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Let —1<b<a<1,0<y<1, and let p(z) be analytic in the unit disk with p(0) = 1. By using the method of

differential subordinations, we derive certain conditions connecling p (z) and zp’(z) under which the functions

Y
. 1+az .
p (z) are subordinate to (l+ bz] . Some useful consequences of these results are also given.
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1. INTRODUCTION

Let f(z) and g (z) be analytic in the unit disk U = {z:1zI<1}. The function f(z) is subordinate to
g(z) in U, written f(z) < g (2), if g(z) is univalent in U, f(0) = g(0) and f(U) < g(U).
Let Ap(pe N = {1, 2, 3, ..}) be the class of functions f(z) of the form

o0

_ p+m

f@=2+ ) @ (1D
m=1

which are analytic in U. A function f(z) € Ap is called p-valently starlike of order o in U if it

satisfies
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2f’ (@)
Re-f(z) >pa (ze U) .. (1.2)

for some a(0<a<1). We denote by S;(a)(OSOKI) the subclass of Ap consisting of all

p-valently starlike functions of order o in U. For —1<a<1,-1<b<1l,a#b and 0<y<I, a

*
function f(z) € Ap is said to be in the class S p(y, a, b) if it satisfies

zf (2) 1+az 4
1) <p (l+sz .. (1.3)

It is easy to know that each function in the class S ;()/, a, b) is p-valently starlike in U.

Also, we write

Sp()/, 1,-1) = Sp (}/),Sp(1,a,b)=Sp(a,b),Sp(1,—1)=Sp. .. (1.4)

Note that :5‘; (y) is the class of strongly starlike p-valent functions of order ¥ in U and
* * *
Sp(l—2a,—1) = Sp(2a—1,1)=Sp(a)(0Sa<1).

Let P be the class of functions p (z) of the form
Pp@=1 + Y pnzn .. (1.5)

which are analytic in U. If p(z)e P satisfies Rep (z)>0(ze€ U), then we say that p(z) is the
Carathéodory function. For Carathéodory functions, Miller [2] has shown some sufficient conditions
applying the differential inequalities. Recently, Nunokawa ez al. {6] have given some improvements
of results by Miller [2]. In the present paper, using the method of differential subordinations, we

derive certain conditions under which we have

Y
1+az
P@ < [1+sz
where —1<b<a<1 and 0<y<1. In particular, we obtain some criteria for p-valently starlikeness
and strongly starlikeness.

To prove our results, we need the following lemma due to Miller and Mocanu [3].

Lemma — let g (z) be analytic and univalent in U and let 8(w) and ¢ (w) be analytic in

a domain D containing g (U), with @ (w)#0 when we g (U). Set
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0@)=28"2)9 @) h(@=0( @)+ ()
and suppose that

(i) Q (z) 1is starlike univalent in U, and

(i) Re 2@ _ Re{ 0 @) , 20°Q)

00 ~ 19k Q(z)}”’(zeu)'

If p(2) is analytic in U, with p(0) = g(0), p(U)c D and

P+’ @oP@R) <0(g@)+28 )P @)=h() .. (1.6)

then p(z) < g(z) and g (z) is the best dominant of (1.6).

2. MAIN RESULTS

Theorem 1 — Let 0<a<1, l>——;— and U be a complex number with Re £2>0. If p (z) € P satisfies

Ap @) rup @+ @) < h(), @2

where
2,0 82
h) = a"(A-wz +2a(2.2+ 1)z+l+,u’ Q)
(1-az)
1+az 1+az . ,
then p(z) < =gz & d ez is the best dominant of (2.1).
PROOF : Set
g(z)=:J_”;§ O<as<l), Ow)=Aw?+puw, ¢ w)=1. . (2.3)

Then g (z) is analytic and univalent in U, g (0)=p (0)=1, 8(w) and @ (w) are analytic with
¢ (w) #0 in the w-plane. The function

0@ = @96 = f“:z)z . @4
is starlike univalent in U. Further, we have
1+az ', 1+az . 2az
0g@)+Q0 @) =4 (T_—ZZ-\) 1 —az + a —-az)2 =h(2) .. (2.5)

and
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zh’ (2)
0@

_ 1+az
=Q2A+1) T—az + U .. (2.6)

Since /1>—% and Re u=>0, it follows from (2.6) that

()

e

(22+1)R +R eu>0

for ze U. Thus h(z) in (2.5) is close-to-convex and univalent in U. From (2.1)-(2.5) we see that
0P @)+ DoP @) <0@E@)+28 @9 @) =h(.

Therefore, by applying the lemma, we conclude that p (z) < g(z) and g (z) is the best

dominant of (2.1). The proof of the theorem is complete.

Remark 1: When a= l,l=%,[3 >0, a>—‘§ and i = 0, Theorem 1 was also proved by

Nanokawa et al. [6] using another method.

Theorem 2 — Let —1<b<a<l, me N \{1}, O<y£ml_1,/120 and W be a complex

1—g\*~ D7
number such that Re p> - m/l(—-_—b] . If p(2) € P satisfies
AP @) +up @ +2p’" () < h(2), . (27
where
Y Y
1+az 1+az y(a-b)z
h@)= )‘(Hb ] +/,1(1+sz MirPpET— .. (28)

then p (z) < d+az yand d+az Yis the best dominant of (2.7)
P 1+bz 1+bz © e

PROOF : We choose

Y
g(2) = (II%ZZ{J O w)=Aw"+uw,ow) =1

in the lemma. In view of —1<b<a<1 and O0<y< ! ISI’ the function g(z) is analytic and

convex univalent in U because
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8@ | _ bz
Re{1+ ()}—R { ~ (y+ 1+bz}
1
= =1+ (1-y) Re y5—+ (1+7) Re 7
-y 1+y
>~ T b
>0(e U).
Thus
0@ =28 @0@EQ) =28 ) = yla-b)z

(+a)! =71 +b)t Y

is starlike univalent in U. Further, we have

Y Y
1+az 1+az ya-b)z
0(g(@)+Q ()= 1(1+b ) tH {1+bz]+ (I+a)! Y1 +bx) 77

= h(2)

and

H@ _ (1+az J(m—l)y+ o+ 20'(@2) . (29

0@ 1+bz 0@

Note that Re (w )2 (Re w)’ (0< B< 1, Re w>0). For 120,0<J/Sm1_1 and

1—a

Re u> —ml[l

(m-1)y
) , it follows from (2.9) that

S

(m-1;y
0 () 1+az 20’ (@)
Re 00 _mﬂ,(Re———1+bz] + Rep + Re=%—>~ 00

(m-1)y
l1-a
> ml[l—bJ +Repu

20(ze U).

The other conditions of the lemma are seen to be satisfied. Hence p (z) < g (z) and g (z) is

the best dominant of (2.7). The proof is complete.

From Theorem 2 we can get a number of interesting results.
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Corollary 1. Let —1<b<a<l and O<y<1. If f(2) e Ap satisfies f(z) #0 in O<izl<1 and

gf, (Z) 1 Zf” (Z) _ Zf, (Z) P }/(a_b)z .. (2.10
@) ( Yo T e J (+a) "Y1 +b2)! 7 @1
then f(z) e S; (% a, b).
PROOF : Let p(z)=§pf’%z)). Then p (z) € P and (2.10) can be written as
()< ra-bz . @11

(A+a)! "YU+ Y

Taking A=¢¢ = 0 and m = 2 in Theorem 2 and using (2.11), we know that

Y Y
1+az 1+az . . *
p () < (—1 b J and [——1 T b ] is the best dominant of (2.11). So f(z) € Sp (% a, b).

Corollary 2 — Let 0<y<1 and A20. If f(z) e Ap satisfies f(z)#0 in O0<lzl<1 and

2f'(2) 2@ (A \2f @
pf () [” e " (p 1) ) ]< h(2), . (212)
where
2y
= 1+2 2yz

then f(z) e § ; (7) and the order y is sharp with the extremal function

Y
Z
fo=Fepip | —:— [(—}:’—;) —1sz . . (213)
0

PROOF : Settinga =1, b=-1,m=2,0< y<1,A20,u = 0, and p(z)=£p%l in Theorem

2 and using (2.12), we have f(z) e 'S; 7).

For the function f(z) defined by (2.13), it is easy to verify that

2f @) (1+zf"(2) + [&_IJMJ= h(z)

pf(2) f @ p f@

and
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@ l+z|  ym
arg @ =y |arg - -3

as 7 —i. Hence the corollary is proved.
Remark 2: Owa and Obradovic [9] proved that if f(z) € A . satisfies f(z2)# 0 in 0 < lzl< 1

and

z2f' (@ f" @  z2f (@@ _1
R"{ @ (Hf’(Z) e j}> ; et

then f(2)e S I It is clear that Corollary 2 with p = y = 1 and A = 0 is better than the result in
[9].

Remark 3 : It was proved in [5, Theorem 1] that if f(z)e A, satisfies f(z)#0
(O<lzl<1) and

z2f' (2) 2f” (2)
Re{ 5 [” @ ]} >0 GeU)

then f(2) € S: (,), where ¥, € (0, 1) is the root of the equation

1= y+-72; arctan q (y),

A
:

T Y 1+y
(y) =tan -Y—+
7 2 2<:osM (l_yj

1+y
2

Now we show that Corollary 2 with p=4 = 1 and =N refines the above result. Let us
put

1+2 A Zylz
h](z)= 1-, + =y 7
Z 1+2) 1(A-20° 7%

Then for 0 < @<, we have

. . i 6
i0 1+¢9 1+60)  2€
argh1 (e )=]/1 arg T +arg - + ]
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Y, T
1
= + arctan g (x),

where x = cot 6 > 0 and

2
nw I
_ 1 1 -y 1
g (x) = tan ) + x: [x, n+x1+yl].
ZCOST
h
It is easy to know that g (x) takes its minimum value at x = = Hence, in view of
1
h, (e 0y = h (e %) we deduce that
inf larg h1 ()l = min arg h1 (eio)
1zl=1(z#x1) O0<b<nm
N7 ( [ l+}/1
= -2— + arctan | g 1”71

T 2
= ) [71+7L_ arctan q(yl))

r
2

’

and so h, (U) properly contains the right half plane Rew >0. Thus we conclude that Corollary 2

with p=24 = 1 and y=7, is better than the result of [5, Theorem 1].

Corollary 3 — If f(z) e Ap satisfies f(z2) #0(0<lzl<1) and

£ @ [1+<f”(Z)j< P(1-20°2+2(p+1-@p+ 1) @) z+p - 214)

pf (2) f (@) (1-2)?

for some x(0<a<1), then f(z)e S ; () and the order o is sharp for the function f(z)

= (1-g ¥0-9),

PROOF : Letting a=1-2a, b=-1,m=2, y=1,y=p, 4 = 0, and p(z)=% in Theorem

2, it follows from (2.14) that f(z)e S ; (a). Sharpness can be verified easily.

Remark 4 : For o = 0, (2.14) becomes
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2
z2f (@) 2f" (@) p 1)(1+z
f@ [Hf'(z) )+2'<p(p+2][l—zj’

or equivalently

<rm (zeU).

L@, 2@, p
‘”g{ %) (Hf’(z) ]* 2}

Therefore Corollary 3 with @ = O reduces to the result of {8, Theorem 2].

Remark 5 : It was shown in [1] that f(z) € A, satisfies f(z) #0 in O<lzl<1 and

7 () 7" (2)
Re{ 7@ [Hf’(z) J } >0 el

then f(z) € S: (lj For p = 1 and a:%, (2.14) becomes

2
¥ @ " @) _ _1+z
f@ (H f’(z)‘»] <@ = (1-2)%

Since h(U) = { Ww=u+iv: v >— —%} properly contains the right half plane Rew >0, we

see that Corollary 3 with p = 1 and a=% is better than the result in [1].

Corollary 4 — Let —1<b<a<l and Reu20. If f(z)eAp satisfies f’(z)#0 in
0<lzl<1 and

gy L@ R @
S e ' @P < h(2), . (2.15)

where

_b(pb-pa)+(@p+1-w)b-(l+p)a)z+p—p
h(z) = > )
p (1 +b2)~

then f(z) € s; (b, a).

PROOF : If we let p (z)=f}[;%, then p (z) € P and (2.15) can be expressed as

1p @+’ @) < p-ph@)=p (1+az]+ (a=b)z

L+bz | (14+bg)?

1+az
1+bz

Hence, taking m=2,y=1,A = 0 and Re u > 0 in Theorem 2, we have p (z) < and
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s0 f2)€ S, (b.a).

Remark 6 : Setting p =1, 0 = b < a<1 and u = 0 in Corollary 4, we get the result
obtained by Singh [11, Theorem 1.2], which refines the result of Silverman [10, Theorem 1].

Remark 7 : Putting p =a =1, b = -1 and g = 1 in Corollary 4, we have the result obtained
by Tuneski [12, Theorem 2.1].

Setting p = 1, 0 = b<a<1 and u = 1, Corollary 4 leads to
Corollary 5 — Let 0<a<1. If f(2) e A1 satisfies ' (z) #0 and

ILL) @ 2 ey,

(f’ (2)*

ra is sharp with the extremal function f(z)=

1+a 1+

then f(z) e S: (L) and the order :
1+az

Remark 8 : Sharpness is immediate. Also, Tuneski [12] proved that if f(z)e A . satisfies
f’ () #0 and

f(z 21”(z)

<2 (ze U),
~ f @)*

then f(z)e S : Obviously, Corollary 5 with a = 1 improves the result of [12].

Setting @ = 0, b = — ¢ and u = 1, Corollary 4 yields

Corollary 6 — If f(z) € Ap satisfies f’(z) #0(0<lzl<1) and

fRf" () (Z) <1 1 .
¢ @) p(l—cz)
for some c(0<c<1), then
'@
\ 5 <pc (zeU). ... (2.16)

The bound pc in (2.16) is sharp for f(z) =2 ¢ P<.

For u = 0, Corollary 4 reduces to

Corollary 7 — Let —1<b<a<1. Iff(z)eAp satisfies f'(z)#20(0<lzl<1) and

¥ () f @ p(1+bz)?

then f(z) € S; (b, a).
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Remark 9 : For a = 1 and b = ~1, (2.17) becomes

2
[@) 7@ 1Y 1 (1+z
zf’(z)(“f’(Z)) [”m)‘ 2p[l—zJ ’

which is equivalent to

«

s { 4805 (140 ) (142

el e 2 |[| 70 @)

Thus we see that Corollary 7 with @ = 1 and b = -1 coincides with the result of [8,
Theorem 1]. Similarly, for ¢ = 0 and b = -1, (2.17) is equivalent to

arg{& [1+Lﬂ(z)}— (1+—1—)}

zf/ (Z) f, (Z) 4p >0 (Z € U)

Hence Corollary 7 with @ = 0 and b = -1 coincides with the result of [7, Theorem].

Corollary 8 — Let 0<y<1 and A20. If f(z) e Ap satisfies f(z) #0(0<lzl< 1) and

@ (,4 @ yr '@ '@
e (%f(z) M A e e j

2y
)1+
<(A+ycot12—J[l—_§] , . (218)

then f(z) € S; (y) and the bound 2y in (2.18) is sharp.

PROOF : Fora=1,b=-1,m=2,0<y<]1. 120,u=ycot¥>o and p(z)=%, Q2.7

in Theorem 2 becomes

L@ (8@, e m,, FO L
Pf @) (’l @ T M Y T ]<h<2>’ - (219)

where

Y
Y
h(z)=(1+zz) 1(1—4-22]+ ycot%r+1—2)-/-z— .

1- 1- 2

Letting 0 <8< 7 and x=cot g >0, then we have

iym .
argh(e'e) = -ZZE+arg{/lxye z2 ycot%t + % [)H.%)}
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lxysinM + I(x+;1;]

= % + arctan tan % 2 Z_
lxysin%+y
> Yr YT _
2 5+ =,
and so
inf  largh(!= min argh(¢?) = yn .. (2.20)
lzl=1(z#x]1) O<o0<nm

If f(2) satisfies (2.18), then it follows from (2.20) that the subordination (2.19) holds. Thus

an application of Theorem 2 yields f(z) € S; (7).

For the function f(z) defined by (2.13), we have

FO(EQ,  IE, LD @)
P (lpf(Z) T Y T e J "

and it follows from (2.20) that the bound 2y in (2.18) is sharp.

Theorem 3 — Let —1<b<a<l, me N,O<y$%,/120 and n20. If p(z) € P satisfies

p(@)#00<lzl<1) and

A(p@Q)™ + pp) + Z‘% < h(z) .. 221

where

_ 1+az ny 1+az ¥ Y(a—>b)z
h(z)—}{“_sz +u(1+bz * (1+az) (1+bz2)

then p (z) < dta Yand 1 +az 7/is the best dominant of (2.21)
Pl 1+bz 1+bz or =Ll

PROOF : We choose

1

Y
— _1__+_az_ _ m _ 1
g@@) = (l+sz o W =Anw"+uw, ow) = ”

in the lemma. Noting that

Y
Re g (z) > (11_1‘)’] 20 (ze V)
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for 0< ys—’%s 1, the function ¢ (w) is analytic in D = {w:w#0} containing g (U). The function

o, ___Y(a-b)z
Q(Z)—Zg (Z)(P(g (Z)) - (1+az) (1+bZ)

is starlike univalent in U because

20°@@) _ _ 1 1
Re 0@ I+Re 1+az+Re 1+bz

1 1
>
I+lal " T+1b1°

> -1+ 0

for z e U. Further we have

_ 1+az mr 1+az 4 yla-byz )
G(g(z))+Q(Z)—/1(~——1+bz} +u(1+sz ey =0

and
my Y
Re——zh,(z)zmlRe{ ltar }+uRe{ 1+az }+Re L'()
Q) 1+bz 1+bz Q@)

1-a )" 1-a)
>
>ml(1_b] +ﬂ(1—bj 20 (zeU)
for 0O<my<1, A20 and £>0. The other conditions of the lemma can be checked to be satisfied.

Therefore p (z) < g (z) and g (z) is the best dominant of (2.21).

Remark 10 : Note that the univalent function

_a(l+z) 2Bz
= +
-z -2

(>0, B>0)

maps U onto the w-plane slit along the half-lines Rew = 0, Imw >V f(2a+ ) and Rew = 0,
Imw <-VBQRa+B). Fora=1,b=-1,y=1,1=0, u:%,a>0 and >0, Theorem 3 reduces

to the result obtained by Nunokawa et al. [6, Theorem 2] using another method.

Corollary 9 — Let —1<b<a<1,0<y<1 and B>0. If f(z)eAp satisfies f(z) f' (z) 20
(O<lzl<1) and

’ 7 y
(l—ﬁ)M+ﬁ[1+M)<p(l+“)+ Byla-b)z . 222)

(@ f' @ 1+bz (1+az) (1 +bzy
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then f(z) € s; (% a. b).

Po,u=0andp(r)=2L"2 in Theorem 3 and using (2.22),

PROOF : Setting m = 1, A=
& B P @)

the desired result follows at once.

Corollary 10 — Let 0<a<1 and f>0. If f(2) e Ap satisfies f(z)f’(z)¢b (O<lzi<1) and

l(l_ﬂ)w+ﬁ(l+m)_p

<a [p+—L) ze U), .. (223

f@ @ l+a
then
i}é(—z()z—) —p| <pa @euU) (2.24)

PROOF : For 0 = b<a<1,y=1 and >0, (2.22) in Corollary 9 becomes

7 (@ " (@ B
(1-8) @ +ﬁ(1+%)—p<az (p+]+azJ. . (2.25)

Since the function A (z) =az ( p+T—€a—z) is univalent in U and

lh(z)] 2 aRe(p+—1—+Ea—z)Z a[p+—L\

1+az

forlzl=1 (z ;é—% ) it follows from (2.23) that the subordination (2.25) holds. Hence an application

of Corollary 9 yields the inequality (2.24).

Remark 11: Putting p = a = 1 in Corollary 10, we get the result obtained earlier by Mocanu

[4, Theorem 3] using a different method.

Corollary 11 — Let 0<y<1 and B>0. If f(z)eAp satisfies f(z)f"(z)#0 in O<lzl<1

and
’ 7 (ﬁ’ 7)
& @ 7" @) 142\
(1-8) 170 +ﬂ(1+f,(z) )<p[—1_zj :  (2.26)
where
a(By) = % arctan tanyz—” + By . 227)
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then f(z) € 3‘; (y) and the bound a (S, ) in (2.26) is sharp.
PROOF : For a = 1, b = -1, 0<y<1 and >0, (2.22) in Corollary 9 becomes

@ 7’ @ ’8
(1-8) 1) +ﬁ(1+f,(z) J < h(2), .. (2.28)

where

Y
1+ 2
h(2) =p(1_zz) + lﬁyi.
-z

Letting 0 <8< 7 and x=cot -26- >0, then

yr .
argh(e'9)=arg{pxye 2 4 Bri (x-f-%j} = arctan g (x),

where

g (x)

=tanri7£+—éy—ﬂ XY+ 11+7 .
2pcos-%- X

Further, we have

inf larg h () | = arctan (g( 1—+Z)J
lzl=1(z=#%1)

rr

arctan tan¥+ ﬁ}’ [H-YJ
2p cos 2

I

T
oa(By) > .. (2.29)
where a (B, y) is given by (2.27).
Now, if f(z) satisfies (2.26), then it follows from (2.29) that the subordination (2.28) holds.

Therefore an application of Corollary 9 yields f(z) € S’; (7).

Next we consider the function f(z) given by (2.13). Then f(z) satisfies

R #' @) _ (1+z), 2Byz _
(1 ﬂ) f(Z) +ﬂ(l+f/(z) ) p(l_z) + ]_zz_h(Z)
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and it follows from (2.29) that the bound a(f3,¥) in (2.26) is sharp.

I’ (2)

Setting m=1,A=u=0 and p(z)=

in Theorem 3, we have

Corollary 12 — Let —1<b<a<1 and O0<y<1. If f(z)eAp satisfies f(z)f' (z) #0

(O<lizi<1) and

#' @) # @ yla—b)z
T T ) S Ura) (b

then f(z) € S; (% a, b).

—
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