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In this paper, by using Guo-Krasnosel’skii fixed point theorem in cone, we study the existence of positive solution
for the following nonlinear fourth order boundary value problem

A*x(@-2) = awfG@).te[2.T),
x(0) = x(T+2)=0,
A’x() = A*x(T)=0.
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1. INTRODUCTION

Recently, boundary value problems (BVPs) of difference equations have received much attention
from many authors, see [1, 2, 3, 4, 5, 6, 7, 10, 11, 12, 13, 16, 19, 20, 21, 22, 24, 25, 26, 27, 28,
29] and the references therein. In particular, because of its significant applications in the theory of
bending extensible elastic beams on nonlinear elastic foundations [18], fourth order BVPs have

attracted considerable attention. For example, the authors in [29] established the existence of positive
solution to the fourth-order boundary value problem

A*x(t-2) = Ada@®ftx@),teN, 2<t<T,
x(0) = x(T+2)=0,
A’x(0) = A’x(T)=0. . (LD

They required that the nonlinearity f(f, x) was increasing in x and their main tool was the
method of upper and lower solution.

In 2003, Liang, Zhao and Sun [16] obtained a new existence result for the following
fourth-order boundary value problem

*Supported by the NSF of Gansu Province of China (Z5032-B25-032).



362 JIAN-PING SUN

A'x@-2) = aWfx@®),rel2T),
x (0) = x(T+2)=0,
A’x@©) = A’x(T)=0 . (12)

by using a fixed point theorem due to Krasnosel’skii and Zabreiko [15]. The conditions they needed

were very easy to verify, but the solution obtained in [16] may be negative.

In this paper we will continue to consider the boundary value problem (1.2), where T > 2

is a fixed positive integer, A™ denotes the mth forward difference operator with stepsize 1, and [a,
b] = {a,a+1,..,b—1,b} cZ the set of all integers. Some sufficient conditions are obtained for
the existence of positive solution to the boundary value problem (1.2), and we do not require that

the nonlinearity f(x) satisfies any monotonity.

Throughout this paper, we assume that the following two conditions are satisfied.

(Cl) f: [0,90) — [0, o) is continuous;
(C2) a: [2,T] — [0,) is not identical zero.

The following well-known Guo-Krasnosel’skii fixed point theorem in cone [9. 14] is very
crucial in our arguments. For background information and applications of such a fixed point theorem,

one can refer to [8, 17, 23].

Theorem 1.1 — (Guo-Krasnosel’skii fixed point theorem). Let E be a Banach space, and K

be a cone in E. Assume Q,, Q, are open subsets of E with 0 e Q,Q,cQ,, and let

DK M (ﬁz\ Ql)—>K
be a completely continuous operator such that either

) NPull<llull, Vue K N 3Q, and IDull 2 llull, Vue K M 0Q,

or

(@ NDull 2 llull, VueK ™ 90Q; and Hdull <llull, YueK M 9Q,

Then @ has a fixed point in K M (Q,\Q)).
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2. MAIN RESULT

For the convenience, we define

L0 g g o= tim [

i —> o0

fo = 11m+
u—0

Our main result is the following theorem.

Theorem 2.1 — Assume that (Cl) and (C2) hold. Then the boundary value problem (1.2)
has at least one positive solution in the case

({) fo=0 and f_=-ce (superlinear) or
(if) fy=-co and f_=0 (sublinear).

PROOF : Denote

-D(T+1-5),1<1t<s<T,

G] (t,s) = —;:
s-1DT+1-0),2<s<t<T+1,
and
t(T+2-5)0<1<s<T+1,
G (ts) = 7—=
2 T+2 | s(T+2-1),1<s<1<T+2.
It is easily seen from the expression of G2 (t,s) that
G2 (z, s)SG2 (s,8),(#s)e [0, T+2]1x[1,T+1], . (2.
and
1 ,
>
62 (t, s)2 1 62 (5,5, sye [1,T+1]x[1, T+1]. . (2.2)
Let the Banach space E = {x:[0,T+2] — R} be equipped with the norm
Ixll = max lx (o)1,
re [0, T+2]
and define

K=!xeE:x()20,te [0, T+2], min  x ()2 L hxlly,
te [1,T+1] T+1

then it is obvious that K is a cone in E.
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Suppose that the operator @ : K — E is defined by

T+1 T
@M= Y G@s) Y Gva@fx@),re0T+2]
s=1 v=2

First, we claim that ® (K) c K.
In fact, if x € K, then it follows from (2.1) that
T+1 T

0 @00 = 3 G,&9) 2 GEa@fx)
v=2

s=1

T+1 T
< > G, (s, 5) Y G, (s V) afx(v).re [0, T+2],
s=1 v=2
and so,
T+1 T
Idxil < G, (s,3) D G, (s, V) a (V) f (x (V). . (2.3)
s=1 v=2

In view of (2.2) and (2.3), we have

T+1 T
@x =Y Gs) Y Gv)a®fxw)
s=1 v=2
1 T+1 T
2 =7 Y Gys.9 Y, Gi(s,v)a(v)f(x(v)
s=1 V=2
> 1 @, rel,T+1],

T+1

therefore, min (D x) (t)Z—l—— 1D x|l. This shows that ® (K) c K.
te [1,T+1] T+1

Next, it is also easy to check that ® : K — K is completely continuous and that x is a

solution of the problem (1.2) if and only if x is a fixed point of ®.
To be precise, we denote

Q = {er S lxll < Hi}, i=1,2 3,4

First, we consider the case (i): superlinear case.
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Since f0 = 0, we may choose H : >0 such that
fx) £ex for xe [O,Hl],

where € >0 satisfies

T+1 T
€  max > G, (@) Y G, (sva®sL.
te [0, T+2] s=1 v=2

Thus, if xe K M 891, then from (2.4) and (2.5), we have

T+1 T
@00 = 3 G,(ts) X G (s0a@fk)
s=1 v=2
T+1 T
< e Y G, (t,9) D G, (s, v)a (V) x (V)
s=1 V=2
T+1 T
< elbxll Y G, (t,s) D G, (s, v)a(v)
s=1 v=2
T+1 T
< ellxIl max Y G, (1, s) Y G, (s, v)a (V)
te [0,T+2] s=1 v=2
< llxll,te [0, T+2].

So,

HdxIl <lixll for xeKmBQl.
On the other hand, in view of f =eco, there exists I/-\12>0 such that
fx) 2 px for xe[ﬁz,w),

where p>0 is chosen so that

T+1 T
T+1 21 G,T.s) 22 G (s va®21.
s= v=

Let

H, = max {2H1,(T+1) ﬁz}.

365

.. (2.4)

.. (2.5)

- (2.6)

(27

.. (2.8)
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Then xe K M 892 implies that

1 1 A
min x() 2 =—— llxll==——=—H 2H_, .. (2.9)

and so it follows from (2.7), (2.8) and (2.9) that

T+1 T
@0T) = 3 G,(Ts) Y G (sva()f)
s=1 v=2
T+1 T
2 p Y G, (Ts) Y G (sva@x()
s=1 v=2
I xll T+1 T
> B2 Y G6,Ts) Y G, (va®
s=1 v=2
> |l x Il
So,
I@xll 2 llxll for xe K M 9Q,. - (2.10)

Therefore, by the first part of Theorem 1.1, it follows from (2.6) and (2.10) that @ has a

fixed point in K (MY (Q,\Q,). This completes the superlinear part of the theorem.

Next, we consider the case (ii): sublinear case.

Since f0=°o, we may choose H3>0 such that
fx) 2 Mx for xe [0, H3], . (2.11)

where M >0 satisfies

T+1 T
T+ 1 21 G, (T,s) 27 G (Va2 L w (2.12)
= v=2

Then for xe K M 893, we can get from (2.11) and (2.12) that

T+1 T
@x)(T)= 3 G,(Is) Y G (s v)a(®f(x(w)
v=">2

s=1
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T+1 T
> M Y G,(Ts) Y G (sva@x)
s=1 v=2
MUxl d
X
1 2 G,T9) X G (sva®
s=1 v=2
20 xll.
So,
I xll 2 lixll for xe K M 9Q,. - (2.13)

On the other hand, in view of fm = 0, there exists H 4>O such that
f(x) € Ax for xe [f14, o). . (214

where A>0 is chosen so that

T+1 T
A min z G2 . s) 2 G1 (s, vV)a(v) <. .. (2.15)
re[0.7+2] [ =2

We consider two cases:

Case (a) — Suppose that f is bounded, i.e., there exists a constant N > O such that

fx) £ N for xe[0,o0). .. (2.16)

In this case we choose

T+1 T
H, = max { 2H,N  max Y G, (1,s) S G (s va® .. 217
te [0,T+2] -4 b2

so that for xe K M 8524, we have from (2.16) and (2.17) that

T+1 T
@00 = 3 G @9 3 G (svafix(v)
s=1 v=2
T+1 T

< N Y G, (t,s) Y G, (s, v)a(v)

s=1 v=2
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T+1 T
< N max 2 G, Y G (va
te [0.T+2] 44 v=2

< H4= Il xll, te [0, T+2],
and so

Tdxll < llxlt for xe K n 894.

Case (b) — Suppose that f is unbounded, then we know from (Cl) that there exists H 4> max

‘, 2H,, [’-\14} such that
f(x) Sf(H4) for x e [O,H4]. .. (2.18)

Then for xe K M 894, it follows from (2.18), (2.14) and (2.15) that

T+1 T
@00 = 3 G, Y G (sva®fk)
s=1 V=2
T+1 T
< fH) Y Gs) Y G (va()
s=1 v=2
T+1 T
< AH) Y G,t9 Y G sva()
s=1 v=2
T+1 T
< 2H, min 2 G (t,9) Z G (s,v)a(v)
Y e+ [T 2 uy !
< H,=llxll, re [0,T+2],

and so
HOxlt 2 Hixll for xe K M 894.
Hence, in either case we obtain that

Mo xll < llxll for xe K M 8524. .. (2.19)

Therefore, by the second part of Theorem 1.1, it follows from (2.13) and (2.19) that @ has
a fixed point. This completes the sublinear part of the theorem.
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