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We study the neutral difference equation of the form
A" (g =PXy D= %y

Existence of a positive unbounded solution is established. Sufficient conditions for all bounded solutions to be
oscillatory are obtained.
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1. INTRODUCTION
In this paper we consider the neutral difference equation of the form
LT = =
A (xn pxn_T)—qnxn_o, n=1,2, .. ... (B)

where m 22, p is a nonnegative number, 7, o are nonnegative integers, 7> 1 and {g,} is a sequence
of real numbers such that g, >0 for all n>1 and not identically zero. By a solution of equation
(E) we mean a sequence {x,} which is defined for n>-max {7, 6} and which satisfies equation
(E) for all n = 1, 2, ... . A nontrivial solution {x,} is called oscillatory, if for every ny21 there

exists n2n; such that Xy Xy 41 <0. Otherwise, it is called nonoscillatory.

In the last few years, there has been an increasing interest in the study of oscillatory and
nonoscillatory behaviour of solutions of neutral difference equations, see for example [4-11] and the
references cited therein. In particular, Lalli and Zhang in [4] studied the equation

2
A (xn —px

e o (B)

and proved that equation (E’) always has a positive unbounded solution. In this paper we obtained
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such results for equation (E). So, it is not possible to find criteria for all solutions of equation (E)
to be oscillatory. From the result of Zafer in [11, Theorem 5] it follows that if m is even, p > 1
and

D nftg =, o (D)

then every bounded solution of equation (E) is oscillatory. Note, that for 0 < p<1 it may not be

true any more, as the following example shows.

Example 1 — Consider the difference equation

2 1 _ 1
A (xn— 3xn_1]— VIRt .. @)

Here, condition (1) is satisfied, but the above equation has nonoscillatory, bounded solution

In this paper we present conditions that imply oscillation of all bounded solutions of equation

(E), when m is even and 0 < p<1.

J
For the sake of convenience, throughout this paper, we use the convention 2 g = 0

i=k
whenever j < k, and

nE=nm-1)...(n-k+1) with n% = 1.
To obtain our results we need following lemmas.

Lemma 1 (see [1, Th. 1.8.11]) — Let {x,} be a sequence of positive real numbers and let
A" x, be of constant sign and not identically zero. Then, there exists an integer [,0</<m with

m+1 odd for A™ x,<0 or m—1 even for A™ x,20 and such that

A"xn>o for all large n, 1<i<i-1,

(- 1)!* A"xn>o for all n,I<i<m—-1. . (3)

Lemma 2 (see [3]) — Let {an} be any real sequence. Then
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Lemma 3 — Let {an} be any real sequence. Then
n-1 %_1 3_1 n-1 1 m—1
— n— — I
S Y .3 o-y oish,
i (m-1)"! J
i =N i =N i=N 1 j=N
m 0 m-1 0 10 0

PROOF : It is known (see [2], Lemma 7.16) that

n-1 i—1 n-—1
Z z a, = Z (n—j—l)aj.
I=A% j=A% /=A%
Assume that for k>2
n-1 il hol n-1 (1 1y
— n_ — I
a = S\ At
2 i Z k-1 J
i=N i =N i=N 1 j=N
k 0 k-1 0 1 0 0

Then, using the above equality, we get
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n—N0—2 n—N0—3
1 k=1 k=1 k-1
_(k—l)! Z i aN+ 2 i aN+1+ +1 a _,
i=1 0 i=1 0
k k
(n—NO—l)— (n~NO—2)— 2 k
=————k! aN0+—-—-——'——k' aN+1+“'+Fan—3'
Therefore, we obtain
[ -1 i -1
n-1 k+1 2 n-1 1 k
y 3 S a=Y (n=j=0=
i k! J
i =N i=N i =N 1 j=N
k+1 0 k 0 i 0 0
and by mathematical induction (4) holds for all m 22.
2. MAIN RESULTS
Theorem 1 — Equation (E) always has a positive solution which tends to infinity as n — .

oo

PROOF : For a given qn20 one can find a sequence {hn} such that z g, hi=°° and

i=1
qn
P — 0 as n—oee
2 ql hi
i=1
We define a sequence {un} as
n l k J
u = z 2 g, hl,.
=1 k=1 j=1 i=1
It is easy to check that
';——T - 0 as n — oo

n

. (5

By Stolz’s Theorem, we have

n
1
— u — 0 as n — oo,
u z} 4G4
n =

. (6)
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N
Consider the Banach space [, of all real bounded sequences y = {y,} where n2N with the

N
sup norm llyll = sup {ly,1}. We define a subset S of [ as
n>N

N
S = {ye B OSynSLnZN}.

We define an operator T on S

n-1 ( . l)m_l
n—it— — n—17 .
—_ A A SRV —_— L. >
% o)1 4icotioe T TPy Yam 112N,
- n = n n
(T)’)n— 1
1 if NSn<N1
7
where N =N1 —max {6, 7} and N1 is chosen so large that
w1, ponzt, L nil @oi=pr= 1 (®)
s Py u (m-1)! 4% -6~ 2
n n l=N1

for n ZNl.

We note, that in view of (5) and (6) such an integer N . does exist. By (7) and (8) we have
0< (Ty)n <1 for n2N,

which implies that TS c S.
Let y, y* e S, then

u n—-1
n

Ty -y )| < p2=%|y =y | + L Y (oizh2= u
‘(y)n y)|sp y,~Y, » m-1n1 %Y o
n n i=Nl
¥ <1 * >
X1V _ 67 Vig| = ly—y Il,n_Nl.

Hence

NTy-Ty" Il = sup I(Ty)n—(Ty*)nI = sup I(Ty)n—(Ty*)nl

nz2N nZN]
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which shows that T is a contraction on S.

Therefore there exists an element y € S such that Ty = y. Hence, we have

r

n—1
1 (n-i-nn=L 1
u z m-1)! qiyi—aui—0'+2u * u Yn-1
y = n i=N n n
' 1
1, NSn<N].

\

Now we set x =y u . Then
n n n

n-1 ( . l)m—l
n—i—1)=——
S LAl S S— - n2
2 m—1)1 qixi_o+pxn_1+ , n2N,
X = i=1
n
u, N<n<N,.
n 1
Therefore, using Lemma 3, we have
n-1
-1
m. _am (n-i-1)2=— 1
A (xn pxn—r)"A < (m-1)! qixi—c+2
iI=
n—1 zm—l 12—]
_am
=4 Z 2 2 9% —oel
i=1 i =1 i=1 1 2
m m-1 1
= >
qnxn—-o’ n Nl’

that is {xn} is a positive solution of equation (E). Now we shall show that lim x

n— oo
set z, =x —px _ . Then
n-1
. -1
_ (n-i-1="— 1
4 = 21 m-11 %%-st2>0
’=
n-1
. -2
_ (n—i-1nH===
AL, 21 m-21  4ti-o” 0
l:
n-1
. -3
2 _ (n—t—l}”i——
A%z Zl =31 4% _,>0.
i=
Hence, lim z,=co. But x, >z, so lim x, =0, This completes the proof.
n— oo

nh— o0

= o0

. In fact,
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In view of Theorem 1, equation (E) has always non oscillatory solution. Therefore we only
need to find conditions for all bounded solutions of (E) to be oscillatory.

Theorem 2 — Assume that m is even and 0<p< 1. Let

n—1

P =1
lim sup z (j—n+0c+m-1)

m-1)1 qj > 1. .. (9

B jopn-go

Then every bounded solution of equation (E) is oscillatory.

PROOF : Assume to contrary that {xn} is an eventually positive bounded solution of equation

(E), say xn>0 for nZn]. Define

zn=xn—pxn_r. .. (10)

Then we have x Zzn.

Equation (E) becames
A"z =gq x >0 for n2n +o0. . (1D

There are two cases to consider:

(A) z, > 0,
B) z < 0,
eventually.
Case (A) — Assume z, >0 for n2n, From Lemma 1 and (11), there exists a positive,

even number / such that (3) holds. If /22, then lim z, =eo, which contradicts the boundedness of
n— oo

{x,}. Hence, there exists an integer n; 2n; such that

(—1)"A"zn >0 for i=01,.,m andn2n, .. (12)

Summing both sides of (11) from N to n — 1, we have

Summing again, in N, repeatedly (m — 2) times and using (12), we get
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n-1 n-1 n-1

S-S DY ) 2 4,
1 =N i =i i =1 11
m-—1 m-2 m-1 1 2

Next, summing the above inequality, and using Lemma 2, we obtain

n-1

. -1
(j—n+o+tm-1)"=—
— >
R ‘26 (m—-1)! %%-o
j=n-
Therefore
n_l (. l)m_]
j-n+o+m-Hn=t— B <
Y-6-1 2 (m-1)! 411+, Azn—("l_o’
j=n-o0

which contradicts (9).

Case (B) — Assume zn<0 for n2n4. By Lemma 1, Azn<0. In this case
X <px __<px

for n2n, +k 7, which implies that lim x, = 0. Consequently, lim z = 0.
n— oo n— oo

This is a contradiction, which completes the proof.

For m = 2 Theorem 2 reduces to Theorem 4.1 of [4]. Note, that for equation (2) condition
(9) does not hold.

We can improve this result, providing such criterion which includes coefficient p explicity.

Theorem 3 — Assume that m is even and 0 < p < 1. Let there exists an integer k>0
such that

n-1
. (j—n+o0+m-1) 1-p
lim sup q.> .
mew L (m=1)! i 7 ke

m—1

.. (13)

j=n-0
Then every bounded solution of equation (E) is oscillatory.

PROOF : Assume to contrary that {x,} is an eventually positive bounded solution of eguation
(B), say x,>0 for n2ny. As in the proof of Theorem 2, we consider the two cases (A) and (B).

In case (A) we have z,>0,Az <0 for n2n,. Using (10) in (11) we obtain

A"z =qz _+pqx

n n"n-o n"n-1-0

Repeated this procedure we get
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k
m _ i k+1
A Zn—qn ‘20 p Zn—O'—i‘r+qnp xn—d—(k+1)r'
1=
Therefore
k
m i
A % 2 1, 2 P2 _oiv
i=0
k
For simplicity we denote 2 p'=K. Then using monotonicity of {zn} one gets
i=0
A"z >Kq z .
n n n—-0
Using the procedure of (A) from the proof of Theorem 2 we get
< (jontoemopymol
' - <
4o K Y, Y g-1;<0. . (14)
j=n-o
which contradicts (13). The rest of the proof is similar to that of Theorem 2.
The conclusion of Theorem 2 can be strengthened as follows.
Theorem 4 — Assume that m is even, 0 < p < 1.
Let
o (jontotm-1)mTl
. j—n+o0+m—
1-p. .. (1
fimsup 2, m-nr 47 (>
j=n-0

Then every bounded solution of equation (E) is oscillatory.

n—1
i m—1
PROOF : Denote a = limsup Y, (J—n+o+m-1)"—

4j-
n— oo j=n-o (m_l)' J

Let integer k be chosen such that

a>_Lt=P

1_pk+1'

Then the assertion of this theorem follows immediately from Theorem 3.
Example 2 — Consider the neutral difference equation

2 _ 1
A (xn pxn_T)—[c+n]xn_1,

.. (16)
where pe (0,1), ce R+ and 7=0, 1, 2, ..
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Condition (15) for equation (16) reduces to

c>1-p a7

and so for example for p =% and ¢ =% condition (17) is fulfilled and therefore all bounded solutions

of equation (16) are oscillatory. On the other hand, the criterion (9) fails.

Theorem 5 — Assume that m is even and p = 1. Let there exists an integer k > 0 such
that

-1
"2 (jmntotm-n2=l 1
m—1)! G %

lim sup

h— j=n-o0

Then every bounded solution of equation (E) is oscillatory.
PROOF : Assume that {x,} is an eventually positive bounded solution of equation (E). Define

z,=x,—x,_. Then {z,} is bounded, too. Similar as in the proof of Theorem 2, we have two cases

to consider:

(A) zn>O, Azn<0 for n2ny;

(B)z,<0, Az, <0 for n2n,.

In case (A) we led to (15) with K = k, which contradicts the assumptions.

In case (B), we have lim z,=—c¢, where ¢ > 0 is a finite number. So, there exists
n—eo

ny2n, such that

c
—-c < <—-— for n2n..
%, 2 3

Thus
-c<x —-x < -
n T
Consequently

C C C
x < _[2]+xn-—r<_2 (2)+xn_21<...<—k(5)+xn_k1

for n2n3+kt.

Let us chose a sequence {nk} such that nk=n3+k1'. Then
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X =x +k1<—k(£)+x.
n n 2 n
k 3 3

Therefore lim x, =— which is a contradiction with the boundedness of {x, }. This
k— oo k

completes the proof.

Combinipg our previous results we have
Corollary 1 — Assume that m is even and 0 < p<1.
n-1

(j—n+o+m-1)"=L
2 m-1)1 4> 1-p

lim sup

= j=p-o

then every bounded solution of equation (E) is oscillatory.

REFERENCES

. R. P. Agarwal, Difference equations and inequalities, 2nd Edition, Pure Appl. Math., 228, Marcel Dekker,

New York, 2000.

2. S. Elaydi, An Introduction to Difference Equations, Springer-Verlag New York, 1996.

3. I. R. Graef, A. Miciano and C. Qian, A Sturm type comparison theorems for higher order nonlinear difference

10.

11.

equations, Advances in difference equations, Gordon and Breach. Amsterdam, 1997, 263-70.

B. S. Lalli and B. C. Zhang, On existence of positive solutions and bounded oscillations of neutral difference
equations, J. Math. Anal. Appl., 16 (1992), 272-87.

W. T. Li and S. S. Cheng, Asymptotic trichotomy for positive solutions of a class of odd order nonlinear neutral
difference equations, Comput. Math. Appl., 35(8) (1998), 101-108.

J. R. Graef, A. Miciano, P. Spikes. P. Sundaram and E. Thandapani, Oscillatory and asymptotic behaviour of solutions
of nonlinear neutral-type difference equations, J. Austral. Math. Soc., 38 (1996), 163-71.

N. Parhi, A. K. Tripathy, Oscillation of a class of nonlinear neutral difference equations of higher order, J. Math.
Anal. Appl., 284 (2003), 756-74.

B. Szmanda, Note on the behaviour of solutions of difference equations of arbitrary order, Univ. Beograd. Publ.
Elektrotehn. Fak. Ser. Mat., 8 (1997), 52-59.

. E. Thandapani. P. Sundaram, J. R. Graef, A. Miciano, P. Spikes, Classification of nonoscillatory solutions of higher

order neutral type difference equations, Arch. Math., (Brno) 31 (1995), 263-77.

A. Zafer, Oscillation of higher order neutral type difference equations, Advances in difference equations, 641-47,
Gordon and Breach, Amsterdam, 1997.

A. Zafer, The existence of positive solutions and oscillation of solutions of higher-order difference equations with
forcing terms, Advances in difference equations, Il. Comput. Math. Appl., 36 (10-12) (1998), 27-35.



