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A (\:/ech closure space (X, u) is a set X with a (éech) closure operator u which need not be idempotent. Many

properties which hold in topological spaces hold in éech closure spaces as well.

The notions of proper (splitting) and admissible (jointly continuous) topologies are introduced on the sets of

Vv
continuous functions between Cech closure spaces. It is shown that some well-known results of Arens and

Dugundji [1] and of Iliadis and Papadopoulos [9] are true in this setting.

We emphasize that Theorems 1-10 encompass the results of A. di Concilio [3] and of Georgiou and Papadopoulos
[7, 8] for the spaces of continuous-like functions as 6-continuous, strongly and weakly 6-continuous, weakly and

super-continuous.
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1. CECH CLOSURE SPACES

An operator u: P(X)— P(X) defined on the power set P(X) of a set X satisfying the axioms:

CDH u(p)=¢

(C2) Acu(A) for every AcX,

(C3) u(A U B)y=u(A) \U u(B) for all A,BcX,

is called a Cech closure operator and the pair (X, u) is a Cech closure space. For short, the space

will be noted by X as well, and called a closure space.

*Supported by the Ministry of Science, Technology and Development, Republic of Serbia, Grant NO 1233.
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A subset A is closed in the closure space (X,u) if u(A)=A holds. It is open if its
complement is closed.

The interior operator int, : P(X ) — P(X) is defined by means of the closure operator in the

usual way: int,=couoc, where c:P(X)— P(X) is the complement operator. A subset U is a

neighbourhood of a point x (respectively, subset A) in X if xe€ int, U (respectively, A cint, U)

holds. We denote by A/(x) the collection of all neighbourhoods (the neighbourhood system) at the

point x.

In a closure space (X, u) a family U (x) c A(x) is a neighbourhood (local) base at a point

x if the folldwing axioms are satisfied:
(Nbl) U(x)+ ¢ for every x € X,
(Nb2) xe U for every Ue U(x),

(Nb3) Ul’ Uze Ux)y > @Ue Ux)Uc U1 (.\ U2.

A family U(x) c N(x) is a neighbourhood (local) subbase at a point x if the conditions
(Nb1) and (Nb2) are fulfilled.

If a collection {U(x)Ixe X} of filters on X satisfies the conditions (Nb1)-(Nb3), then there

is exactly one closure operator u for X such that U(x) is a neighbourhood base at x for each

x € X. The operator u is defined by:

u(A)={xe XIUe Um=U A A¢¢}.

Let (X, u;) and (X, u,) be closure spaces. The closure u, is coarser than the closure u, (ie.

u, is finer than u;), denoted by uy Sy, if u; (A) D u, (A) for every AcX.

The topological modification of the closure operator u for a set X is the finest Kuratowski

closure % on X coarser than u. The topology in (X,i\t) consists of all open sets in (X, u).

Let {u,l@e A} be a collection of closure operators on a set X. The infimum (meet) and

supremum (join) operators for {u,loe A} are the operators uy=A u, and u=V

ae A "o aecA Y

respectively, defined by: ‘Uo(x)= N A %(x) is a neighbourhood base (system) and
ae
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Ux)= U A %(x) is a neighbourhood subbase at x € X, for u, and u respectively.

ae

Many topological notions are defined in the class of closure spaces by means of

neighbourhoods as it is done in topological spaces. For example, an accumulation point and a limit

point of a net. All notions not explained here can be found in (V?ech [2] as well as in Mrsevi¢ and

Andrijevié¢ [12].

Let (X, u) and (Y, v) be two closure spaces. A function f: (X, u) — (Y, v) is continuous at

x € X if the following holds

AcX A xeu(A) = f(x)e v(fA)).

A function f:(X,u) — (Y, v) is continuous if it is continuous at every point of X. This

condition is equivalent to either of:
(@) f(u(A) < v(f(A) for every AcX; or
(i) u(f~ 1 (B) < £~ (v(B)) for every B Y.
The product of a family {(X,, u,)l e A} of closure spaces, denoted by H (X Ug)s 18

ae A

the set X = H X, endowed with the closure operator u defined by means of neighbourhoods: for
ae A

-1
every x € X the family U(x) = {”a V)loae A,V e Na (xa)} is a neighbourhood subbase at x
in (X, u). Here =, are the projections, while 9\[a (x,) is the neighbourhood system at x, =7, (x) in

X, There exists exactly one closure operator u such that ¥ (x) is a local subbase at x in (X, u) for

k
-1
every x € X. Canonical neighbourhoods of x are of the form M 7, (V).

i=1 '

v
A well-known example of a Cech closure operator which is not a Kuratowski closure operator

in general, is @-closure defined by Velicko [13] in the following way: Let (X,7) be a topological
space and let Ac X. A point x€ X is in the @-closure of A, denoted by clyA (or TclgA), if each

closed neighbourhood of x intersects A.
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Throughout the paper the usual notation A stands for the closure of a subset A in a
topological space.

Let (X,7) be the product space of a family {(X, 1,)lae A} of topological spaces. The

O-closure space of (X,T) is the product of the 6-closure spaces of (X, T,), i.e. (X,Tcly)

=[] &, tycly)

oe A

A function f:(X,7)— (¥, V) is @-continuous at xe€ X if for every neighbourhood V of

f(x) there is a neighbourhood U of x such that f(TU)cV. A function f:(X,1)— (Y, V) is
6-continuous if it is G-continuous at each of its points. Every continuous function is 6-continuous,

but the converse does not hold in general.

6-continuity is not a continuity concept in the class of topological spaces, but it is in the

class of (vlech closure spaces. Namely,

A function f:(X,T)— (¥, V) is B-continuous if and only if the function f: X, tcly) -

(, "Vcle) is a continuous mapping of closure spaces.

The next statement follows from the definitions and the properties of 6-closure.

Let X, Y, Z be topological spaces. A function g:ZXxX — Y is 6-continuous if and only if

the function g: (Z, clg) X (X, clg) — (¥, cly) is continuous.

Recall that a closure space (X, u) is:

() regular if for each point x and each subset A such that x¢& u(A), there exist

neighbourhoods U of x and V of A such that U ™ V=¢;
(if) compact if each net in (X, u) has an accumulation point.

Compactness can be characterized by means of covers. ((vlech [2] Theorem 41 A.9.). An

interior cover of (X, u) is a cover {G,lae A} such that the collection {int,G,lae A} covers X.

The space is compact if and only if every interior cover has a finite subcover.
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We give the following

Definition 1 — A collection {G,lae A} is an interior cover of a set A in (X, u) if the
collection {int, G,loce A}, covers A. A subset A is compact if every interior cover of A has a

finite subcover.

2. PROPER AND ADMISSIBLE TOPOLOGIES IN CLOSURE SPACES

Let X, Y and Z be three nonempty sets. For every function g:ZXxX — Y there is a function E (g)
or g° from Z to YX, the set of all functions from X to Y, defined by (g" (z)) (x) = g (z, x). The
mapping E: yZxX (YX )Z is called the exponential function. By € we denote the evaluation

mapping from Y X% X to Y defined by €(f, x)=f(x).

If X, Y and Z are topological or closure spaces, sets of continuous functions can be

considered. Now on YX will mean the set of all continuous functions from X to Y. The set Y X can

be endowed with different topologies. The question is: Find the closure operators on the set of

YZXX

functions such that 1° E(g)=g*e (YX )Z for every ge that is for every continuous

g:ZxX—>Y the function g is continuous; and conversely, 2° ge YZ*X for every g*e Y X)Z,
that is, for every continuous g Z>Y X the function g 1is continuous.

Following the definitions and notations used by Arens and Dugundji [1], Kuratowski [11]
and by Iliadis and Papadopoulos [9] for the sets of continuous functions defined in the setting of
topological spaces, we give the following definitions.

Definition 2 — Let (X, u) be a closure space and (A;), . , be a net in P(X). The upper
limit of the net (A;), o denoted by Tim A,, is the set of all points x € X such that for every

A

Ay€ A and every neighbourhood U of x in X, there is a A€ A such that 424, and

Ay M U=#¢. (See, for example, Arens and Dugundji [1] or Iliadis and Papadopoulos [9]).

Definition 3 — Let (X,u) and (Y, v) be closure spaces. A closure operator ¢ on Y¥ is

called proper (splitting) if for any closure space (Z, w)

1) g:(Z,w)yx(X,u)—> (¥, v) is continuous = E (g) =g* (Z,w) > (YX, 0) is continuous;

o is called admissible (jointly continuous) if for every space (Z, w)
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2 g :(Zw-> (YX, 0) is continuous = g:(Z, w) X (X, u) — (¥, v) is continuous.

Let f,f € YX Ae A, where A is a directed set. The net (f3)1e A converges continuously

cc

to f, denoted by f; — f, if

(3) the net f; (xu), (A, nu)e AxM, converges to f(x) in (Y, v) whenever the net (xu)luE M

converges to x in (X, u).

o
The convergence of a net (f;); . o to f in the space (Y X, o) will be denoted by f; — f.

The next results follow from definitions and the proofs are analogous to the corresponding

ones for the topological case.

Theorem 1 — A closure operator a on Y X is admissible if and only if the evaluation

mapping €: (YX, 0) X (X, u) = (Y, v) is continuous.

Theorem 2 — Let (f3); . A be a net in Y X The net (f3)5 e A converges continuously to

feY X if and only if for every x € X and every neighbourhood V of f(x) there is a neighbourhood
U of x and a Aye A such that f, (U)cCV for all A2 A,

Theorem 3 — Let (f3)yc 5 be a net in'Y X The net (f3)5 e A converges continuously to

fe r% if and only if the following holds:
— =1 -
@ Tm f, B) cf '(v(B) for every subset B in Y.
A

cc
I |
PROOF : Let f; — f, BcY and xe [im f 2 (B). For every neighbourhood V of f(x), by
A
Theorem 2, there is a neighbourhood U of x and a Ay € A such that f, (U)c V for all A2 2. By

. . -1
the assumption, there is a 1’210 such that f,, (B) M U#¢. It follows that f r U)M B¢

Thus V (™ B#0 for every Ve N(f(x)) which implies f(x) € v (B). Hence )cef_1 (v (B)).
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For the converse, let (f;);. o be a net in Y X such that the condition (4) holds. For every

x€ X and every neighbourhood V of f(x), f(x)eint,V implies f(x)¢ v(VS). Thus

—_ -1
x¢ Tim f, (V€). Hence there exist a Ue A(x) and a Aye A such that A2}, =
A

f;] VYNU= = VN fLU)=¢ for all Ae A. Thus f, (U)cV for every Ae A. By

cc

Theorem 2, f; — f.

Remark : In Theorem 3 the condition “for every Bc Y ”can be replaced by “for every

B=V° where V is an element of a neighbourhood basis”.

Corollary 1 — Let (f;)3. 2 be a net in YX and Y be a topological space. The net

(f3)3 e A converges continuously to fe Y Xif and only if the following holds:

N -1 _
@4*) Iim f 2 B) cf l(B) for every closed subset B in Y.
A

PROOF : Let a net (f;); . 5 converges continuously to fe ¥ X and B be a closed set in Y.

-1 -
By @),lim f, (B)cf )= f L. Conversely, suppose that (4*) holds and let B be a subset
A
— -1 -1, =
in Y. By (4%), for the closed subset B, lim f 2 (B)cf I(B), and by isotony of the upper
A

— 1 — 1, =
limit, im f; (B) < lim f 1( B) Hence the statement is deduced.
A A

O

Theorem 4 — Let 0 and & be two closure operators on Y.
1° If & is finer than © and O is proper, then © is proper.
2° If 0< 0 and o is admissible, then ¢ is admissible.

3° If o is proper and o is admissible, then 0< 0.

4° If there is a closure operator on YX which is both proper and admissible, it is unique.

PROOF : 3° If ¢ is admissible, the evaluation mapping &: (Y X o YX(X,u) > (Y, v) is
continuous by Theorem 1. Since o is proper, for Z =YX o), the identity £" = lyx o (Y X o ) —

04 X, o) is continuous, hence ¢ is finer than ©. W
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Corollary 2 — Let {o,l0€ A} be a collection of closure operators on Y X

1° If O, is proper for every ¢, then the infimum A o, and the supremum

aeA Yo

Ve a Oy are proper.

o, is admissible as well.

0 . ..
2" If o, is admissible for every @, then the supremum V,_, 0,

PROOF : For the nontrivial part of 1°, let o, be proper for every a. That is, for any space
(Z, w), continuity of g: (Z, w) x (X, u) = (¥, v) implies g : (Z, w) = (Y X, 0, ) is continuous. In order
to prove continuity of g":(Z w)— (YX, Vo,), for any ze Z and every neighbourhood G of

g" (z), there are finitely many G;e Na.(g* (2)) such that M G;,cG. By continuity of

g Zw) > (¥%0,), for every i there is a W,e N(z) such that g"(W)cG, Then
W= W,e N(@ and " (W)c M ¢" (W)= G,<G holds. Thus g*: (Z,w) > (Y*, v g,) is

continuous at z. ]

Proofs of the next statements are analogous to the corresponding ones in Arens and Dugundji
[1] and in Iliadis and Papadopoulos [9].

Theorem 5 — A closure operator ¢ on YX is proper (splitting) if and only if continuous
convergence of a net implies its convergence in (Y X, 0'), and it is admissible (jointly continuous)

if and only if the reverse holds, that is, convergence of a net in (Y X, 0') implies its continuous

convergence.

Theorem 6 — A closure operator © on Y¥ is:

1° proper if and only if continuity of a mapping g : ZX (X, u) - (Y, v) implies continuity of

the mapping g : Z — ( YX, 0') for every topological space Z being either a T,-space having at most

one non-isolated point or the Sierpinski space;

2° admissible if and only if the reverse holds, that is, continuity of a mapping

g Z- ( Y¥, 0') implies continuity of the mapping g:Zx (X,u) — (¥, v) for every topological

space Z being either a T-space having at most one non-isolated point or the Sierpinski space.
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Corollary 3 — In Theorem 6 the conditions on the space Z can be replaced by: Z is a
topological space having at most one non-isolated point.

In the sequel the finest proper topology on Y X, which exists by Corollary 2, is characterized
by means of convergence classes and upper limits, analogously to the topological situation. (Cf.

Iliadis and Papadopoulos [9]).

Let C(o) be the convergence class of the closure space (Y X, 0'), that is C(o) =

o
{({(f e psf) 1fsfe ¥¥ and f = f). It can be easily seen that C(0) satisfies the following

axioms: (Cee (VJech [2] Theorem 35 A.2 and Kelley [10] Theorem 2.9).

(i) (Constants) If (f;); . o is a net such that f; =f for every A€ A, then (f;) converges

to f, that is, ((f3)3c o-f)€ C(O);

(i)' (Subnets) If a net (f;) converges to f, so does each subnet of (f;), ie. if

((fi)re A-f) € C(0), then ((g#)#eM,f)e C(o) for every subnet (gu) of (f3);

(iti) (Divergence) If a net (f;) does not converge to f, then there is a subnet (gu) of
(f;) no subnet of which converges to f, ie. (f))3c-f)¢€ C (o), then there is a subnet (gu) of

(f,) such that ((h,),. y.f) & C(0) for every (h,) subnet of (8,)-

For (iii), let (f;) be a net in YX,fe Y* such that (fi)ren f)E C(o). It means that
there is a Gy € AN(f) such that for every A€ A there is a '€ A so that ’> 4 and f), ¢ G, Thus
there is a cofinal subset M c A such that fue G, for every pe M. It follows that ( fu )ue M is 2

subnet of (f;), no subnet of which converges to f. 0

The space (YX, 0') is topological if and only if its convergence class satisfies the axiom of

(Iterated Limits). (See Kelley [10] Theorem 2.9 and (Vlech [2] Theorems 15 B.13 and 35A,3).

Denote by C * the class of all pairs (( fidae a»f) such that (f;) is a net in Y X which

cc

converges continuously to fe Y% ie. C* = {H)ae n D)€ YX and fy, = f}. By Theorem
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5, o is proper if and only if C *c C(0); o is admissible if and only if the reverse inclusion holds:

Co)ycC™.

Theorem 7 — The class C” satisfies the axioms (Constants), (Subnets) and (Divergence).
PROOF : For (Constants) and (Subnets) is clear.
(Divergence) Let (f;) be a net in ¥*,fe Y* and let ((f}); s /)€ C*. By Theorem 3

a— 1 . . . -
there is a subset BcY such that lim f; (B) is not contained in f 1(v(B)). Let
A

-1
xe Iim f; B)\f -1 (v (B)). Let A(x) be the set of all neighbourhoods of x directed by inverse
A

inclusion and let M=AX N(x). If u=(A, U)e Ax N(x), let ¢: M — A be denned by @ (u)e A

. -1 .
such that p(u)=@A, U)2A andfq’(u) (B) M U#¢. The net (gu)uEM’ where gu=f<0(u)’ is a
subnet of (f; ).

Let (h, ) be a subnet of (gu) and y: N —> M be the corresponding map. In order to prove
that  ((h,),c N )€ C* let VWeEN and Ue Nx). If l//(vo)=(lo, UpeM, set

O =U, N Ue AN(x) and u0=(10,ﬁ ). There is v; € N such that Vi2V, and v2v, implies
-1 -1
w(v)2u, For any v2v, and y(V)=(A U) we have h,, (B) N\ U = oy B) MU

-1 -1 -1
f(p(w(v)) B) M ﬁ:f(p(w(v)) B) N ﬁ¢¢. It means that xe Tim h, (B) and hence
N

— 1 . . - . . . . o
lim h, (B) is not contained in f 1(v (B)). Thus the axiom (Divergence) is satisfied.
N

Corollary 4 — C” is the convergence class of the finest proper topology on Y X if and only

if C* satisfies the axiom (Iterated Limits). O

Theorem 8 — A subset G in Y% is open in the finest proper topology if and only if for
every fe G and for every net (f});. A inY X such that (4) holds, there exists a Aye A such that
f1€ G for every A2 A,

PROOF : (¢=:) Let T be the collection of subsets in ¥* with the given property.
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1° 1 is a topology on YX for G,G,e 1, fe Gy M G, and a net (f;), . 5 satisfying (4),
there are 4,4, € A such that fy € G; for all A24,i, = 1, 2. Then f€ G, M G, for all 124,
= max{4,,A4,}. It follows that G; M G, e 1. Similarly, if {G,lee A} ct and G =

UaeAGa , let fe G and (f));. o be a net which satisfies (4). There is an o such that

fe G"‘o’ and since (4) holds, there exists a Aoe A such that f; e Gaoc G for every A2 20 Thus

Ge 1.

cc

— —1
2° 1 is proper: let (fl)).e A be a net such that fl — f. By Theorem 3, Iim fA B) c
A

f -1 (v (B)) for every subset B in Y. Let fe G € 1. By the assumption, there exists a loe A such

T
that fle G for every 1210, that is f/1 — f. By Theorem 5, T is proper.

3° 1 is the finest proper topology: let ¢ be a proper topology on YX and He o Let
cc (o2

fe H and a net (f).)/leA satisfy (4). By Theorem 3, fA — f. Since o is proper, fA — f. By
definition of convergence, there exists a 10 € A such that fle H for every l?.lo. By definition of
T, He 1. Thus oc .

(=:) Let a subset G in YX be open in the finest proper topology 7, let fe G and ( f,l) be

cc T
a net satisfying (4). By Theorem 3, f/l — f. Since 7 is proper, f/1 — f. By definition of convergence,
there exists a loe A such that fie G for every A2 )"0' J

Trivial examples of (the greatest) admissible topology and (the smallest) proper topology on

YX are the discrete and the indiscrete topology respectively. A less trivial example of a proper
topology in the setting of topological spaces is the topology of pointwise convergence (point-open
topology). Its equivalent in closure spaces is given by the next result.

Proposition 1 — The product closure operator on Y¥is proper.

PROOF : Since a mapping g (Zw) —>(YX, 0') is continuous if and only if the function

p, © g :(Z, w)—>Y is continuous for every x € X, that is the restriction of g on the set {x} X Z,

it is clear that continuity of g implies that of g". 0

Note that the separation axioms T, T}, T,, T5, are shared by the product closure space and

its coordinate spaces. (Cf. Theorem 1.7 in Georgiou [5]).
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Proposition 2 — If in the space (X, u) the neighbourhood system at each point has the
smallest element, then the product closure operator on Y X is the finest proper one.

PROOF : By Theorem 1 it can be easily proved that in this case the product closure operator

is admissible and thus, the finest proper one. (Cf. Theorem 3 in Georgiou and Papadopoulos [6]).

In order to give nontrivial examples of admissible and proper topologies and to get results

analogous to Theorems 4.1 and 4.21 in Arens and Dugundji [1], we consider the following sets. Let

V= {(VcYlint,V#¢} For AcX and Ve V. set (A4,V) = {fe YXIf(A)cV}.

1° Let 4 be a family of subsets of X. The collection {(4,V)IAe A,Ve ¥, V=int, V}, is

a subbase for a topology on Y%, which will be called the A-open topology or set-open topology.
pology

2° Let C be an interior cover of X. The collection {(x (K),V)IVe ¥} for all K< X such

that u(K)c C for some Ce C, is a subbase for a topology on YX, which will be called the

C-topology.

Theorem 9 — Let (X, u) be a regular closure space and (Y, V) be arbitrary. For every

interior cover C of X, the C-topology is admissible.

PROOF : By Theorem 1, it is enough to prove that the evaluation mapping is continuous.
Let fe Y¥xe X and Ve N(f(x) ,fx)=€(f,x). By continuity of f, the set U = f"l(V)
€ N(x). Choose a Ce C so that xe int,C. Then U M C € A[(x) and by regularity of X, there is
aU e A(x) such that x e int, UycU cu(U)cU M C. For the subbasis element (u (U, V) in
the C-topology, €((u U),V),U)cV since for every fie @), V) and each

X € Ul,z-:(fl,xl)=f1 (x)) e V. ]

Theorem 10 — Let (X, u) and (Y, v) be closure spaces and A be a collection of compact

subsets in (X, u). The A-open topology is always proper.

PROOF : Let g: (Z, w) X (X, u) = (¥, v) be a continuous function. In order to prove continuity
of the mapping g": (Z, w) — (YX’ o), where Y¥ is endowed with the A-open topology, let ze Z

and f=g" (z). For a subbasis element (K, V) containing f, where K is a compact set in X, f(K) =
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g({z} x K) cint,,V=V holds. By continuity of g for every x€ K, g (z, x) € int,,V is equivalent to

Ve N(g (z x). It implies that for every x € K there exist a W, € A(x) and a U € N(x) such that
g (W,xU,)cV.

Hence {U,lxe K} is an interior cover of the compact set K, so there is a finite subcover

k
{Ux‘li=l,...,k}. Set W=~ W_. Then We N(2). It follows that g(WxK)c

i=1
k .
gl U (Wx‘x Ux.) c V. Thus g(Z,K)cV for every 7’ € W, implies g* W)c (K, V).

i=1

3. SOME SPECIAL CASES INCLUDING 6-CLOSURE

1° Let (X,u) be a closure space and (¥, ) be a topological space. A function
F:(X,u) = (Y, V) is continuous if and only if the function f: (X,u)— (¥, V) between topological

spaces is continuous, where u is the topological modification of the closure operator u. Then the

problem is reduced to the topological case since Y X=¢c (X, U ), Y) and the topological modification
of the product of closure spaces is the product of topological modifications.

2° It was already remarked that @-continuous functions are continuous functions of the
corresponding Cech closure spaces. Compact sets in (X, clg) are ( quasi-) H-closed (g-H-closed) in

(X, U). Thus Theorems 3.1-3.6 and 4.2 in A. di Concilio [3] are special cases of Theorems 2, 1,
4, 5 and 10, respectively.

If (Y, V) is regular, the 8-topology ¥,= V. Then for a topological space (X, U), a function

f: (X, U)—> (¥, V) is 6-continuous if and only if f:(X,cly) = (¥, V) is continuous, which is

equivalent to f: (X, ‘Ue) — (¥, V) being continuous ((erch [2], Theorem 16 B.4). Note that the

topological modification of Ucly is Uy, the topology of 6-open sets in (X, U).

3° A large number of continuous-like mappings between topological spaces are known in
the literature. Recently, Georgiou and Papadopoulos [7, 8] have considered some of them and

investigated splitting and jointly continuous topologies on the sets of these functions. Let us remark
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that all these examples and the main results are special cases of our subjects of investigations. For
that, let (X, U) and (Y, V) be topological spaces. It follows from the definitions that a function

X U->EY)is:

(1) strongly 6-continuous (cf. Georgiou and Papadopoulos [7]) at a point x (on the set X)

if and only if f: (X, ‘Zle) — (Y, V) is continuous at x (on the set X);

(2) super-continuous (cf. Georgiou and Papadopoulos [8]) at x (on the set X ) if and only

if f:(X,U,) - (, V') is continuous at x (on the set X), where ‘le is the semi-regularization

topology of U (see Gauld, Mr3evié, Reilly and Vamanamurthy [4], for example);

(3) weakly continuous (cf. Georgiou and Papadopoulos [8]) at x (on the set X ) if and only

if f: (X, U)— (Y, Vcly) is continuous at x (on the set X);

(4) weakly @-continuous (cf. Georgiou and Papadopoulos [8]) at a point x (on X) if and
only if f: (X, U;) = (¥, Vcly) is continuous at x (on X).

Also 6-convergence of a net (x#) in (X, U) means convergence of (x# )#E y in the

ueM

corresponding closure space (X, Ucly), while weak 6-convergence of a net (x# )”e y in (X, U) is

convergence of (xu )ye p in (X, U).

Similarly, 6-continuous convergence (respectively: strongly 6-continuous convergence, weakly

6-continuous convergence, weakly continuous convergence and super continuous convergence) of a
net (f3)ie A in Y is continuous convergence of (f;);. o for the corresponding closure spaces.

Thus, by the technique of changing closure operators, the main results in Georgiou and Papadopoulos

[7, 8] are special cases of Theorems 1-10 of this paper.
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