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An initial value investigation is made of the motion of an incompressible, viscous, conducting fluid with embedded
small inert spherical particles bounded by an infinite rigid non-conducting plate. The unsteady flow is supposed
to generate from rest in the fluid-particle system due to velocity tooth pulses being imposed on the plate in
presence of a transverse magnetic field. It is assumed that no external electric field is acting on the system and
the magnetic Reynolds number is very small. The operational method is used to obtain exact solutions for the
fluid and the particle velocities and the shear stress at the plate. Quantitative analysis of the results is made to
disclose the simultaneous -effects of the magnetic field and the particles on the fluid velocity and the wall shear
stress.
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1. INTRODUCTION

The fluid flow generated by the pulsatile motion of the boundary is found have immense importance
in aerospace science, nuclear fusion, astrophysics, atmospheric science, cosmical gasdynamics,
seismology and physiological fluid dynamics. The investigation in this direction was initiated by
Ghosh [l] who examined the motion of an incompressible viscous fluid in a channel bounded by
two coaxial circular cylinders when the inner cylinder is set in motion by pulses of longitudinal
impulses. Subsequently, Chakraborty and Ray [2] studied the unsteady magnetohydrodynamic Couette
flow between two parallel plates when one of the plates is subjected to random pulses. Makar [3]
presented the solution of magnetohydrodynamic flow between two parallel plates when the velocity
tooth pulses are imposed on the upper plate and the induced magnetic field is neglected. Bestman
and Njoku [4] constructed the solution of the same problem as that of author [3] without ignoring
the effect of the induced magnetic field and using the methodology different from that of author [3]
to arrive at the solution of the problem. Most recently, Ghosh and Debnath [S] considered the
hydromagnetic channel flow of a dusty fluid induced by tooth pulses while Ghosh and Ghosh [6]
solved the same problem as that of authors [5] replacing the boundary condition at the upper plate
of the channel by rectified sine pulses instead of tooth pulses as encountered by authors [5]. On
the other hand, Datta et al. [7, 8] examined the heat transfer to pulsatile flow of a dusty fluid in
pipes and channel with a view to their applications in the analysis of blood flow. In spite of the
above works it is noticed that the development of the unsteady flow in a semi-infinite expanse of
fluid due to pulsatile motion of the boundary has hardly received any attention although such
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problems are important for the analysis of suspension boundary layers. The main objective of this
paper is to study these problems with a view to physical applications.

The present paper is concerned with the unsteady hydromagnetic flow of a semi-infinite
expanse of an incompressible, electrically conducting, viscous fluid containing uniformly distributed
small inert spherical particles bounded by an infinite rigid non-conducting plate. The motion is
supposed to generate from rest in the fluid-particle system due to velocity tooth pulses imparted on
the plate. The analysis is carried out to obtain exact solutions for the fluid and the particle velocities
and the shear stress exerted by the fluid on the pulsating plate. The quantitative analysis is made

to examine the effects of the particles and the magnetic field on the fluid velocity and the wall
shear stress.

2. MATHEMATICAL FORMULATION

Based upon the two-phase fluid flow model of Saffman [9], the equations of unsteady motion of
an electrically conducting viscous fluid with embedded identical small inert spherical particles in
presence of an external magnetic field are in usual notation

du 1 2
at+(u-V)u— ° Vp+vViu
+% (v—u)+-;-(ij) . 2.1
ov
ml:a+(v-V)v:|=K(u—v) .. (22)
V.u=0 and %—1:/+V-(Nv)=0 . (23)

where
u= (ux, uy, uz) = fluid velocity
v= (ux, uy, uz) = particle velocity
B= (Bx, By, Bz) = magnetic flux density
Jj=( Jy ]y, ]z) = current density
p = fluid pressure
N = number density of the particles
p, v = density and kinematic viscosity of the fluid

m = mass of the individual particles

K = Stokes resistance coefficient which for spherical particles (of radius a is 6
THa)
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In the above set of equations the particles are assumed sufficiently small so that gravitational
action on them in equation (2.2) may be neglected compared with the fluid velocity.

The Maxwell equations with usual MHD approximations are:

divB=0rot B=pnj, rotE=—%£; .. 24
where

E = (Ex, Ey, Ex) = electric field

J=6(E+uXxXB) .. (2.5)

o = electrical conductivity

1 = magnetic permeability.

We take x-axis in the direction of flow with origin at the plate and y-axis perpendicular to
the plate. The motion is generated in the fluid-particle system due to velocity tooth pulses imposed

on the plate. B, is the strength of the external magnetic field acting parallel to y-axis. Since the

motion is a plane one and the plate is infinitely long, we assume that all the physical variables are
independent of x and z. Then from the equations of continuity (2.3) and from the physical condition

of the problem, we have

u = [ux ,t),0,0], v= [vx »,t), 0, 0], N = NO = constant ... (2.6)
0B
Further from the first equation of (2.4), Fyx = 0 gives

By = constant = B . (2.7

o
It is also obvious from the physical situation that jx and Bz will vanish. Second equation of
(2.4) then.gives

0B

j,=0and pj=- 3y—". .. (2.8)

Again the fluid flows in the x-direction and there is no external electric field, E can have
z-component only.

It therefore follows from (2.5) that

(jxB) =-0B (E +u B). .. (2.9

We assume at this stage that ¢ is small so that the perturbation in the magnetic field may
be neglected. We also assume that the current is mainly due to the induced electric field
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j = o (u X B) so that EZ can be neglected. Therefore, from equations (2.1), (2.2) and (2.9) we

have
2
du _ 3%u k o B,
E_V 8y2 + T(v—u)————p u .. (2.10)
and
Jv 1
5 =1 =) e (2.11)

mN,
where (ux, v ) are replaced by (u, v), k=-—6—0 = ratio of the mass density of the particles and the

fluid density = mass concentration of the particles and 1::? = relaxation time of the particles.

Introducing the non-dimensional variables

(u’.v’)=gil’]—v),y’=#,t’= . (212)

AQ |~

in (2.10) and (2.11) and dropping the primes, we get the non-dimensional equations in the form

du 9%u
—t=8y2+k(v—u)—nu .. (2.13)
and
Q%z(u_v) . (2.14)
GB(Z)T

for 0 <y<eo,t>0 where n= represents the Hartman number.

The problem now reduces to solving equations (2.13) and (2.14) subject to the boundary
conditions given by

u(y,)=f(t)yony=0,tr>0 .. (2.15)

{u@ 0, vy, n} — {0,0} as y—>o,t>0 ... (2.16)
and the initial conditiohs

u(y,0)=0=v(,0) for 0<y<e .. 217

where f(r) represents the tooth pulses which is an even periodic function with period 2 and strength
ET.
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3. SOLUTION OF THE PROBLEM

In view of the nature of f(z) mentioned above the mathematical form of u (0,7) may be written
as

tHH+2 Y, ()P @-pT)H(@-pT) ER))
p=1

u@,t)=

~|

where H (¢) is the Heaviside unit step function defined as H(t—T) = 0, t<T and H(t-T) = 1,
t2T.

By using half-range Fourier series the condition (3.1) may also be expressed as

won==-2 % —L—cos{QEilﬂl} . (32
2 2 T @+ T

The use of Laplace transfrom method for the solution of (2.13) and (2.14) with initial
condition (2.17) gives the transformed equation for the fluid velocity in the form:

2_ ——

d ;l _ {(l+s)(s+k+n) k} ~_0o (33

dy 1+s
with

u—>0 as y > oo .. 3.9
and

ﬁ=L2tanh ST aa y=20 .. (3.9

Ts 2

where s is the Laplace transfrom variable.

The transformed solution for the fluid velocity u (y, s) becomes,

T 5% s+1

2
20, 5) = L= tanh (izl) exp {-y[(s—”l(s;‘”] ] .. (36)

where

- 1

2
2 2

(a1+n)+{a1+2n(a1—2)+n } ,

N [—

.

1
2

_(al +n)—{a?+2n(a1—2)+n2}

B |



534 SANCHITA GHOSH AND A. K. GHOSH

with
a1=1+k and cZa1 21>d

The inversion of (3.6) gives

|

1
: . T 2
Y+ioo o gsinh( 2
- 2 _y| st s+d)
u(y,rn = TRiT | 5 T exp[ y[ ot ds .. Q3.7
Y—ie S cosh }

The inversion integral hay a pole at s = O and a series of poles at s = +i[3p, Bp =

2 ;l)n, p =0, 1. 2 .. and branch points at s = —¢, — d, — 1 as shown in the contour drawn

in figure 1 in the complex s-plane.

Evaluating (3.7) with the help of Cauchy’s residue theorem applied to the contour in figure
1, we get

Y+100
Si
iBy
Y
< -1
S . . St
[ ]
-iB,
Y-ioo

FI1G. 1. Counter integral path for (3.7)

° M M
uy,t _}_ —y'\jcd_ 4 1 y 1 Y 2
T =3¢ _T2 2 —5 exp [ w5 } cos|i7—2 —Bpt}

p=0 Bp
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1 tanh —"sz { f (x—c) (x—d) }
—-xt - -
a7 7€ sin)y P dx

— 3

Y

L ’“"hsz { IEEDE: d)}
-xt . — _
-7 :.; 2 e sin\yN= 12, dx .. (3.8)
where
MM, = —— {i cd+B (c+d—1)
2 1+Bp p

1

+\/[cd+6;(c+d—1)]2 +B;[C+d—0d+f3ﬂ2 }2.

It is to be noted here that when E = 2 and T —0 the result (3.8) coincides with the
dimensionless form of the result corresponding to ® — 0 case of authors Yang and Healy [10] and
describes the fluid velocity for hydromagnetic flow of a particulate suspension near an impulsively

moved plate.

The particle velocity for the corresponding motion can be obtained from (2.14) as

t
vy, ) = e’ j u@,m)et dn .. (3.9)
0

which on using (3.8) becomes

co

o tanh>
1 2 Je Mot . { (x—c)(x— }
+_1rT-[ 2 { P sin y'\/——-——x_1 ) dx
C
xT
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where

-1
0 =tan .
BP

In particular when k — 0, the result (3.8) provides the solution for the clean fluid velocity
in the form

yotl
°  exp - yo
u(y,t)_l —y\[n—_i 2 2_
E ~2°¢ 72 2 Bz cos | 5~ Bpt

p=0 p

1 ¢ tanh%

— —xt . -

T RT J 2 € sin {yVx—n} dx . (3.11)

n

where

1
2
o,0, = {irn+\) ”2+sz }

Further, when E = 2 and T— 0, (3.11) reduces to

2 —x
u(y,t):e"y‘j;_% I ex sin {Vx—n | dx
=%{ey\/;e)fc<n+m)

{+€—yﬁerfc<n—¢n—t>},n=zjq= .. (3.12)

t

which is the well-known solution of hydromagnetic Rayleigh problem (cf. authors [10]).
On the other hand, if n >0 we get from (3.12) the classical Rayleigh solution as

u@, 1 =erfc(n) . (3.13)

The fluid velocity given by (3.8) attains the steady-state in the limit 7 — oo and the ultimate
flow becomes

MADN By e yM

u 9t)__l ‘y\[—fl-_i -\[2_: 2_

= 2 Y 7 cos(—\72=- Bptj - (3.19)
p=0 P

and the particle velocity in this situation is
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M,
= exp| - M
v, _ 1 —yved 4 2 2

Comparing (3.14) with (3.15) we find that the particles in the steady-state move faster than

the fluid with a phase lead due to the presence of Bp. But when Bp—)oo, ie. T— 0, we have

u=v. This shows that the particles attain the fluid velocity in the steady motion generated by
impulsively moved plate in an inertial system. This result is known from Michael and Miller’s

analysis [11]. Moreover, the ultimate flow given by (3.14) consists of two distinct boundary layers.

One is a Hartman layer of thickness of the order '\/% and the other is a Stokes-Hartman layer

of thickness of the order ‘\f% Since M| > n, the thickness of the Hartman layer is greater than
1

that of the Stokes-Hartman layer which decreases with the increase of the particles and the magnetic

field. However, in the limit 7 —0 (Bp—>oo) there exists only the classical Hartman layer in the

vicinity of the plate.

The exact solution of the shear stress at the plate y = 0, in dimensionless form, is given

by
E_ fed 4 i M, cosBp—t—Mzsiant
E - 2 g2 2
oo tanhﬂ
+_L J 2 e—-xt { (x—c)(x—d)} dx
nT 2 N x-1
c
xT
1 tanh—z— p
+— j e ™ le=n@=d) ¢ 4 .. (3.16)
nT e 1-x
d
which when k — 0 yields
E B \/—_’—1— 4 i o cosBp—t—oczsinﬁpt
E~ 2 g2 2
T 20 \/2_[31)

1T _
s j —— e VGx—n) dx . (3.17)
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However, when £ = 2 and T— 0, we have from (3.17)

o0

— Xt
IR i S R .. (3.18)
0 T X

n

which is the shear stress at the wall corresponding to hydromagnetic Rayleigh problem and when
n— 0, provides the familiar result

- Xt
S di = V;ET . (3.19)

A

o

i
ajl-
o — 3§

4. NUMERICAL RESULTS

The quantitative analysis of the results (3.8) and (3.16) when T = 2 are presented in the
figures 2 and 3. From figure 2, it is seen that the magnetic field (n) has a diminishing effect on
the flow which reduces with the increase of particles (k) in the fluid and enhances with the increase
of time (¢). For instance, when ¢ = 0.25, y = 0.4 and n increases from 0.05 to 0.1 the fluid velocity
decreases by 0.32% when k = 0 and by 0.31% when k = 1.0. Similar results for r = 2.5 are 1.32%
and 1.05% respectively and when ¢ = 25 they are 3.67% and 3.16% respectively.

Regarding the effect of particles on the flow, we notice that, for small values of time when
the effect of pulsation is reasonably small, the particles produce diminishing effect on the fluid
velocity near the plate which is a consequence of inertia of the particles. But for large values of
time, when the effect of pulsation is significantly high, the particles increase the fluid motion near
the plate which is further enhanced with the increase of the magnetic field. In this situation, the
particles attain the non-equilibrium process of relaxation due to the effect of pulsation. This stage
continues up to a certain distance from the plate. As a result, the particulate motion near the plate
cannot settle down as quickly as the clean fluid for large values of time. Such a large-time behaviour
of the particles in presence of pulsation is not visible in absence of pulsation. For example, if the
unsteady motion is generated in a two-phase fluid system due to impulsively moved plate, the
particles diminish the fluid velocity for all values of time owing to the effect of inertia of the
particles playing a vital role to resist the motion (cf. Ref. 10). In this context, we would like to
mention that the increasing effect produced by the particles in the fluid motion near the plate due
to pulsation at large values of time can be controlled by introducing solid body rotation on the
whole system. This phenomenon will be discussed in a subsequent paper of the authors.

Finally, we observe that the magnitude of the shear stress exerted by the fluid on the plate
increases with both the particles and the magnetic field which is expected up to moderately large
values of time as shown in figure 3. This figure further shows the appearance of negative shear
stresses on the wall before the end and at the beginning of consecutive pulses acting on the plate.
This is due to the fact that, during decelerating motion of the plate, the positive shear stress acting
on it, exerted by the fluid, goes on diminishing and a stage will come when the fluid in motion
drags the plate towards its destination by applying shear stress in opposite direction (negative shear
stress) on it. Such a condition prevails till the plate acquires sufficient momentum to overcome the
effect of the negative shear stress during its next accelerated motion caused by the pulse. It may
also happen that there appears no negative shear stress on the plate if the strength of the magnetic
field be further increased (see fig. 3) which damps the fluid motion sufficiently so that the plate
can come to rest without the assistance of a negative shear stress produced by the fluid on it (see
fig. 3). This is a consequence of the effect of the magnetic field on the motion of the fluid.
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FIG. 2. Distribution of fluid velocity for various values of k, n and ¢

FIG. 3. Distribution of shear stress (t,) with time () on the pulsating plate (y = 0) for different values of the particle
concentration (k) and the magnetic field (n)
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