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In this paper, we propose a new family of linear positive operators, to approximate Lebesgue integrable functions
on the interval [0, o), we establish a Voronovskaja type asymptotic formula, an error estimate for unbounded
functions and the rate of convergence in terms of higher order modulus of continuity by using the techniques
of linear combinations.
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1. INTRODUCTION
Let C},[O, o), ¥20, be the class of locally integrable functions f defined on [0, o) and satisfying

the growth condition If(t)lSMty,te (0, ), for some constant M > 0. For ne N and

fe CY[O’ o) with norm Il f Ily = max { | O |, sup | f@® | t'y}, we introduce here the following
0<t<ee

family of linear positive operators:

vEo="1 % b @ [, 00
v=1 0
+(1+07"" 1 £(0), xe [0,00), (D)

where

— 1 v -n-v-1
bn.v(x) = —B(n,v+l) x (1+x) ,

®) 1 £
p. xX)=(n+v- —_—,
n,v ( v ) (l+x)n+v

and B (n,v+1) being the Beta function given by v!(n—1)/(n+v) .
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On the other hand in terms of Dirac delta function & (), the operators (1) are defined as
V() = | Kk wnroa — 0sx<w (2
0

where the kernel is given by

= Ly b, @p, ,  O+1+07" 180,

v=1

Kn x, 1) =

Since f(5)=0(t7) for fe C,[0,), and j t! =1/ (1 +1)*™ dr exists for positive values
0

of I, m only it follows that for fe CY[O’ o), the operators (1) are defined for each n>y+ 1.

The operators defined above are similar to the operators introduced by Agrawal and Thamer
[1] and Srivastava and Gupta [14]. Gupta [8] and Srivastava and Gupta [14] estimated the rate of
convergence on bounded variation functions for the families of operators introduced in [1] and [14]
respectively. Recently in [6] Gupta and Vasishtha studied some other summation integral type hybrid
sequence of linear positive operators and obtained direct results for iterative combinations. The
operators V, have entirely different properties than the operators of Agrawal and Thamer [1].

We may observe that the operators defined by (1) are linear positive operators (see e.g.
[12]). Also the operators V, reproduce only the constant functions. It is easily verified that the order

of approximation by these operators is at best O (n~ l) howsoever smooth the function be. For
improving the order of approximation, we consider the linear combinations of the operators (1) as
defined by

atatak

Vdon(f’x) o % %o

-1 - L

Vd‘n(f’x) d, d 1

1
Vn(f’k’x)=z .............

y 44Tl -k

den(f’x) K %k d,

where dg, d,,d,, ...d, are (k + 1) arbitrary but fixed distinct positive integers and A is the

Vandermonde determinant obtained by replacing the operator column of the above determinant by
the entries 1.
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The linear combinations in alternative form may be written as:

k

V.(kx= Y CGKV, ¢, )
j=0 i

where

k
k) = —i : -
ciry= I 727, k=0 cO. 0 =1
i=0 J L
i#j

Such type of linear combinations were first considered by May [13] to get the better order
of approximation for exponential type operators which includes Bernstein polynomials, Baskakov
operators, Szasz operators, Gauss Weierstrass operators etc as special cases. The combinations
constructed by Butzer {2] and Frentiu [3] are special cases of a more general combination defined

by (3).

The object of the present paper is to study the rate of convergence for the operators (2).
We prove the Voronovskaja type asymptotic formula, an estimate of error and the rate of convergence
in terms of higher order modulus of continuity for the linear combinations of these operators

v, (f, x).

2. AUXILIARY RESULTS

To prove the main results, we need the following preparatory lemmas and propositions:

Lemma 1 — Let the function u (x), me N (the set of non-negative integers) be defined

n,m
by
p,@="=3 b @ [p, 002"
’ v=1 ' 0 ’
+E0" A+ "L 0<x<oo,
Then

3x
un,o(x)_lnun‘l(x)_n_z’

_x(I+x)@2n-1D+3x(1+5x)
- (n-2)(n-3)

“n,z(x) , >3,
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Furthermore the following recurrence relation holds true:
2 =x(1 M 2
O=m=2 b, @30y @2
+ [m (1 +2x) + 3x] #n, m (x),

where n-1>m21.

It follows from the above recurrence relation that for x € [0, ) and m e N0
- = [m+1)/2] .
- xX)=0(n ) as n— e, where [0] denotes the integral part of «.

PROOF : The values My 0 (), Ky 1 (x) easily follow from the definition. We prove the

recurrence relation

) -1 - m 7 .
x(l+x)/,tn,m(x)=£-n—l ) x(l+x)bn,v(x)j Poyoy D=0 ds
0

v=1

0

v x(1+x)bn,v(x)J. P, O C-0"""dr
0

v=1

n-1

-m
e+ DE" A+ " 2 m e A (),
Now using the well-known identities
x(1+x)b(1) ®=-@n+Dx]1b ()
n,v n,v
and

n
t(1+9p, O=0-n)p, (@)

we obtain

M

D Ky, @it @]

=i’—‘;—12 Y b-(+Dib @) J.pn’v_l(t)(t—x)mdt
v=1 0

+r+ D))" A+ !
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(n-1) > <
= nn 2 bn’v(x) I [{(v—1)—nt}+n(t—x)+(1—x)pn,v_l(t)(t—x)’"dt
v=1 0
+r+ D))"+ !

-1 < T ) .
_ﬁ—ln Y b,,@ { 40 p, OG-0t

v=1

+i————l”;1 nY b ® | By y O C=0" e

v=1 0
22009 F b @ [ 5, 060"
v=1 0
++ D) 0" a+ex ]

- n;l an v(x) J‘ [(l+2x)(t—x)+(t"‘x)2+X(1+x)]
v=1 0

M
p

nv-1

OC-0"dt +np (x)+§ﬂi—11(1 -Xx)

> b,,@ | By, OG-x"ds
v=1 0

+0m 147!
=—[m(1-l-’..’.x)+3x]/.tn’m(x)+(n-m—-2),un'm+1 (x)—mx (1 +x),u”“m_1 (x).

This completes the proof of the recurrence relation.

Corollary 2 — Let y and & be two positive numbers, then for any m > O there exists a

constant C such that

H | keot'a <ca ™,

ft—x126

Cla, b}

Proposition 3 — For ve N and n sufficiently large, there holds
V-2 k)=n D (g0 kx+0 ),

where Q (v, k, x) are certain polynomials in x of degree at most v.
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PROOF : By Lemma 1, for sufficiently large n, we have

P_(x) P (x) P (x)
0 + 1 PR L") i

A0+D2 T T+ D/2+ 1 v

v, (@ -x)",x) =

where Pl. (x),i =0, 1, 2, .., [v/2] are polynomials in x of degree at most v.

Thus

V (- x), k x)=

P (x) P (X) P (x) -1 _ i
:)( PEYVZT [(1+1)/2]+1 -~~+M_do d0 ...d
(d() n) v (dO n) v (do n)v 0
P () P, (x) Pin @ Sk
1 , v+ 1/2] + d v+ 1721+ 1 +.o+ @, oy d 4y
A
P (x) P (X) P (x) -1 -2 i
T Y 1+1/2]+1 QIR L Sy Y
(dk n)[(v V2 (dk ")[(V ) (dk n)” kT k k

=n %D 10w kx)+o ),

where A is the Vandermonde determinant obtained by replacing the first column by the entries 1.

3. MAIN RESULTS

In this section we state and prove the following direct results:

Theorem 1 — Let fe C y[O, o). If (2k+2)th derivative of f exists at a point x € (0, ),

then

2k+2 )
n"‘“l[vn(ﬁk,x)-f(x)]: Y LT!Q—QQ(i,k,x)+o(l) )

i=k+1

and
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lim nf*! [Vn(f,k+l,x)—f(x)]=0, . (5)

n—» oo
where Q (i, k, x) are certain polynomials in x of degree i.

PROOF : First

n"“[vn(f,k,x)—f(x)]

el 2k+1 (‘)x i
Ay By -0k

i=1

k
+nkt+l 26 C(j,k)Vd.n(e(t,x)(t—x)zk"'z,x)
j= J

=E1 +E2, say.

Above we have used the Taylor’s expansion given by

A+2 _
f0 =3 L8 eoxisewne-o*?
i=0 )

satisfying € (¢, x) >0 as t > x.

We now estimate E1 as follows

2k+2 & k
k+1 X ,
E =n Y ¢ X CUke, @
i=1 j= 0 J
Also
P, (x) P, () e

H, ()= - + - + o
dj n ( dj n)[(z+1)/2] ( dj n)[(x+1)/2]+1 ( d, ny

where P;(x),i = 0, 1, 2, ..., [i/2] are certain polynomials in x of degree at most [i/2]. Thus by

Proposition 3, we get

k
> CUhp,, ®
j=0 1
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Py P () P (x)d_ld_2 d_k
‘ + ] ot + ; DY
(dO n)[(l +1)/2] (do n)[(l +1)/2]+1 (do n), o %o 0
i + & P[v/2] x) LRIl
, (dl n)[(i+ 1)/2] (dl n)[(i +1)/2]+1 7 (dl n)i ) R
A
P, P, () P (x)d_ld_2 d_k
i + - T 720 i
(dk n)[(‘ +1)/2] ( dk n)[(' +1)/2]+1 (dk oy v 9 .

= ® D QG kx)+0 (1)), i=(k+1), (k+2), ..., (2k+2).
To prove the assertion (4), it is sufficient to show that E, -0 as n—eo. For a given
€>0 there exists 6§>0 such that for O<lt-x!<8,e(t x)<e and for lt~x126, le(t x|
(t—x)z'”'2 <M17, for some constant M > 0. Next suppose ¢ s be the characteristic function of the

interval (x—6,x+ 6), thus
k
FARTOLED Y C(j,k)(Vdn(le(t,x)l(t—-x)2k+2¢6(t),x)
j=0 i

+Vd.n(le(t,x)l(t-x)2k+2(1—¢6(t)),x)

J

=E3 +E4, say.

Therefore applying Lemma 1 , we have

k
k+1 .
|E,|<€e.n IC(j, k! max @ <M e
3 E;) J 0sjgk dmae2 1
and

k

IE,1se.A*T Y icGihl | K, 1e@n) ¢-0*"2ar
Jj=0 lt-x126 J

k
<A Y oacGhl |k, woita
j=0 lt-x126 i
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k
<nt*t ¥ ICGL k.M. =0 (1),
j=0

for some m 2 (k+1), where we have used Corollary 2. Combining the estimates of E; and E,, we

get (4). The proof of (5) follows easily along the lines of the proof of (4), by using the fact that
Vn((t—x)i,k+1,x) = O(n"(’”'z)).

This completes the proof of Theorem 1.

Theorem 2 — Let fe C,[0,e). If f?, 1Sp<2k+2 exists and is continuous with the

modulus of continuity o (f @), 6) on [0, a]. Then for n sufficiently large

- -p/2 ® -172 - (k+1)
WV (k) fIIC[O’b]Smax{Mln o ®, w12, My }

where M1 =M1 (k,p),M2=M2(k,p,f) and O<b<a.

PROOF : For all t>0 and x e [0, a), we have

P o) Y () IRy ()}
f@= 2 i_i_fﬁ(,_x)urf (é)p!f (x)(t—x)p+h(t,x)x(t), . (6)
i=0

where & lies between ¢ and x and y () the characteristic function of the set (0, ce)\[0, a]. The

function h (¢, x) is bounded by Mt YI1¢-xP, M>0. Using (6), we have

k
V.Ekn= Y CGRHV, (o
j=0 ]
k o0
=Y cGb | K, wofoa
j=0 o
k o0
= Y cub | K, o
Jj=0 0 J
0 0) gy )
x{ L0 yisd @)p,f @ -2 +hx) 1 0) |
& .
Py & = _
=3 u_z” ; cGh | K, 0 6= d

i=0 j=0 0 j
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o0

¢ ® gy £®)
+ 3 cun [ K anEE B0y
j=0 o 5 '

J

-]

k
+ Y cub | K @mohenx@d
j=0 o

=J1 +12+J3, -say.

Making use of Lemma 1, we get J = f)+o(n k +1)), uniformly in x € [0, a].

Next for the estimation of ']2’ for all 6>0, we have
fPE - @| s o(s?18-x1 )< o2 11-x1 )

< (1 + %J o (fP, 8).
Thus

k oo
®
|12|s—‘9ip%"5-l > icGhl | K,
’ j=0 0 j

+1
X [lt—xlp + '—t_;alp——) dr.

Using Schwarz inequality and Lemma 1, we get

®) k 1/2
7,120 lcu,k)l(O«djn)"’)+lao«djn)-<ﬂ+l))j .
j=0

Choosing é=n" 172" we obtain

1,1 C, nP’? P nm 1?2,

Finally choosing a positive number s such that 1r—x12>s, we get
-k
s Y oG [k, @woiNe-xPa

Jj=0 lt—-xl2zs J

Applying Schwarz inequality and Corollary 2, we have
k

172
TAESSY IC(j,k)I{ f Kdn(x,:)e27~'dt}

j=0 lt—-x12s J
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172
x{ | &, @ (t—x)zP}
le-=xlzs J

k
< Y 1CGhI M2 0@ n P s ¢ EFD,
j=0

The Theorem follows by combining the estimates of J 1,.12 and J3.
This completes the proof of Theorem 2.

Our next result is the rate of convergence in terms of higher order modulus of

continuity. The modulus of continuity of order k of a function g is defined by @, (g. é,a,b)

k k
=supf [A, g(x)|:1t]<S 6, x,x+kte [a,b] }, where A, g (x) is the kth forward difference with step

t. To prove the rate of convergence we apply the technique of linear approximating method namely

Steklov mean’s, which is defined as follows:

Let us assume that 0<a<a; <a,<b,<b; <b <o, for sufficiently small 6>0, the 2k + 2)

-th order Steklov mean g,, , , 5(f) corresponding to g€ Cy[O, o) is defined by

&2  &/2 &/2 2k+2

2%+2
Baprg, s =8" "7 [ ] .1 [g(f)'An ' f(t)] I 4
’ ~62 -612 -8 o1

where

! 2k+2
'r]=2k+2 2 tiandte[a,b].

i=1

It is easily checked (see e. g. [4, 5, 11]) that

(i) 85447 s has continuous derivatives up to order (2k + 2) on [a, b];

. ) _
(if) H 82k+2,5|‘ < M15 ’cor(g, 5,a1,b1),r= 1,2,3, .., (2k+2);
C[a],b]]

(i) H 8~ 8%+2,6 || S M, 0y, ,(8 8,a),b)):
C[a2,b2]

(iv) Hg H <M, ligl
2k+2,8 Clay by 3 Y

where M s, i =1, 2, 3 are certain unrelated constants independent of g and 4.
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Theorem 3 — Let fe Cy[O, =) and 0<a, <a,<b,<b; <. Then for sufficiently large n
we have

_ p- e+ 1) 172
!an(f,k,.) f"C[az,bZJSM{ l|f||+cok 2(fn ,al,b])}

where the constant M is independent of f and n.

PROOF : First by linearity property of the operators (3), we have
[ Vn(f,k, ')—f"C[az,bzl <l Vn «f—f2k+2, 5), k .) IIC[azbe]

Y Cprn 5 ")’f2k+2,6"0[a2,b2] * "f_fzk+2.8"C[a2,b21

= Al +A2+A3, say.

By property (iii) of Steklov mean, we have

A <M 1 @0 s 2(f 5,a1,b1).

Next by Theorem 1, we have

%+2 0
—k+1)
A, S Myn 2 Hf2k+2,8|| .
jtk+1 la,b]

By using the interpolation property due to Goldberg and Meir [S] for each j=k+1
k+2,.., 2k+2, we have

172002l 0 =4 {117 ]
I ([ L

M (2k +2)
< 4{ “ka”,aH +||fl|7}.
C[a!,b]]

Finally by the property of Steklov mean, it follows that

A = - k.
1 l 2k+2,§ )”C[a,b]
2 2
k )
<] 3 e | K, (01f()-f()lde
j=0 o

C [az, b2]
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k
<|l > IC(j,k)I{ [+ }Kd.n(x,t)lf(t)—f(x)ldt

j=0 lt—-x1<6 lt—-x1>8 J C[az’b2]

-m
< lf—f2k+2,allc[a2_8,b2+ﬂ +M A

<M

-m
s Oy (80, b)+ M n ISl

2

Choosing é=n" v , and combining the estimates of A1 —A3, the theorem follows.

Remark : The readers may study and obtain some approximation properties for the operators

(3) in simultaneous approximation. The other interesting problem for the operators V, is the rate of

convergence for functions of bounded variation. Motivated by the applications of Bézier curve in
computer aided geometric design, several researchers have defined and studied the Bézier variants

of several operators (see e.g. [7, 9, 10]). The Bezier variant of the operators (1) may be defined as

-1 - @ @
v en="1F o' | 5 0f0are, @ro,
v=1 0
where
(o)
0, @w=| ¥ @l -| X b @
j=k j=k+1

The rate of convergence for these operators can be done but analysis is different we can
discuss that elsewhere.
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