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We establish in a simple self contained manner a triple product identity for the cubic theta function

oo oo R R
a(q,gz) = Z 2 qm +mn+n §n+mzn m

m=—-oc0 p=-—o0

We also determine on our way a two-parameter family of zeros of a(q, {z).
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1. INTRODUCTION

The general cubic theta function a (g, {, z) and its variants a’ (g, §, z), b (g, {, z) and c (g, {, z) defined
below in (1.1)-(1.4) were introduced and studied by Bhargava [1] where it was shown how these

functions unified and generalized several modular equations of Hirschhorn, Garvan and Borwein [4].2

In [2], Bhargava and Fathima also established a modular transformation for a (ezn i‘, £, z) under the

transformation 7 —> 1/t which unified and generalized the several modular transformations of Cooper

31

Definition 1.1 [1] — If ¢, { and z are complex numbers with Igl<1 and {#0#z, the
functions a (g, {2), a’ (¢, {2), b(g, {z) and c (g, {z) be defined by

2 2
a(q, Cz) = 2 qm +mn+n §m+n Cm—n (L)

1Supported by DST Project No. DST/MS/059/96
2The functions c(g) in [4] and c(q,{z) in [1] each differ from the ones defined here by means of (1.4) and
(1.4), by a factor ql/3.
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a@¢)=a@ Ve, VT) =) grrmen gmn . (12)
b(q,C,z)==a(q,m,wz‘rz7Z)=a(q,m,wm)
= Y gremmen grengma (= . (13)
and

c@$=9""a@at?)

2 2
_ Z q(m+1/3) +(m+1/3)(n+1/3)+(n+1/3) §m+nzm n . (1.4

Here and throughout this paper, unless otherwise said, it is understood that the summation
index or indices range over all integral values. The main result of this paper, established in Theorem
3.1 of Section 3, is the triple product identity

a@g82agwdalg a2

=b@la@a(P N2/ NP ) - cdda@d O . (15)
Here,

a(g)=d (q):=a(g1,1)=d(g1,1) = 2 q'”2+'”"+"2, - (L1Y, (12

b(@:=bq1,1)=a(l, a)2)=a (¢, 1, w) = 2 wm_"qm2+m"+"2, . (1.3
and

c@=cg1,1)=¢"%a(@gq1)

=y g 1/3) +(m+1/3) (n 4 1/3) + (n + 1/3)

w (14Y

With the help of the functional relations obtained in Lemma 2.1 and Lemma 2.2 we

demonstrate in equation (2.9) a two-parameter family of zeros of a(q, {2).

2. SOME PRELIMINARY RESULTS

Lemma 2.1 — With a(q, {z) as in (1.1), we have

a@id= ¥ a"¢7"a(ale¥VNEE NF ) . @D

r=0,1,-1

and
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a(@éz=a (q,\/z3/§ , ¢z ) - (22)
PROOF : The first part is proved in {1]. In fact, one has only to realize

a@td= Y a@bo
r=0,t1

where

a@éd= Y g™ rmmen pman men . (23)

with m—n=r (mod 3), r =0, £ 1, and put m = n + 3k + r with r = 0, £ 1, and then change n

to n — k. This gives, on slight manipulations,

2
a(q.69=q" C'z"a(q3,q3"J e NS ) r=0,t1. . (24)

Using this in (2.3) gives (2.1).
For the second part, we observe that the transformations

(- Vo2 and 2P INEZ . (2.5)

leave {7 ! and V ¢3/7° unaltered but change N ¢2 to 17N ¢Z. This observation, along with the
property

a(@t2) =alglzh, .. (2.6)

which easily follows from the definition (1.1), implies that a, (g, €, 2), of (2.4) are also invariant
under (2.5). In other words, we have

a (g, 62 = a ( g\ C/Z3 » IN 2z ) c e 27
Employing (2.6) again and its twin property, which also follows simply from (1.1),

a@t=aq 2, .. (2.8)

the relation (2.7) gives
a(e62=a ( q,\/z3—/4  VEz ) . (27)
Summing this over r = 0, 1, -1 and using (2.3) we get (2.2).
The following lemma furnishes a set of zeros of a (g, {z).

Lemma 2.2 — With a(q, {z) as in (1.1), we have
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2 2

a(q, Cz)=q3)' +3Au+u C23.+,uz,ua(q,q3(21+u)/2 C,qu/zz)’ . (2.9)
where A and y are any two integers and

a(g qCrI2  -0em2,2y _ g 210

where A and y are any integers with u#0 (mod 3), and t=0@ or @2

PROOF : That the first part holds from the definition (1.1) is demonstrated in [1]. In fact,
the right side of (2.8) can be expanded as

2 q3(n+A)2+3(n+A)(m+u)+(m+u)2 §2(n+l)+(m+[.t)zm+u.

Changing n+ A to n and m+u to m, we see that the series is the same as the scries in
(1.1).
For the second part, comparing (2.2) and (2.8), let us seek

(24 + )

V=4 " ¢

and

NCz = ¢ 27 1 . (2.11)

Or, what is the same, on solving,
(BA+2u)
- 2

=gq
and

z=¢qV?, - (212)

where t is any cube root of unity. With these in (2.10) we have
QA+ Aty

3 2 3 2
N2/¢ =g (=q
and
\fC_z—=q'“/2z'l=q'(’1+"‘)/2t2.
From (2.11) we also get the reduction,

2 2
q3A +3Au+yu C”""‘uz“:t‘u.

These evaluations, (2.2) and (2.8) give

BA+w/2

9.9

a(q,q(”'*“)’z,q‘(““)’zt“)::“a( q

—(A+u)/2,u),

which in turn immediately yields (2.10).
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3. MAIN RESULT

Let us define for Igl<1l, {#0=#z,

£@ 8 =a@tDalgtoda@ e, . (3.1
where a (g, §, z) is as in (1.1).

The following lemma says that g(q, {,z) has power series expansion similar to that of

a(g 2.

Lemma 3.1 — If g(q, §, 2) is as in (3.1), then
£@¢.9= Y, 8k N XKW g KN . (32

for certain g = g, v (q) satisfying the symmetry
K, N K, N

8k, N = 8Nk = 8_N-k - (3.3)

PROOF : Employing (1.1) in (3.1), we have

g(q’g’z)= 2 Qn.m Qn,m Qn.m
11 22 3 3

n-n+m-m -
, Ty Tm,—m, Eni-t—zm Zni):mi

® iz , . (34)

where

Now, on using the identity g(q, {, z)=g (g, {, @z), which easily follows from (3.1), it is

clear that only those terms survive in (3.4) for which z n,-—z m; = = 0 (mod 3). Thus, setting

2 ",--Z m; = 3K’ andz n; = N’, we get

g8@é=Y @ ‘=n=n N'=3K'=m -m_

"t g 2N R S

This in turn can be written as (3.2) on setting K’=K+N and N'=2K+ N. The relations
(3.3) follow from the properties

2@t =8@¢ 2= g(q:C,Z").
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which are an immediate consequence of the definition (3.1) and the corresponding properties (2.6)
and (2.7) of a (g, ¢, 2).

The following lemma will be helpful in determining 8k n » upto K—N (mod 3).

Lemma 3.2 — The coefficients g N in (3.2) satisfy the recurrence

302434 u+ ) - A(K-N)-pK]

Bk, N = BK—(3A+2u), N+(BA+p) - (3.9)
A and u being any integers.
PROOF : From the definition (3.1) and the relation (2.8), we immediately have
2 2
2 (g, C,z)=q3(3}" +3Au+u) C3(21+/.t)z3y C(q’q3(2}.+u)/2 C’qu/zz)
Using (3.2) in this and comparing like terms gives (3.5).
Lemma 3.3 — The coefficients g,  in (3.2) are given by
2 2 2
- r K"+KN+N
gK,N - g_ rr q q e (3.6)
where r = 0, 1, or -1 is the unique remainder given by
K-N=r (mod 3). . 37D

PROOF : Given integers K and N define A, 4 and r uniquely by u=K+N and K+2N =
-3A+r, r=0,% 1. Employing these 4 and u in (3.5) gives (3.6).

We are now in a position to establish our main result.

Theorem 3.1 — The triple product identity (1.5) holds.
PROOF : Employing (3.6) and (3.3) in (3.2) we have
- 3 3 3
8460=8, 4@z, {+qe , la,(a2,8)+a (a2,

Here a_, a

0 1anda_

, are as in (2.3) and hence this becomes

860 = (8 ,-a8_, )o@ 2. O)-ag_ ,a(a.20) . (38)

or, on using (2.4),

89 62=(8, ~q8_ l)a(q"’,\/z“’/g“3 NG )—qg_l,]a(q,z3,§).... (3.9)

Putting {=1=z in this and using (3.1), (1.1)’-(1.4)
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a(@) b’ (@) = (8, o=98_, )a(g’)~qe_, ,a(a). - (310)

Using (2.9) with A=u=-1 in (3.8) we have,

- /
0=g(g.q" "% q’ 2602)=(5,’o’0—qg_1,1)

32 -1/2
a(q3,613,1)—qg_”a(q,q 9 )

Or, on using (1.4), (1.4)’ with { =1 = z, and (2.9) with u=-1,1 = 1,
0=(g, ,=98_, )c@)-gs_,  ala) - (311

Eliminating 800~ 98- and g_ 01 between (3.9), (3.10) and (3.11) and using the identity

b@=a@)-c(d) . (3.12)
we have the required result (1.5).
To realize (3.12) put { = 1, and z= in (2.1), so that
a(gl,w)=a (q3, L1 +qc<J3 a (q3, q3, )+qwa (q3, q 3, 1),

Or, on using (1.1), (1.3), (1.4)" and (2.6)

b@=a@)+o’c@)+oc@)
which is (3.11).
Remark 3.1 : Solving (3.10) and (3.11) for 8,0~ 98-1,1 and gg_, | we have, on using

(3.12), qg_, l=b(q)c(q3) and g, ,—98_; 1=a(q9) b(q). Thus we have calculated three of the
leading coefficients namely £0.0 and g-1,1=81,-1 in the expansion (3.2). But then, (1.5) along

with (1.1) furnishes all the coefficients.
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