) #p,

S”n(KG) [Plc1+1(KG; A).n20 implies G’ ca

PROOF : First of all, we derive G P [Plc(1+1(KG;A)) M G=A. In order to establish that

G’ c A, we choose an arbitrary element ge G\ G [p] and the idempotent e = 2 f,ae KA

ac A

(¢? =€) with the property Z f,#0 such that ge#e but (ge) =e > (g e=e).
ac A

After this, we consider X, = 1+ ge — e. Therefore xZ:(l —ef + (gef =1 e+e =1, hence

x € sP" (KG)[p] \ {1}.

On the other hand, since ® (S r (KG) [p))=15,,=A, by the action of ® on X, we obtain

that A+( 2 j;JgA—( 2 fa)A=A which is equivalent to( Z fa)gA—[ z f;]A=0.

ac A acA ae A ae A
But 2 f,#0 under our construction. Thereby, we conclude that ge A. Finally,
acA

n ‘on n

G" =G’ [p] U (G" \Gpl)cA and the asserted inclusion is obtained.

So, the desired relationship is deduced and the proof is over.
We are now ready to prove

Theorem 2 — Suppose G is an abelian p-group and K is a field of the first kind with
respect to p of characteristic distinct from p. Then S(KG) is thick if and only if G is bounded.

PROOF : It is trivial that G being bounded implies S(KG) is bounded (see, for example, cf.
[12]), hence it is thick.

Conversely, assume that S(KG) is thick. We claim that G is bounded. If not, as we have
previously seen above, there is a subgroup A of G such that G/A is an unbounded direct sum of

cyclics. In view of the foregoing discussion combined with the Proposition we deduce that S(KG)/[(1
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+ 1 (KG; A)) M S(KG)]=S(K(G/A)) is a direct sum of cyclics. Consequently, S(KG) being thick

along with the Group-Criterion of Benabdallah-Wilson assure that there exists n=0 such that

sP (KG) [p] < 1+1(KG; A). Thus an appeal to the Lemma ensures that G” cA, ie. (G/A)? =
1. [Equivalently, G/A is bounded. This, however, is a contradiction of our choice and thus ends

the proof.

As a direct consequence, we obtain a criterion for torsion completeness without the additional
condition on the spectrum of the field about p to contain the set of all natural numbers, as asked
for in (10). This restriction was necessary there, since we had exploited the purity of the group
basis.

Corollary (10) — Let G be an abelian p-group and K a field of the first kind with respect
to p and of characteristic not equal to p. Then S(KG) is torsion-complete if and only if G is
bounded.

PROOF : In virtue of Theorem 2, it is straightforward.
Now, we come to the
3. General case.

Combining the preceding two subsections, we are in a position to explore the global mixed
variant for both modular and semi-simple group rings.

Theorem 3 — Let G be an abelian p-group and let E be a field of arbitrary characteristic.
Then S(EG) is thick if and only if S(EG) is bounded.

PROOF : The sufficiency is self-evident.

For the necessity, we first assume that char(E) = p# 0. Then the proof follows utilizing
Theorem 1.

Suppose now, char(E) # p. Here, E is either of the first kind or of the second kind with
respect to p. In the first one, the corresponding Theorem 2 extracts the desired claim. In the second
one, according to whether G is finite or infinite, we can apply a discussion from (12) or ([12,
Theorem 21]) respectively to conclude the proof in fuli generality.

Corollary (10) — Let G be an abelian p-group and E a field. Then S(EG) is torsion-complete
precisely when it is bounded.

PROOF : Every bounded group is torsion-coni~'~~ ~-< ¢~ latter is known to be thick. This
finishes the proof.

Inspired by the Direct Factor Problem both in a modular and a semi-simple direction (see
cf. (7) and (8)), we may pose the following strengthening.

Conjecture — For G a p-torsion abelian group and E a field of arbitrary characteristic, S(EG)
is e.f.i. if and only if it is bounded.
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We briefly present two possible methods of proving the conjecture.

METHOD FOR PROOF 1 : If Irwin’s conjecture mentioned in the introductory section, asserting
that the e.f.i. groups are precisely the thick ones, is settled affirmatively, then the preceding conjecture
also follows.

METHOD FOR PROOF 2 : If we assume that the Direct Factor Problem in the separable case
holds in the affirmative for the modular fields of characteristic p and for the fields of the first kind
with respect to p which have characteristic distinct from p and where their spectrum contains all
naturals, then we may write

S(EG) = GXS(EG)/G,
where the quotient group S(EG)/G is a direct sum of cyclics provided G is separable. Henceforth,

k
by definition, S(EG)/G would be bounded whence the relation S? (EG)c G is valid for some
k € IN. Consequently, with the aid of ([8, 10]), it is a routine matter to establish that G is bounded,
hence so is S(EG).

The general situation for inseparable groups in the semi-simple case holds directly by virtue

of the Mollov’s formula (see e.g. [12]) S(EG)/S ' (EG)=S (E(G/G)), where the field E is of the
first kind with respect to p, combined with the Group Proposition of (3) documented above.
In the case when E is a field of the second kind with respect to p and of characteristic not

equal to p, we observe that ([12, Theorem 21]) is applicable. Thus the scheme for a proof is
completed.

Another algorithm for an evidence was demonstrated in (9).
We terminate the work with

Problem : If FG=FH as F-algebras for any field F, for some p-group H and some thick
(respectively e.f.i.) abelian p-primary group G, does it follow that H is thick (respectively e.f.i.) as

well?
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