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Suppose X is a non-compact metric measure space, E and F are two disjoint closed subsets of X and the boundary
of E is also compact. By means of the Alexandroff compactification X* of X we obtain some sufficient conditions
for the equalities of p-modulus modp (E, F, X) and p-capacities with continuous or locally Lipschitz test-functions.

Our conclusions answer partly the open question on p-modulus and p-capacity posed by Heinonen and Koskela.
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1. INTRODUCTION AND PRELIMINARIES

Following Ahlfors and Beurling [1], Fuglede [2], Gehring [3], Viisdld [14], many other
mathematicians have studied intensively the relations of modulus of curve families and capacities,
see, for example, [4-11, 13-15] and the references therein. In particular, recently, by means. of
p-modulus and p-capacity on metric measure spaces, Heinonen and Koskela have extended the theory
of quasiconformal mappings [4] and at the same time, Kinnunen and Martio and their colleagues
have developed the potential theory, see, for example, [9] and the references therein.

All metric spaces X in this paper are assumed to be rectifiably connected and all measures
M on X are assumed to be locally finite and Borel regular with dense support. A metric space is
called rectifiably connected if every pair of two points in it can be joined by a rectifiable curve.

We shall denote by (X, 1) such a metric measure spaces [4].

By a curve we mean either a continuous map Y of an interval [ c (— oo, %) into X, or the
image y(I) of such a map. We usually abuse notation by writing y=7y(/). For the properties of

curves on X we refer to [14].

The space X is said to be (globally) quasiconvex if there is a constant C >0 so that every

pair of points x and y in X can be joined by a curve y whose length satisfies [ (y) < Clx—y]l, here
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and hereafter we use the Polish distance notation | x—y! in any metric space, and refer to C as the
quasiconvexity constant. Moreover, X is locally quasiconvex if every point in X has a neighbourhood
that is quasiconvex. More generally, X is said to be ¢-convex if there is a cover of X by open sets

{U,} together with homeomorphisms {¢, [0, =) — [0, =)} such that every pair of two points x and
y in U, can be joined by a curve in X whose length does not exceed @, (Ix—yl). X is said to

be proper if its closed balls are compact. For details of the above concepts we refer to [4].

Definition 1 — Let I be a family of curves in X and p>1 be a real number. Let @ (I )

denote the set of all non-negative Borel functions p satisfying J. p ds =1 for all locally rectifiable
14

ye I (such function p is said to be I-admissible). The p-modulus of I is defined as

modpl":inf{j Pdu:pe d)(I“)}. R
X

Remark 1 : In Definition 1, as in [14] we can also consider only the sub-family I', of all

locally rectifiable curves in I ; if every ye I' is contained in some fixed Borel set W, then in (1.1)

we can use @ = {pe @ (I'):p \y, =0} instead of @ (I" ), or only consider the integral on

w.

In the following we will investigate the relation between p-modulus and p-capacity and

always suppose that X is non-compact because the corresponding problem is solved in [4] (see
Theorem A below) when X is compact. Denote by X ™ the Alexandroff compactificaton of X, i.e.

X =X U {0}, sog X such that any neighbourhood of o is of the form (X\K) \U {e}, where

K is a compact subset of X. By extending i to X" such that p ({eo}) = 0, we get a new space
X", w. It is easy to see that for any point x in X there is a locally rectifiable curve
y: [0, b) = X such that y(0)=x and ¥y M (X\K )= D for all compact subsets K of X. Then such

a yis called a curve which starts at x and tends to oo,

Suppose that U is an open subset of X, that Y stands either for U or for X, and that

p=1 is a real number.

Definition 24, Suppose u is a real-valued function on Y. We say a non-negative Borel

function p: Y — [0, e] is the upper gradient of u in Y if
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lu@)—u@)l < I pds,

xy

whenever Yy is a rectifiable curve joining two points x and y in Y.

Definition 34 Suppose E and F are disjoint closed subsets of Y. The triple (E, F;, Y) is

called a condenser and its p-capacity is defined as

capp(E,F;Y):zinf J Fdu, . (1.2)
Y

where the infimum is taken over all upper gradients of all functions in A(E,F;Y) :=
{u:Y— (=0, 00) ulp21,ul,<0}.

Let C(S) (LC(S)) be the family of all continuous (or locally Lipschitz, respectively)
real-valued functions on a set S. We denote A(E,F;Y) = C(Y) M A(E,F;Y); A (E,F;Y)

= LC(Y) M A(EF,Y).

Let F* := F U {eo}. If Y=X" and E is also a compact subset of X, then £ and F~ are
disjoint compact subsets of X", Thus, we denote AC*(E,F*;X*) = Cy(X ") M Ac(E, F, X5,
A ~(EF5XT) = Co(X™) M AL(E,F;X"), where Cy(X™) := {ue C(X") : the support of u is
a compact subset of X}.

We use the notation cap,c (E,F;Y), cap,; (E,F.Y), cap,c- (E,F";X") and cap,* (E,
F*; X™) for the quantity in (1.2) if the infimum is taken over all upper gradients of all functions
in Ac(E.F.Y), A; (E,F;Y), Ac*(E,F";X") and A;*(E,F";X"), respectively.

We trivially have

caplp (E,F;Y) £ cappc (E,F;Y) < cappL (E,F.Y), .. (1.3)
*. * *_ * .
cappC(E,F i X )Scappc*(E,F ;X );
. *' * * . *
cappL (E,F ;X ) < cappL*(E,F X ).

It is known that X =R", then for any Y the equality in (1.3) holds, see [6, 13].

Heinonen and Koskela posed an open question in [4] for the case Y = U: in what generality
is there equality in (1.3) ?
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Just like in [4], the triple (E, F; Y) will denote also the family of all curves in Y /\ X
joining two closed subsets E and F of Y () X, cf. above. The triple (E, F*;X ") will denote the

family of all curves in X joining E and F* (a curve ¥ in X is said to be joining a point x € X and

oo if Y is starts at x and tends to o). The following Theorems A and B are well-known:
Theorem A (Prop. 2.17- of [4]) — We always have

capp(E,F; U) = modp(E,F;U).

If X is @-convex, E and F are two disjoint closed sets in X with compact boundaries, and
X is proper, then

cappC(E M B, FN\ B;B) < modp (E,F;X) .. (1.4)

for each ball B in X. If moreover, X is locally quasiconvex, then (1.4) holds with cap,, on the
leftside.

Theorem B (Th. 2.1 of [15]) — Suppose -that all hypotheses in Theorem A are valid and
that D=X \{E \U F} is bounded, then

cappc (E,F;X) =cappL (E, F;X)=moa'p (E,F; X). .. (1.5)

On the other hand, Kallunki and Shanmugalingam [7] obtained the further result that the
equality in (1.3) holds with triple (E, F; U) where U is any domain, but with the additional condition
that X is doubling and supports a (1, p)-Poincaré inequality.

In this paper, we discuss equalities of p-modulus and p-capacity for two disjoint closed sets
E and F in X without the restriction that X\ {E \ F} is bounded and that the boundary of F is
compact. At first we establish an equality of p-modulus and p-capacity on the Alexandroff

. . * . . e . .
compactification X °, and then obtain some corresponding equalities in X. Our conclusions answer

partly the above question of Heinonen and Koskela.

2. BASIC LEMMAS

Lemma 1M1 — Suppose eich I'; is a family of curves in (X, ). Then the p-modulus has the
following properties:

(1) mod, (9 )=0;
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(2) That I'y < I',, implies that modpF 1 Smodp Iy

oo oo

@G)mod,| UT;| < 3 md T;
i=1 i=1
(@ If I’} and I', satisfy that each curve ye I'| has a subcurve y,€ I',, then
mod I' < mod I
p 1 p 2

From Definition 3, the following lemma follows directly.

Lemma 2 — For the triple (E, F, Y) in (X", u ), the p-capacity has the following properties:

(D Capp(@)=0;

2 If E; and Fi are closed subsets of ¥, i = 1, 2, E] CE2, F1 CFZ, E2 M F2=®, then
capp (El’Fl ; Y) < capp (E2, F2; Y),

(3) If Y, cY,, then cap, (E,F;Y) < cap,, (E,F;Y,).

If cap,, is replaced by €apycs €apy, Cap,c* and cap,.* respectively, we have the similar
conclusions (for cap,c* and cap,; *, We suppose Y=X" and E is also a compact subset of X, and

replace F with F* := F \U {co} instead).

PROOF : The conclusions follow.directly from Definition 3.

An open set Gc X is said to be relatively compact if its closure G in X is compact.

Lemma 3%14 _ Suppose (X, ) is a metric measure space, G is a relatively compact, open
set of X, and E and F are disjoint closed subsets of G. Suppose {a,} -is a sequence of rectifiable
curves in G, @, :[0,b,) > G (the arc length parametrization of «, where b,=1(c;) such that

a,(0) e E, a,(b,) € F. Then there exists a sub-sequence of {¢,} converging to a locally rectifiable

curve a: [0, b) — G such that a(0)e E, b= liminf b,, a M F=# ¢. In particular, if b <, then
n— oo

a can be extended to a rectifiable curve a: [0, b) — G such that a(b)e F.
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PROOF : Take the endpoint x, = ¢, (0) € E as the starting point of @ . For every ne N,
consider the natural extension of ¢, :[0,5,) — G. Since G is compact and the natural extension of
each o is 1-Lipschitz, {¢;} is a normal class. Applying the Arzela-Ascoli theorem in [0, 1],

[0, n] successively and then the diagonal principle, we find a sub-sequence of {e,} converging to
a 1-Lipschitz mapping @, : [0,b,) = G, and « is also a locally rectifiable curve. Since E and F

are compact, the remaining conclusion is obvious.

Lemma 4% — Suppose (i) (X, p) is a metric measure space, A is an open set or the closure

of some open set in X; (ii) {a,} is a sequence of locally rectifiable curves in A, «, : [0, b)—>A
(the arc length parametrization of ¢, b, =1 (e,), b, may be finite or infinite), and {a } converges

to a locally rectifiable curve o:[0,b)—>A such that b=/(@) (b may be finite or infinite):

(ii)) g:A— [0, ], is a lower semi-continuous function, g,,:=min{g, n} for all ne N. Then we
have
j g ds £ liminf j 8, ds . (2.1

o e g
n

PROOF : Since ¢, —» o, we have b, — b. Fix a number ne N. Then we have the following

for an arbitrary real number & € (0, b),

b
lim inf _[g ds lim inf Ig o a (t) dt
n— oo o 0 n-— oo 0
)
2 lim inf J. §, ° (t)dt>j lim inf g °a (®d
n—e "o g hoe
d
ZJ‘ g, ° a (1) dt,
0 o

because g is lower semi-continuous. Since &€ (0, b) is arbitrary, we obtain

lim inf f 8n, ds 2

n— oo

gn0 o a(f)dt = i g”o ds.

O e, O

o
n

The fact that {gn} is increasing and converges to g as n tends to o implies
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liminf | g ds> lLminf [ g ds> [ g ds.
n—oe o R o 0 a

Now, (2.1) follows from the monotone convergence theorem.

Remark 2: It is easy to see, the conclusion of the lemma is also valid if the convergence

of {e,} to a in the assumption (ii) is only in the following sense: there exists an exhaustive

sequence {W,} of relatively compact, open sets with Wk cW, ., ke NX= 1 W, such that

n=1

{o,} converges to & on each W,.

The next lemma is plain, but it is useful in the proof of our theorems.

Lemma 5 — Suppose X is a proper. Then for every p > 0, there exists a Borel function

f:X —(0,1] such that fe L? (X).

PROOF : If X is compact, then (X )<ee by the assumption that p is a regular measure.
Thus the constant 1 is the desired function. If X is non-compact and proper, then the diameter of

X, denoted by diam X, is infinite.

Fix a point x; in X. By setting S, = {ye X:n—-1<ly—x,I<n}, n€ N, we define a function

g:X—(0,1] as follows

1

gx) = ———
22 (r@S)+1)

when x e Sn.

1/p

Thus, if we put f=g 7, then f: X — (0, 1] is obviously a Borel function and we can easily

verify that fe L? (X). Indeed,

(=]

Jf"du=Jgdu=§,Igdu= > 1

X n=1 Sn n=1 2'1(”'('5‘,1)"'1)

« 1
HONESDY ikl
n=1
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3. EQUALITIES OF MODULUS AND CAPACITIES IN X ¥

Suppose that H and F are two disjoint closed subsets of X and H is also compact. Let Q be the
closure of X\(H \U F) in X, i.e. Q¢ X. For each x € X, denote I, o := {y: 7 is a rectifiable curve

joining x and F in X}, T, = {y: ¥ locally rectifiable curves in X which starts from x and tends

to e with ¥y (M F=¢}, Let I'y(I';) be the family of all rectifiable curves joining H and F in X
(in €, respectively), and T ([,) be the family of all locally rectifiable curves in, X (in Q\F,

respectively) each of which starts from some point of H and tends to o, i.e.,

r.=y {er:xe H}, r = u.{ yel :xedH, ch};

©co

I, =U {rxxzxe H},l““:={ye I _:xedH, ch\F},

here and hereafter, by dS we denote the boundary of a set ScX in X. Then I'yc (H, F;X),

I' c(H,F;Q) and each curve ye I'y has a subcurve yy€ I';. Denote I'=I", \ I, Then each
curve ye I' _y has a subcurve y)e I, each curve ye I' is contained in Q with one endpoint on

the boundary of H. Moreover, when ye I';, ¥ is compact with the other endpoint on the boundary

of F when ye I'|, and y is non-compact with y (\ F = ¢ when ye I' _. By Remark 1 and

Lemma 1, we have

modp (H, F,X)=modp (I‘X)=modp (l"l)Sm.odp r)

=mod (' U T )=mod 'y UT_,)=mod HF.X") .. G

To describe the sufficient conditions of our theorems, we introduce some new concepts at
first.

Definition 4 — The space X is said to have Property P if X has an exhaustive sequence

o

{W,} of relatively compact, open sets with VVn cW,  ,n2LX = W, such that each

n=1

component of X \ Wn is unbounded and rectifiably connected for every n>1.

Remark 3 : If X is proper and is globally quasiconvex, then X has property P. In fact, it

is easy to see the condition that X is proper ensures that X has an exhaustive sequence {W,} of
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relatively compact, open sets with Wn cW, ., ,n21,X= 1 W, such that each component of

n=1
X\ Wn unbounded. Suppose U is a component of of X \ V_Vn for some ne N, we will verify U is

rectifiably connected.

At first, we show that each point z€ U has a ball B(z,r) with r>0 such that for any
y€ B(z,r), there exists a rectifiable curve Yoy joining z and y with Yo © U. Indeed, if we take

r=r, /(2 C), where r, = inf {lz—vl:ve —V‘-/n } and C is the quasiconvexity constant, then there

exists a rectifiable curve ¥ < X such that I[(y )< Clz-yl|<r /2 by the globally quasiconvexity.
zy 2y

Thus Yo © B(z,r,) and Yo M W,=D, hence we have Yo © U since U is connected.

Then, it is easy to see, each rectifiably connected component V of U is an open set since

for any z€ V, we have B(z,r)cV with r=r, /(2 C). Therefore, we have U = V since U is

connected.

Definition 5 — The triple (H, F; X) is said to have Property Q, if X has an exhaustive

n2l,X = 1) W, such that

n=1

sequence {W,} of relatively compact, open sets with V_Vn cW,.

for each x e X\V_Vn there exists ye I' .\ I, such that }'CX\_W”.

Remark 4 : If X is proper and if X\ (H \U F) is bounded, then (H, F; Y) has property Q.

In fact, X has a exhaustive sequence of conceitric balls {B(xyn):n2k} with a fixed point

xy€ X and a number k€ N large enough such that H \U (X\F) < B (xy, k) since X\(H \ F)

is bounded and H is compact. Thus X\B, c F\B, for all n>k Then for each x€ X\B,, the

constant curve ¥, € F p is desired. That (X,p) is proper implies that l_in is compact, and then

{B (xpn) :n2k} is the desired exhaustive sequence.

Lemma 6 — If X has Property P, then every triple (H, F; X) has property Q.

PROOF : Let {W,} be the exhaustive sequence in Definition 4. Fix a number ne N and a
point xe€ X \Wn. Suppose G is the component of X \Wn containing x. Since G is unbounded and

rectifiably connected, there exists a locally rectifiable curve ¥ in G starts at x and tends to oo. If
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Y (M F#¢, then y has a rectifiable subcurve ¥, jointing x and F, ie. y, € I',;; otherwise we have

ve I, . Thus the conclusion follows.

Theorem 1 — Suppose X is ¢-convex and proper, H and F are two disjoint closed sets in

X and H is also compact. If the triple (H, F; X) has Property O, then we have the equality.
% * x* *
cappC*(H.F X )= modp HF ,X"), .. (3.2)

where F*=F \J {e}. If, moreover, X is locally quasiconvex, (3.2) holds with capy,; « on the
left-side.

PROOF : Suppose ue A+ (H, F*.X™). Then u lg21,ulpz<0 and there exists a compact set

K such that Hc K< X and uly+\, = 0. If p is an upper gradient of u in X, then it is easy to

see the inequality J p ds 21 holds for all ye I'=sI') \y I',,, i€, p is I -admissible. Then, by
Y

Definition 1 we have modp r) < j P’ du. From this and definition 3 we obtain
X

d () < (HF5 X)) . (3.3

mOP() cap o+ ( ) (3.3)

To verify the opposite inequality, one may assume modp (I" ) < + oo, otherwise the conclusion

holds already. Suppose pe @ (I') (™ LP(X). By Lemma 5, there exists a Borel function
g:X—(0,1] with ge L”(X). For any me N, we have m ' g+pe @ (I') N LP(X) and

m ! g+p>0 in X. Because the sequence {m"1g+p} is decreasing and converges to p as

m — oo, one -deduces

lim J' (% g+p]pdu='|. P’ du

m-ee x X

by Lebesgue’s theorem. Therefore we may use {m_l g+ p)} instead of p to calculate the value of

modp (I' ). Hence we may assume that p > 0 in X.

By the Vitali-Carathéodory theorem [12], we may further assume that p > 0 is lower

semi-continuous in X because X is proper. Suppose {W,} is the exhaustive sequence given in
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Definition 5 with Hc W|, then for every ne N, there is a constant m,<1 such that

pIQnZnn>O, where Q =Q M V_Vn is compact.

Fix an integer n€ N and consider the function P, such that p, (x) = min{p (x).n} when

xe Q and p, (x) = 0 when xe X\, . Define

u (= inf | p ds, xeX:u (=)=0,
Y

X

where the infimum is taken over all y, e I',p \ I, . The similar procedure as that in [4,15]
deduces that u, is continuous in X * and p,, is an upper gradient of u,. Since the triple (H, F; X)

has property @, for each xe (X\Wn) there exists ye I’ , \y I, such that
Yy< (X\W, )< X\Q,. Hence we have u, (x) = 0, i. e., the support of u, is a compact subset of X.

If, moreover, X is locally quasiconvex, then u, is locally Lipschitz.

Set m, = inf {1 \):xe H}. Since the two compact sets H and (F My W ) U oW,

are disjoint and pIQn 21, >0, we have m, >0. If we set v, =u, /m,, then v, € A-*(H, F*X™) (or

v,€ A+ (H, F *.X") when X is locally quasiconvex), and p,/m, is an upper gradient of v,. Hence

_ p _
cap o (H.F"X") < (m)P )J; Pl dp < (my? ;I; 7 du

(or cap, H,F*X*) < (mn)"P I pﬁ du < (mn)'P j pP? du when X is locally quasiconvex).
X X

Therefore, if the inequality limsup m, 21 is true, then the inequality cap,c* (HF', X™)
n— oo

< J P’ dyu is valid, from which follows cap,c* (H,F*;X*) < modp (I (or cap,c* (HF5X™)
X

< modp (")) since pe @ (I') M LP (X) is arbitrary.



462 WU JIONG QI

Suppose on the contrary that the inequality limsup m, 21 is not true. Then there is a
n—om

constant ¢ < 1 and a sequence {o,} cI' .\ I',, such that

(=]

'[ P, ds<q .. 34

o
n

for all n in N and each ¢, starts from some point in H. We may assume that each @, is in Q,

ie. an aye I') \ I',,, otherwise we can replace @, with a subcurve ¢, of ¢, in Q instead.
Now one of the two cases occurs.

Case 1 : There exists an integer k€ N such that {a,} has a subsequence {a ;}

i1; satisfying

that every ¢,; is contained in V_Vk, and thus in . Since there is a constant M, € (0, 1) such that
p1€y 2m,, by (3.4) we find a constant b such that /() <b for all ie N. Hence, by Lemma 3,

there exists a subsequence of {a,;}; converging to some rectifiable curve fe I'; in Q.

Case 2 : The situation of case 1 does not occur. Then, for any k€ N, there are infinite

many curves in {¢,} which intersect Q\ W,.

For each ke N and ne N with n>2k we may assume that each a, intersects Q\ Wi

otherwise we can replace {a

A with a suitable subsequence of {an} instead. For each

}nZk n2k

n 2k denote

t,, = min { re (0,=): a (HedW, }

and define the special subcurve ¢, of ¢, in —Vl_’k, 0, [0,0) > Q, Wk as follows: o (1) =
@, () when ¢t is in [0, 7, ] and oy, (1) = const when ¢ in [f, ,o0). Thus the sequence {a,},

consists of rectifiable curves in VVI, and has a subsequence { a ., } converging to a locally rectifiable
'BE
J

curve f3,:[0,2) - Q, c _W_’] such that B, (0)e H and B; M (@ W))# ¢ by Lemma 3. This means
that { an}

has a subsequence {an(l J)} such that the sequence of the special subcurves of all
n Wy

%, ,j in W, converges to j;.
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Then, replaci a}tbylo .1, find b o . fio . h
en, replacing {a,} by { ' (1,)) }j we can find a subsequence { (2. )) }j 0 { ' (1.)) }j suc

that the sequence of the special subcurves of all a, @) in WZ converges to a locally rectifiable

curve f3,:[0,) > Q, < Wz’ B, Q;=B;,B, M (@ W,) #¢. By induction, for every ke N, k > 1,

we can find a subsequence { %, (k J).} of { &, k-1 j)} such that the sequence of the special subcurves
Iy R

of all o, *.J) in V_Vk converges to a locally rectifiable curve f,:[0,%) > Q, c Wk, By IQk-x =

By By M @Wp =9
Finally, we obtain the diagonal sequence {a(k k)}’ which is a subsequence of {e¢;} and
Pk

converges (on each V_Vk) to a locally rectifiable curve B:[0,~)— Q satisfying B(0)e H,

lo =B, and B M (X\K)# ¢ for all compact subsets K of X. This means that fe I'_.
Qk k o0

By the above discussion, {an} has a subsequence converging (on each V_Vk) to a curve

Be T. Since the function p is lower semi-continuous in X, by Lemma 4, Remark 2 and (3.4), we
have

[ pas<tmint [ p ds<q<t,

ﬁ n—> o0 a
n

which is contrary to the assumption pe ® (I'). The proof is complete.

Remark 5 : If the assumption in Theorem 1 that the triple (H, F: X) has Property Q is
replaced with that X has Property P instead, then we have the same conclusion by Lemma 6. It is
also true for the other theorems in the next section. But it is not clear for the author what is the

best condition for u, to be in C, (X ).

4. EQUALITIES OF MODULUS AND CAPACITIES IN X

Now we consider equalities of modulus and capacities in the space X.
Theorem 2 — Suppose X is ¢-convex and proper, H and F are two disjoint closed sets in

X and H is also compact. If (H, F, X) has Property Q and modp Ir,) = 0, then

cappc (H,F,C) = modp (H,F;X), . 4.0

where I is the family of all locally rectifiable curves in Q\F each of which starts form some
boundary point of H and tends to eo.
If, moreover, X is locally quasiconvex, then (4.1) holds with cappL on the left-side.
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PROOF : By (3.1) and (3.2),

cap .. (H, F;X) < cap .« (H, F%X")= mod (H, F X)) = mod (I"), .. (42)

where I'=(H, F;X) \ I' . By Lemma 1,
modp (H,F;X)< modp ()< modp (H,F, X )+ modp (Fw).
From this inequality and (4.2) it follows that
cappc H,F;X) Smodp HF;X)+ modp a).

By Theorem A and (1.3) we see that (4.1) holds when modp (r w) = 0.

If, moreover, X is locally quasiconvex, a similar procedure deduces that (4.1) holds with
cappL on the left-side.

Corollary 3 — Suppose X is ¢-convex and proper, H and F are two disjoint closed sets in

X and H is also compact. If X\ (H \U F) is bounded, then we have the equality (4.1) in (X, u ).

If, moreover, X is locally quasiconvex, (4.1) holds with cappL on the left-side.

PROOF : If X\(H \(U F) is bounded, then modp (I'.)) = 0. On another hand, (H, F, X) has

property O by Remark 4. By Theorem 2 we have the conclusion.

Lemma 713131 Suppose X is ¢-convex and proper, E and F are two disjoint closed sets
in X. then we have

€ap ¢ (E,F;X) = cap (QE, dF; X).
If, moreover, X is locally quasiconvex, then we have cappL (E, F; X) = CappL(a E.0F: X).

PROOF : By Definition 3 we know cap,c (E, F, X) 2 cap,c (dE, dF; X) immediately. To

prove the opposite inequality, assume u€ A, (dE,dF;X) and p is an upper gradient of u. Set

u (x) = min {l, max{u (x), 0}}, xe X.

Then we have u]eAC(QE,aF;X), 0<u; (<1 and lu, @ -u MI<lu@)—u@)! for

any x,y € X, hence p is also an upper gradient of u,. Define
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1, xeintkE
Lt2 (x) - 0, xe intF
u, (%), xe X\(intE \ intF).

It is easy to verify that uy € A~ (E, F; X) and that p is also the upper gradient of u,, which

implies cap,,¢ (E,F; X)< cap,c (JE,JdF; X).

If, moreover, X is locally quasiconvex, we can use, the same method to verify the equality

cap,; (E, F;X)=cappL (QE,dF; X).

Theorem 3 — Suppose X is @-convex and proper, E and F are two disjoint closed sets in

X and JE is compact. If (JE, F;X) has Property Q and modp (') = 0, then
cappc (E,F;X)= modp (E,F; X), .. (4.3)

where I'  the family of all locally rectifiable curves in (X\F) \() JE each of which starts form

some point of dE and tends to ee.

If, moreover, X is locally quasiconvex, (4.3) holds with cappL on the left-side.

PROOF : In the case that X is ¢-convex, by Lemma 7, we need only to prove

cappc(aE,aF;X)=modp (E,F; X). .. (4.4)
By Lemma 1, modp (E, F; X)=modp (QE, dF; X). On the another hand, since 0 E is compact
and modp (I' ) = 0, by Theorem 2 we have
cap . (PE,0F; X)= modp (JE,dF; X).

Now, (4.4) follows and then we have (4.3).

If, moreover, X is locally quasiconvex, we can use the same method to verify the equality

cap, (0E,0 F;X)=cappL (E, F; X).

ACKNOWLEDGEMENT

The author sincerely thanks Professor Olli Martio for his friendly encouragement and helpful
suggestions. The author is grateful to the referee for many valuable comments and suggestions.



466

H Wb

WU JIONG QI

REFERENCES

L. Ahlfors and A. Beurling, Conformal invariants and function-theoretic null-sets, Acta Math., 83 (1950), 101-29.
P. Fuglede, Extremal length and functional completion, Acza Math., 98 (1957), 171-219.
F. W. Gehring, Extremal length and p-capacity equality of rings in space, Michigan Math J., 9 (1962), 137-50.

J. Heinonen and P. Koskela, Quasiconformal mappings in metric space with controlled geometry, Acta Math., 181
(1998), 1-61.

J. Heinonen, T. Kilpelainen and O. Martio, Nonlinear potential theory of degenerate elliptic equations, New York:
Oxford University Press, 1993.

6. J. Hesse, A p-extremal length.and p-capacity equality, Ark. Math., 13 (1975), 131-14.

S. Kallunki and N. Shanmugalingam, Modulus and continuous capacity, Ann. Acad. Sci. Fenn. Math., 26 (2002),
455-64.

8. J. Kinnunen and O. Martio, Sobolev capacity on metric spaces, Ann. Acad.*Sci. Fenn. Math., 21 (1996), 367-82.

10.

1.
12.
13.
14.
15.

J. Kinnunen and O. Martio, Nonlinear potential theory on metric spaces, lllinois J. Math., 46 (2002), 857-83.

J. Kinnunen and O. Martio, Choquet property for the Sobolev capacity in metric spaces, in Proceedings on Analysis
and Geometry (Novosibirsk, Akademgorodok, 1999), 285-90. Novosibirsk: Sobolev Institute Press, 2000.

S. Rickman, Quasiregular mappings, Berlin: Springer, 1993.

W.-Rudin, Real and complex analysis, New York: McGraw-Hill, 1974.

V. A. Shlyk, The equality between p-capacity and p-modulus, Sibirian Math. J., 34 (1993), 1196-1200.
J. Viisdld, Lectures on n-dimensional quasiconformal mappings, Berlin: Springer, 1971.

Z. Wu and A. Fang, The modulus and capacity on metric measure spaces, Chinese Math. Ann., 22A(1) (2001),
65-70.



