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In this paper, we introduce two new geometric properties in Banach spaces, namely compactly strongly exposed
property and weakly compactly strongly exposed property and we prove that the first one is the dual property
of property S and the second one is the dual property of property WS. Criteria for these two properties in Orlicz

0O
sequence spaces [, eqiupped with the Orlicz norm are given. Criteria for property § and property WS of the

subspace h,, of order continuous elements of the Orlicz space /), equipped with the Luxemburg norm are obtained,

too.
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1. INTRODUCTION

Let (X,Il-11) be a real Banach space and X * be its dual space. By S (X) we denote the unit sphere
of X. For any x € S (X ), we denote by Grad(x) the set of all support functional at x, that is, Grad(x)

= {fe SX™):fx)=lxll}.

Before starting with our results, we need to recall some geometric notions.
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A Banach space X is said to be rotund (R for short) if for any x and y in S(X) with
flx+yll =2, we have x=y (see [5]).

A Banach space X is called locally uniformly rotund (LUR for short) (resp. weakly locally
uniformly rotund (WLUR for short)) if for each xe S(X) and each sequence {x,} in S(X) such

w
that llx, +xIl -2 as n— o, we have x, — x (resp. [xn - x] (see [5] and [1]).

We say a Banach space X have property WM if for each xe §S(X) and each sequence

{x,} in §(X) such that llx, +xIl -2 as n— oo, there exist fe Grad (x) and a subsequence {x,}

of {x,} such that f(xn )—)1 (see [10)).

A Banach space X is said to be strongly exposed (SE for short) (resp. weakly strongly
exposed (WSE for short)) if for any xe€ S(X) and any sequence {x,} in SX), if f (xn )—)1 for

some fe€ Grad(x), then X, — x (resp. (xn _»1») x) (see [2] and [1]).

It is obvious that a Banach space X is LUR (WLUR) if and only if X has property WM and
X is SE (resp. WSE).

Afterwards, the notion of LUR and WLUR were generalized in the following way. A Banach
space X is said to be compactly locally uniformly rotund (CLUR for short) (resp. weakly compactly
locally uniformly rotund (WCLUR for short)) if for each xe §(X) and each sequence {x,} in

S(X) such that llx, +xll -2 as n— oo, the set {x,:ne A} is relatively compact in the norm

topology (resp. in the weak topology) (see [8] and [1]).

It is easy to prove that a Banach space X is LUR (WLUR) if and only if X is R and CLUR
(resp. WCLUR and WM).

Analogously, we introduce the notions of compactly strongly exposed property and weakly
compactly strongly exposed property of Banach spaces. We say a Banach space is compactly strongly
exposed (CSE for short) (resp. weakly compactly strongly exposed (WCSE for short)) if for any
xe §(X) and any sequence {x,} in §(X), the condition f (xn )—)1 for some fe Grad(x), implies

that the set {x, :ne A[} is relatively compact in the norm topology (resp. in the weak topology).

As we will see below, these notions are dual to the properties S and WS, respectively, and a Banach

space X is SE (WSE) if and only X is CSE (resp. WCSE} and R.
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A Banach space X is said to have property S (resp. property WS) if for any xe S(X) and

any sequence {f,} in S(X *) with f,(x) > 1 as n—>e, we have that the set {x, :ne AN} is
relatively compact in the norm topology (resp. in the weak topology) (see [9] and [10]).

A Banach space X is said to have property H if every sequence from the unit sphere weakly

convergent to a point of the sphere is convergent in norm (see [1]).

It is easy to see that if a Banach space X has property WS and X * has property H, then
X has property S.
A map M: K — [0,) is said to be a N-function if it is vanishing only at zero, even,

convex, lim M@ _ 0 and lim M—:LQ:oo. For any N-function M we define its complementary

u—o0 U U—o0

function N: R — [0, ) by the formula

N@) =sup {ulvl-M@u))

u>0
for every ve R. The complementary function N is also a N-function (see [1] and [6]).

Let us denote by 19 the space of all real sequences. For a given N-function M, we define

the Orlicz sequence space [, by

_ 0. -
lM = {xel .pM(ﬂ.x)< for some A>0}

where
Py = X MG (Yr=G@)el’).
i=1

This space equipped with the Luxemburg norm

lxll = inf{).>0:pM (%Js 1}

or with the equivalent one

1
IxI® = inf — (1+p (kx)),
k>0 k M

called the Orlicz (or the Amemiya) norm, is a Banach space (see [1], [6], [8] and [11]).
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By hM we denote the subspace of lM denned by

_ 0, -
hM— {xel .pM(ﬂ,x)< for any A>0}.

0
To simplify notations, we put lM=(lM, It II) and [, = (IM’ - IIO).

We say that M satisfies the A,-condition (M € A, for short) if there are u;>0 and K>0

such that M (2u) £ KM (u) whenever lui< uy (see [1]).

x

Let 6),(x) = inf {l>0:pM[;t)<oo} for any xely, It is clear that

hy = {x€ ly;: 6, (x) =0}. Moreover, 6, is the norm in the quotient space l]'w /hyy.

2. SOME GENERAL RESULTS

In this part, we will discuss some relationships between the properties S, SE, CSE, R, WSE, WCSE
WM, WCLUR and WS. Some general results will be given.

Theorem 1 — A Banach space X is SE if and only if X is CSE and R.

PROOF : Necessity : By the definitions of SE and CSE, the implication SE = CSE is obvious.
It remains to prove that any SE Banach space X is R. Let x,ye S(X) and llx+yll = 2. By the

Hahn-Banach theorem there exists fe S(X*) such that f(x+y)=llx+yll = 2. Consequently, f(x)
= f(y) = 1. Since x is SE, we have x = y. This proves that X has property R.

Sufficiency : Let us assume that X is CSE and R and let xe S(X), {x,} €S(X) and
f(x,) > 1 for some fe Grad(x). By CSE of X, we conclude that there exist a subsequence {xni}
of {x,} and x"€ S(X) such that xni—>x’. Clearly f(x’) = 1 and consequently llx+x'Il = 2. It
follows, by rotundity of X, that x"=x. Therefore x”. —x and, by the double extract subsequence
theorem, X, > X. So the theorem is proved.

An analogous characterization of Banach spaces that are weakly compactly strongly exposed
gives the following theorem.

Theorem 2 — A Banach space X is WSE if and only if X is WCSE and R.
PROOF : The proof is similar to the proof of Theorem 1, so we omit it here.
Theorem 3 — A Banach space X is CSE if and only if X is WCSE and X has property H.
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PROOF : Let X be CSE. Clearly X is then WCSE. Now we will show that X has property

H Let xe S(X), {x,} cS(X) and x, 5 x Let fe S(X™) be such that f(x)=llxIl = 1. Then

fx,) > f(x) = 1 as n—oo. By property CSE of X, {x,} has a convergent subsequence. Also any

w
subsequence of {x,} has a convergent subsequence. In view of x, — x, this shows that x, —x as

n — oo,

Conversely, let us suppose that X has properties WCSE and H. Let xe S(X), {x}

n

cS(X) and f(x,) — 1 for some fe Grad (x). By WCSE of X, there exist a subsequence {xn } of

w ’ . , . .
{x,} and X" € (X) such that x”.- — x’. Obviously, f (x".) — f(x") as i > e. By the uniqueness of

the limit, we conclude that f(x") = L. Hence, in view of the lower semicontinuity of the norm with

respect to the weak topology, we get

1=f) < lIx¥ 1l £ lim inf
[ — o0

<1,

X
n

i

ie. X € §(X). Taking into account that X has property H, we have that x - x', and the results

follows.

Combining Theorems 1, 2 and 3, it is easy to conclude the following corollary.
Corollary 1 — A Banach space X is SE if and only if X is WSE and X has property H.
Theorem 4 — If X has property WM, then X is WCLUR if and only if X is WCSE.

PROOF : The necessity of WCSE for WCLUR is obvious. To prove the sufficiency of WCSE
for WCLUR when X is WM assume that X is WCSE, xe S(X) and {x,} is a sequence in §(X)

such that llx, +xIl—>2 as n— e Since X has property WM, there exist a subsequence {xn} of

t

{x,} and fe Grad (x) such that f(xn) — 1. Since X is WCSE, this implies that the sequence

{x,} is relatively compact in the weak topology, which finishes the proof.

Theorem 5 — If X has the WM-property, then X is CLUR if and only if X is CSE.

PROOF : We can prove this theorem using similar argumentation as in the proof
Theorem 4.

Theorem 6 — If X is WCSE, then X has property WS.
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PROOF : Let X* be WCSE, xe€ S(X) and {f } be a sequence in S(X") such that
f, @) =1 as n— oo Take any fe Grad (x). Denote by # the canonical embedding of X into X .

Then H x(f)=f,®)—>1 and H x(f)=f(x) = 1. Now, by the assumption that X" is WCSE, we

get that the sequence {f,} is relatively compact in the weak topology, which completes the proof.

Theorem 7 — If X ™ has property WS , then X is WCSE.
PROOF : Let xe §(X) and {x,} <S(X) be such that f(x,) — 1 for some fe Grad (x). Since

X" has property WS, by Remark 1 in [6], we have that X is reflexive. Consequently, there exist a
subsequence {xn.} of {x,} and x’ € X such that x, 2 ¥. Thus X has property WS.

Analogously, there is a complete duality between properties CSE and S.

Corollary 2 — If X" is CSE, then X has property S.

PROOF : Let X * be CSE. Then X * is WCSE. From Theorem 6, it follows that X has property

WS. By Theorem 3, X has property H. Consequently X has properties WS and H, so X has property
S.

Corollary 3 — If X" has property S, then X is CSE.

PROOF : If X" has property S, then X * has property WS and X has property H (see Theorem
3.2 in [2]). By Theorem 7, X is WCSE. Hence, by Theorem 3, we conclude that X is CSE.

3. PROPERTIES § AND WS FOR hM AND PROPERTIES

CSE AND WCSE FOR [ ,?4
Theorem 8 — For the space h, , the following statements are equivalent:
(1) hM has property S,
(2) hM has property WS,

(3) Ne Az.
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PROOF : The implication (1) = (2) is obvious. We will prove now that (2) = «3). If

Neg A,, then h?v * l?\/' By the Bishop-Phelps theorem, there is fe S(l?\, \ hON) and x e S (hy)
such that f(x)=N£I° = 1. Put

fn=(f(1),f(2), v f(n),0,..) n=1,2,... .

Then

£0= 3 fO)x@) > fE=1

i:
0
Since f ¢ h ), by the Hahn-Banach theorem, there exists a singular functional ¢ such that
0
¢(f)#0. Since f, € h, , by separability of hy, we have ¢(f,)=0. Since f, — f coordinatewise,

- . . . w
we may assume without loss of generality (passing to a subsequence if necessary) that f — f. But

o(f-f,)=9¢()=0 for any ne A, which contradicts the fact that 1, A f- This contradiction shows

that N ¢ A2.

(3) = (1). For any x € S (hy,), we have 8),(x) = 0 < 1. By Theorem 3 in [3], we conclude

that x is an S point. So hy, has property S.

Theorem 9 — The following statements are equivalent:
) 1 ° CSE
(i) s
i l0 is WCSE,
(ii) y W \
(iii) M e A2 and N e Az‘

PROOF : The implication (i) = (ii) follows immediately from the definition of properties

0
CSE and WCSE. To prove the implication (i) = (iii), suppose that [, is WCSE. By Theorems 6

and 8, we conclude that M e A,. Now, we are going to prove that N e A,. Assume that N¢ A,

[~

Then there is a sequence {vn} of positive numbers such that v, \ 0 as n—> o and
n=1
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N((l+l]v J> P*IN@), and N@)<— (n=1,2...)
n n n n 271
For each ne A choose a positive integer m such that

mnN(vn) < 51; < (mn+ l)N(vn).

Namely, in order to get this, for any ne N we define m, as the largest natural number

1 . . :
such that m N (v,) < ? Pick I, ¢ Z with Card (I,)=m, such that I, () [, =¢ and define

a forie 11,

v forie 11’"=2’3""
y = " o

0 forig U In,

i=1

where a is chosen in such a way that py,(y) = 1. Then llylly, = 1. Since p ((1+7)y)=co for any

oo

T>0. we have 6y (y) = 1. Consequently llylly = 6, (y) = 1. Let { vn} be a sequence of positive
n=1

numbers such that ¢~ (v,)<u, <q(v,) for n = 2, 3, ... and q (@)<u;<g(a) and let us define

iel , n=1,2,...
n

Since lx 1 = sup{(x,z):Nzly<1} (see [4]), (xy)=p, () +pyO) = p, &) + 1, and

(x,2) Spp(x) + 1 for any z € 6\, with lzIly <1, we have (x,y) = Nx 10, that is, y € Grad (x).

Since 6, (y) = 1, we get l[y]
n

' = 1 for any ne A, where [y]:° =, 0, .., 0,

y(n+1), y(n+2),..).
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Denote i; = 0. Since ‘ [y] H = 1> 0, there exists i,>i; such that

4

i2
[y]

b

> 0.

i

3
[y]

)

Since [y] H =1>1- %, there exists i3 >i, such that

)

>1 - —

Continuing this procedure in such a way, we can get a sequence {i,} of natural numbers

with i1 <iy<... such that

[y]

er-]

s1-L =12 )
n

13
n

i
n+1

0
For each ne A noticing that [y]l. € hy, there exists x € S(IM) such that

'+ in+1 bt
(xn,[y]in ) = H[y] l and )cn=[xn]i'I . Therefore
i
i
n+1
L2 (nx)= X y@Ox @)

i=i
n

i

EHEIN

H [y]"m
i

n

>1—ln 1, 2, ..
n

whence (y,xn)—>1 as n—>co. But for any m,ne N, m>n, we have

hx —x 10 > nx 19=1,
m n m

0 0
which means that the set {x,:ne N} is not relatively compact in § (1 M)' Hence [, is not CSE.

0 0
Moreover, thanks to M € A,, [, has property H. So it yields, by Theorom 3, that [ ,, is not WCSE.

This fmishes the proof of this implication.

. 0 . . 0
(iii) = (i). Suppose that xe S[IM) and {x,} is a sequence in S(IM) such that
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0
f(x,) > 1 for some fe Grad (x). Since, by M € A, and Ne A,, 1, is reflexive, whence we conclude

that

0 w .
there are a subsequence {xn} of {x,} and x'€! M such that x — X'. In particular,
i

4

f (xn ) - f(x). By f (xn ) — 1, we have f(x") = 1. Therefore, by lower semicontinuity of the

0
norm II- 110 = II- lly, with respect to the weak topology, we have

which implies that I1x 1I°

1=f&) < Ix1° < liminf

i— oo

IA
=

X
n

0
1. In virtue of Me A,, I, has property H (see [1]). Hence x, =X,

{

which completes the proof of the theorem.

The

11
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