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Let f=h+g be a harmonic univalent and sense preserving function on the unit disk, where /1 and g are analytic.
We give the definition of a normal harmonic function. The necessary and sufficient conditions for f=h+g to
be Bloch or normal are determined. The sharp upper bound for | f(z) 1 is obtained whenever f=/i+g is a Bloch

function. We obtain sharp estimates for the normality order of f when f maps the unit disk onto the unit disk.
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1. INTRODUCTION

A continuous function f=u+iv defined on the open unit disk U is said to be harmonic in U if u
and v are real valued harmonic functions in U. In particular, any function f harmonic in U may
also be represented in the form f=h+g, where h and g are analytic functions in U, [I]. This
representation is unique up to an additive constant.

Colonna [4] defined when a harmonic function f=h+g is Bloch, and showed that the

necessary and sufficient conditions for f to be Bloch is

B, = sup A=-1zBY (K @ I+1g @) < o. o ()

ze U

Furthermore, in [4] it was shown that the harmonic function f=hA+g is Bloch if and only

if A and g are, and

max (B, B) < B, < B, + B,

Pommerenke [8] has shown that the analytic function 4 (z) is Bloch if and only if there

exists an analytic function H (z), univalent in U, and also a constant ¢ > O such that

h(z) = clogH’ (2).
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In the first part of this work, the relation between a harmonic Bloch function f=h+g and
univalent functions is given. By means of this, a sharp upper bound for |f(z)| is obtained when
f 1s Bloch.

In the second part, a normal harmonic function f=h+g is defined, and a necessary and
sufficient condition for f to be normal is determined.

2. HARMONIC BLOCH FUNCTIONS

Theorem 2.1 — A harmonic function f=h+g is Bloch if and only if there exist functions

H,G e S and constants €15 €y >0 such that

f@=c logH’ @) +c,log T +f (O ye)

where S is the well known class of analytic univalent functions.

PROOF : Assume f(z) has the form (2) with H,Ge S and h=c logH’ and g=c,logG".

Then
Uy (1B , <t [, |H @ G" @ |
A=1z0@DI+1g@h < Q=121 (cl IH,(:) +c, G | .
Since H,Ge S, for |zI=r<1,
” 2 ”?”
H”(z) _2r 4r H”(2) 2r+4
T e < and so > _—
H' @) 1-, 1-72 H’ (2) 1-7
Similarly
G”(2) < 2r+4
G'@| = 1-4

(see [9]). Since
A=1z2) (1’ @I+ 1g @) < 6(c,+c,) < oo,

f is a harmonic Bloch function.

Conversely, if f(z)=h(z) +g (z) is a Bloch function, we consider the functions

H(z) = j exp{mc;}}—@] df=z+...

0 1

and
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Z
G(z) = I exp[g_(_Q;-_g_LO_l] df=z+...

0 2
Hence,
, 1 , 1 |
H’(z) = exp [C—[h(z)—h(o)]], G’ (z) = exp tc—[g(Z)—g(O)]
1 2
and so
1 1 —— —_— ’ ’
c—[h(z)—h(O)] + C—[h(z)—h(o)] =logH’'(z) + logG’ (2)
1 2
Moreover,
H"@z) _1,, G"@ _1 ,
—F==—h'(), ——F=— .
H@ ¢ @ @ et
Thus,
H"” (z) 1 20150
1-1zP) |52 = = a-1z5)1h’ @1 <1,
(A-128) |3y | = ¢ 0-leme)
2, |G () 1 2y,
1-1zl = = — (1-1zI")l <1
Then (2) is satisfied with cl,c2>0 and
H” @) 2, ].6"@
1-1z12 e and 1-1zlI 17 1.
=120 12570 (=121 267
Therefore, by [9, VI Theorem 6.7], H and G belong to the class S. This completes the proof.
Let By denote the class of all functions f=h+g satisfying the condition (1).
Corollary 22 — If f=h+ge BH, then for Izl=r<1,
l + (,‘1 +C/’
1f(z) ! <log ~ T4, +c) o) +IFO)],
(1-r) b2
where

4 arcsin r ; r<N2/2

o) = 2
n+log '1'——'5 : \2/2<r<d
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PROOF : If f=h+ge BH’ then from Theorem 2.1.
If(xl < clIlogH'(z)l+czllogG’(z)I+If(0)l
< ¢, IlogH’(z)I+c2|logG'(z)l+cl IargH’(z)IczargG'(:)l
+ 1f ).

For functions H and G belonging to the class S,

l+r3, G’ @) < 1+r

(1-7r) 1-r?

1H (z)| £

(see [7]) and
larg H' (2)| £ @ (1) and larg G’ ()1 < @ (r)

(see [6]). Thus, the theorem is proved.

3. NORMAL HARMONIC FUNCTIONS

Definition 3.1 — A harmonic mapping f with domain U is normal if it satisfies the Lipschitz
condition with a global constant when regarded as a function from, the hyperbolic disk into C,
endowed with the chordal metric. The Lipschitz number of f,

- (),f )
af zs::gv p (z,w)

’

is called the normality order of f, where % denotes the chordal metric:

Iz]—zzl
X@,z) = z,2.€ @
PR P 7

and p denotes the hyperbolic distance on the unit disk

14+r

1 | z-w
p,w) = 2 log =y 7=

1-Zw

For h a normal meromorphic function in U, the normality order of A is

o = swp (1-1zP) 2@
e U 1+1h@)

Theorem 3.1 — Let f=h+g be a normal harmonic function in U. Then the normality order

of fis

I @) l+1g ()]
= 1-1z12 .
% zsz% (=12 1+1f(2) 1P



ON HARMONIC BLOCH AND NORMAL FUNCTIONS 411

PROOF : Some of the techniques used here were inspired by Colonna [4, Lemma 1,2]. Let

f harmonic and o be the normality order of f as defined previously for harmonic functions. For

z€ U let us define

- K @,f W)
af = hvrvn_s)lip W)

Letting w=z+re% 0 < r < 1, we have

X F@fm) _ If@)—f(w)] 1
Pz w) Vi+lf@QR N1+1fmw) P P&wW)
_ Ife+red®)—f@)| r 1
r p+red ) V1+1f@ P N 1+1fw)
Since
i0
fim LE@Fre V=F@U_ e )05 04+ f (2) sin 61
r—0 r o Y
and
lim ——— =1-IzP,
r—0 p+re® z)
we get
. 1-1z1?
0, (z) = max |f (2)cos B+f (2)sin Ol —.
s geR % y 1+1f@)]|
For z and w complex numbers Colonna [4, Lemma 1] shows that,
max lzcos @+wsin @l = L (lz+iwl+lz-iwl).
6e R 2
Thus, we get

(|fx+ifyl + !fx—ifyl).
1+lf (@) 1?

%@=%aqn%

It is clear from the definition that 0 @)= Oty Define L= sup 0 (z). Then L < Oty Assuming
ze U

that af is finite we shall now show that af.<_ L.
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Let vy be the geodesic curve in U joining z to w. Thus the hyperbolic length of y is

p (z,w). Since y is compact, given any €>0, we can find a finite sequence of points 2y = 2, 2. ...,

z,=w on y such that
By choosing the points so that Z, is between Z_4 and Z,, o we get

n-1

> Pz, 2)=plzw).
i=0

Thus
n-i
x (@) < Hf@-fml < 3 |16, )-f@)|
i=0
n-1 n-1
< 2 (@E)+e)pk, 7)) S Y (Lre)pl, .3)
i=0 (=0
= (L+¢) p(z,w).
Since this is true for all €, we must have
X (f@,fWw) < Lp(z,w).
Hence afs L. Consequently, we have
If +if 1+1f —if |
1 2 x “y x Jy
o, = sup ()= sup = (1-1zI%) —
fooev f revU 2 1+1f() P
Since for a harmonic function f=h+g, where h and g are analytic in U
f=Sf wd g = iGf)
we have
o= L f =2 = 2
and

X

f, - ¥, =%, =K.

Therefore, we get
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IR @) 1+1g ()]
= 1-1z1? .
% zS:pu (=121 1+1f(@) 17

If analytic and harmonic functions are locally bounded, then they are normal. Hence, from
Corollary 2.2, we have the following result for Bloch functions.

Corollary 3.2 — If the harmonic function f=h+g is Bloch, then f is normal.

PROOF : Let the harmonic function f=h+g be Bloch function. Then

W @) I+1g ()] B,
a = 1-1z12 = —IL _—<p.
zS:% (=1 1+1f(@2) P 1+1f(2) 1? Bf

Hence, f is a normal function.

Theorem 3.3 — If the function f=h+g is normal, then h and g are normal. in fact

1
1 max (ah, ag) <

a..
S
PROOF : Indeed,

If@QI<Th@lI+lg@I <=2 max (1Al lg@)!)

ze U
and
QP < max (1hQ) P, 15 @)
Hence,
1 + max (Ih(lz)lz, lg @) 1?) < l+(1/41)lf(z)l2 < 1+|;(;)|2' -
If max (1h(2) P 1g@P=1h(@)?), then from (3)
1 W@l 1K@+ @)
4 1+1h@P 1+1f@) P
and if
max (1h@ P, 1g@F) = 1g@) P,
then

1 1@l < Lh ()1 +1g (2)]
4 1+1g@@P 1+1f@ 1%

Thus, we have
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-l-max(a a) < a
g ’

4 f

For an analytic function f = u + iv, where v is harmonic conjugate of u
=3 G+F)  v=5(-F)
u=p Urf) vEgy Uf)

Since lul<Ifl, @ 20, and since |f1<2 max {lyl,lul}, « <2e,
u f u =f 1y
2 2

Hence, for a function f=u+iv

af < au < 2alf < 4af and af 3 1, Y
2 2

is obtained.

Theorem 3.4 — Let ¢:U— U be analytic and the harmonic function f=h+g be normal

in U. Then the function F (2)=f(9 (2)) is also normal and

Equality holds, if ¢ (z) is a Mobius transformation of U onto itself.
PROOF : By the Schwarz-Pick lemma we have

A=z @I < 1-19@ A for ze U.
Thus
o, = swp (1-1z?) LOIIN @@)I+1¢ @)
ze U L+1f (e ()1
< sp (1-1wP) HONEM] g6
we U 1+Ifw)!
= af
The class of harmonic functions f=h+g so that 14" (z)1>1g"(z),z€ U, is denoted by SH’
where
—_ n — n
h(2)=z+ zza”z and  g@)=z+ Z]bnz @
n= n=

are analytic in U. This class is called the class of normalized harmonic univalent functions (see [3]).

Proposition 3.5 — If f=h+g is a sense-preserving univalent harmonic mapping of the unit
disc onto itself, then
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oz<1+z
' .

PROOF : From [5, Theorem 2], we get

_ Ly H@IE Q!
% ZS:I:I( e 1+1£(z) P

< sup (l—lzlz) 1+-2- (1—Iz|2)—]=1+—2-.'
ze U r x

Corollary 3.6 — Let f : U— U be a harmonic mapping. Then
4
& -
af < -
PROOF : From [5, Theorem 2] and Corollary 3.2 the inequality is obtained.

Abu-Muhanna and Lyzzaik have shown that log A’ (z) is a Bloch function for
f=h+ge Sy Also, for bounded planar harmonic mappings f=h+g, H. Chen Gauther and

Hengartner [2] obtained results for the Bloch constant.
The following theorem gives a condition for which a function in SH is Bloch.

Theorem 3.7 — Let a, is given by (4). If a, = O, then fe Sy is a harmonic Bloch function.

PROOF : Let f=h+ge SH' Then by (3), for IzI=r<1, we have

A-1zBY(AK @I+1g @] < 20 -1k (@)

(A +p*!

2(1-7
- (l—r)/1+]

A

where 4 = sup {la,|fe Sy }. Hence, for a, =0or 4=0, we have ﬂfs 2. That is f is a Bloch

function. By Corollary 3.2, f is normal.
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