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In this paper, the authors establish the oscillation of the first order nonlinear neutral delay difference equation
A, +px,_)+q,f(x,_4) =0

by comparing it with the second order non-neutral non-delay linear difference equation
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Here, p > 1, {q,} is a sequence of nonnegative real numbers, k and r are positive integers such that
m = k — r. is positive, and {Q,} is a sequence of nonnegative real numbers related to the sequence {q,}.

1. INTRODUCTION

Consider the neutral difference equation

A +px _ +q f(x )=0, n=012 . v (D)

where pe (1,), {g,} is a nonnegative sequence of real numbers, f:IR — R is continuous,
uf (u)>0 for u#0, f(u/uzM>0, k and r are positive integers, and m=k—r>0. The forward
difference operator A is defined as Ax,=x,  ,—x, and A? x,=A(Ax,). By a solution of equation
(1), we mean a real sequence {x,} denned for n2-6, where 6 = max {k, r}, and which satisfies
equation (1) for n20. A solution {x,} of equation (1) is said to be nonoscillatory if the terms x,

are either eventually all positive or eventually all negative, and oscillatory otherwise.
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Applications.
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For some time there has been an increasing interest in the study of oscillation and
nonoscillation of solutions of neutral delay difference equations, and as recent examples we refer
the reader to the survey monographs of Agarwal et al. [1]-[3], the papers [4]-[12], and the references
contained therein. In a recent paper, Zhang and Zhou [11] proved some very interesting oscillation
results for the first order linear delay difference equation

Ax +¢ x =0, n=012 ., )

based on known oscillation results for the second order linear non-delay equation

k k
2 2(k+1) _ k _ N
Ay Turt | % G| T 00 n=012 ... . (3)

In this paper, we show how this approach can also be used to obtain the oscillation of all
solutions of the nonlinear neutral delay difference equation (1) by comparing it with a second order
non-neutral non-delay linear equation.

2. SOME PRELIMINARY LEMMAS

In this section, we present some lemmas that will be used in the proof of our main results. The
first lemma is a well-known result that compares a second order linear difference inequality to a
corresponding equality.

Lemma 1 ([10]) — Assume that {an} is a real sequence with a 2 0. Then the difference

inequality
A’x +a x
n nn
has an eventually positive solution if and only if the difference equation
Ax +ax =0, n=012..
n n n-k
has an eventually positive solution.

The next lemma is due to Zhang and Zhou.

Lemma 2 ([11, Lemma 5]) — Assume that {bn} is a real sequence with b,20 and

b, # 0 for all large n. Let {v,} be an eventually positive solution of the equation

n-1

and set
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Then,

for all large n.

Our next lemma provides some information about the behaviour of solutions of the nonlinear
neutral eq. (1).

Lemma 3 — Let {x,} be a positive solution of eq. (1). Then, z,=x +px, _, is positive,

nonincreasing, and satisfies

for all sufficiently large n.

PROOF : From our hypothesis, we see that {z,} is eventually positive, say for n2 N, and

from equation (1), we then have {z,} is nonincreasing for n 2 N. Now,

px =z —x, - @

SO

2
> _
p xn—r_pzn Zn
Thus,
p-1
xn—rz——z_'zn’
P
or
p-1
xn-kz 2 Znvr—k
P

for large n. OJ
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3. OSCILLATION RESULTS

In this section, we first establish a comparison theorem that will be the basis for obtaining some
new oscillation conditions for eq. (1).

Theorem 1 — Assume that

Mp-1) m™
Q = —- 2 —-———-—for all large n. (5)
n p2 n (m+ 1)m+1

If every solution of the linear difference equation

2 2(m+1)m m" _ _
A yn—l + mm+1 Qn_(m+1)m+1 yn_o’ h = O’ l’ 2’ e A (6)

is oscillatory, then every solution of the nonlinear neutral delay difference equation (1) is oscillatory.
PROOF : Assume that {x,} is an eventually positive solution of eq. (1) and let z,
= X, +px,_, By Lemma 3, {z,} is eventually positive and nonincreasing, say for n >N, for some

N1 20. Also from Lemma 3, we have

p-1
xn_kZ( 5 ]zn+r—k v (D

for n2 N,, for some N, 2 N,, so substituting into eq. (1) and using the fact that f(u)/u=2M> 0 for

u#0, we obtain

p-1
Azn+M( )qnzn_”_kSO, .. (8)

or

Azn+ann mSO . 9

for N.>_N2. Notice that in view of (5), there exists an integer N3 2N2 such that

a = m+1 *1 0 ____m_m___ >0 10
n m n (m+l)m+l - "'( )

for n2N3. If we set

v = 1+ — z,
n m n

then v, > 0 for n2N3, and so from (9), we have
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n-1
1
- — <
A v, - Z v, +anvn_m_0 .. (11)
i=n—m
for n2N4=N3+m.
Now define
n-1
1
Uu =v — — V. .. (12)
n n m I
l=n—m

for nzN 4 Then, by Lemma 2, (11), and (12), there is an integer N5 2N4+m such that
u >0 and Au <0 .. (13)
n n

for n2 NS‘

| ) .
Now let C_E mm{vn.NS-mSnSN5 }; we claim that

vV >¢ .. (14)

n

for all nZNs—m. Obviously, (14) holds for Ns—mSnSN , so if (14) does not hold for all
n2Ng—m, let N = inf{n>N5:vnSc}. Then v,>c¢ for Ns—mSnSN and vy <c. From (12) and
(13), we have

N-1

1
chN—uN+m 2 vi>c,
i=N-m

which is a contradiction, and so (14) holds.

Since {u,} is positive and nonincreasing, u, — 620 as n— o, If ¢ = 0, then there is an

integer Ng 2 Ny such that u, <c/4 for n2Ng. Hence, for any N, 2N, we have

2
m+1

b~
[T

n+m
zl‘,v u for ne {N7,N7+1,...,N7+m+1}.
1=

7

If o > 0, then unZO' for nZNS, so (12) and (14) imply

n-1
1
vV 20+ — v.20+
: — Y .20+c

i=n-m
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for nZNs. By induction, we see that

v 2jo+c for n2N +(j-Dm,  j=12,.

Thus, v, —>c° as n—>eo, 50 there exists N82N5 such that

>
n m+1

n+m
v % u, for ne (NyNy+1,.,No+m+1}.
1=
8

Hence, in either case, for any N92N5,

v

n+m
n” mtl 21:, Y, for ne {Ng,N9+1,...,N9+m+1}.
=

9

Next, we show that

5 n+m
>
i=N

9

v >
n m+1

for n2N9. If this is not the case, let

n+m
inf > +1:v < .
n N9+m e z u
i=N9

A
N =
Then,
n+k
A
v, > = > u for ne {Ny, Ny+1,..., N~ 1}
i=N
9
and
2 A+m
"R < m+1 z 'y
i=N
9
Then, (12) and (13) imply
N+m -
2 1
—_— u‘, 2 ull\\l = u]/\\[ + ; z vl

m+1

i
o2
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2 N+m
2 Un
Zup+ oo Z u,

i=N
9
) N+m ) N+m
. AL
T mmeD) “H . N = DI
j:N l=N
9
which is a contradiction. Thus, (15) holds and so
n
v > 2 2 u .. (16)
n-m  m+1 v i
i=

for n2N9+m.

n
Finally, we set ¥, = Y u; Then, AY, ,=u, and A’Y,_ =Au, so (11), (12), and
=N,

(16), yield

A%y +2—(MT-[Q” ——~1”—m————]ynso (17

n-1 mm+1 (m+1)m+l

for n2Ng+m. Lemma 1 implies that (6) has an eventually positive solution, and this contradiction
completes the proof of the theorem. |

We will now show how the approach used here will allow us to obtain oscillation criteria
for the first order nonlinear neutral delay eq. (1) by applying known oscillation criteria for second

order non-neutral linear equations. First, we quote some well known oscillation results for second
order linear difference equations.

Lemma 4 ([4]) — If

oo

.. 1
liminf n 2 a, > e
n—y oo

i=n+1

then every solution of A2 Y,_1ta,y, = 0 oscillates.
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Lemma 5§ ([12]) — If

o0

n <

-

a,
i
i=n+1

for all large n, then the equation A2 Yo_1ta,y, = 0 has a nonoscillatory solution.

1
One possible oscillation result is the following.
Theorem 2 — Suppose that condition (5) holds.
(i) If

°° m m+1
liminf n Y [Qn-—"')TT]>—ﬂ—

1 — o0 = (m+1 8 (m+1)"

every solution of (1) oscillates.

(i) If

° m™ mm+1
n Z Qn - )m+1 <

i=n+1 (m+1 T 8(m+ )™

for large n, then eq. (1) has a nonoscillatory solution.
As an example of Theorem 2, we have the following.

Example 1 — Consider the nonlinear neutral delay difference equation

m 2
Al +2x ) + am T+ < X 1+x = 0,
noon-r (m+1)"* (n+1)* | n-k n=

n=012, ., .. (18)

where ¢>0 is a constant and @ is a real number. Here we have M = 1 and p = 2. By Theorem

2, if @ < 2 and ¢ > 0, then all solutions of (18) are oscillatory, while if @ = 2 and

m+1
c>m, then eq. (18) has a nonoscillatory solution. It does not appear that this conclusion
m+

can be obtained from previously know results.
Now it should be clear how to use this approach to obtain further oscillation criteria for eq.

(1). In fact, any known oscillation result for (6) will yield a corresponding result for eq. (1). For
example, if we let

m+1 n (m+1)m+1

m m
pn=2£m_+11_(Q —'”———]zo,
m

then eq. (6) becomes
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A’y | +py =0, . (19)
where we have
_M@p-1 m"
0 = - q 2 TN . (20)

If we then apply an oscillation criteria for this equation, such as assuming that

2 p;=ee, then every solution of (1) oscillates.
i=n

0

We can also obtain results in case Z p;<e by letting

i=n

0 o0
Rn = .Z Pl,
I1=n

and, provided they exist, let

j=1
= —T+R, j21
n ; 1+R’i n

-

We then have the following theorem that is based on a result of Erbe and Zhang [4].

Theorem 3 — Every solution of eq. (1) oscillates if either one of the following conditions
holds:

Y J
(§) There exists a positive integer j such that Rn , ...,Rn exist and

Jj—=1

2 i 1:00;

s R
< 1+R’”
1= i

n

(ii) There exists an integer n

020 such that lim sup Ri = oo,

Jjee 0
We also have the following results.

o0

Theorem 4 — If lim sup n Z p;> 1, then every solution of eq. (1) oscillates.

n-—ee j=n

PROOF : The proof can be modeled after the proof of Corollary 2 in [8] and hence the
details are omitted. )
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- - - 1 .
Theorem S5 — Assume that Z p,<e. If liminf n Z ps>z, then every solution of
n=n n—ee s=n
eq. (1) oscillates.
PROOF : The proof of this result can be modeled after results in [1]. O

Various other oscillation criteria for eq. (19) can be found, for example, in Agarwal [1],

Agarwal, Grace, and O’Regan [2], and Agarwal and Wong [3]. To formulate our final result we

(-0
n

0 o0 . o0
define Hi) = Y p; ad Hfl] g Yy ip; H provided the right hand side of this
i=n i=n

expression exists.

() < (V)
Theorem 6 — If H, <o for j'= 1,2 .. Nand Y, ip, H,

; =c° then every solution

i=1

of eq. (1) oscillates.

PROOF : The proof of this theorem is easily modeled after that in [5] and so we omit the
details. ]
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