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1. INTRODUCTION

In this article we describe the work of Knus, Parimala and Sridharan on the discriminants of
involutions. In the eighties, Knus, Parimala and Sridharan were interested in classification of low
rank quadratic forms and also the splitting of involutions on central simple algebras of rank 16.
During this period, they attached an invariant with values in k* = k\ {0} modulo k*? called
discriminaent (rather pfaffian discriminant ) to an involution on a central simple algebra over a field
k. In fact they also showed that this invariant precisely gives the obstruction to the splitting of an
involution on a rank 16 central simple algebra into a tensor product of involutions on quaternion
subalgebras.

In the second section, we recall a definition of the discriminant of an involution. In the third
section, we discuss the splitting of involutions on rank 16 central simple algebras. In the last section
we discuss some natural questions on the discriminants of involutions on central simple algebras.
Most of the definitions, theorems and their proofs are taken from the papers [1-5].

2. DISCRIMINANT OF INVOLUTION

Let k be a field of characteristic not equal to 2. Let A be a central simple algebra over k with
an involution o (i.e. ¢ is an anti-automorphism of order 2 of A and o(A) = A for all A € k). For
example let M, (k) be the algebra of square matrices over k of size n. For any X € M,(k), let
00(X) = X*, where X* denotes the transpose of the matrix X. Then oy is an involution on M, (k)
Let n = 2m be even and 79(X) = JX!J~! for X € M,(k), where J is the standard alternating

0 1
matrix consisting of diagonal blocks 1ol Then 7 is also an involution on M, (k). Let A be a
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central simple algebra with an involution o. It is well known that there exists a field extension L of
k such that A®y L ~ M,(L) and ¢ ®id is either g or 79. In the first case o is called an orthogonal
involution and in the second case it is called a symplectic involution. Let

St={z€A|o(z) =1}
and
S; ={z € A|o(z) = -z}.

The elements of S} are called the symmetric elements and the elements of S; are called the
antisymmetric or skew-symmetric elements for o. Since the dimension of the space of symmetric
matrices of size n is n(n+1)/2 and the dimension of skew-symmetric matrices of size n is n(n —1)/2.
We have ([6], p.303)

dim(S ;t) _ ﬂ"—zi—ll if o is orthogonal
2n#l)  if o is symplectic,

where the rank of 4 is n?.

In [1], the discriminant of involution is defined using the reduced pfaffians. In fact in that paper
the discriminant is defined for involutions of Azumaya algebras over rings. In [4], they showed that
their definition of discriminant is equivalent to the following:

Definition: Let A be a central simple algebra over k, with an involution o. The discriminant of o,
denoted by disc(c), is defined as the square class of the reduced norm of any antisymmetric element
if o is orthogonal and the square class of reduced norm of any symmetric element if o is symplectic.

In particular, if ¢ is a symplectic involution, then its discriminant is trivial.

3. INVOLUTIONS ON RANK 16 CENTRAL SIMPLE ALGEBRAS

Let k be a field of characteristic not equal to 2. Let a,b € k*. Let H be the algebra generated
by i and j with relations i> = a, j2 = b and ij = —ji. Then it is easy to see that H is a rank 4
central simple algebra over k, known as a guaternion algebra. Every element of H can be written
as a + bi + cj + dij, with a,b,c,d € k. Define 7(a + bi + ¢j + dij) =a — bi — cj — dij. Then T is a
symplectic involution on H. Any orthogonal involution on H is given by int(z) o7, with 7(z) = —=z,
where for any x € H*, int(x) denotes the inner automorphism given by z, i.e. the automorphism
y+— zyz~! of H.

Let A be a finite dimensional central simple algebra over k. The rank of A is defined to be the
dimension of A over k. Since A ®; L ~ M,(L) for some field extension L of k, rank of A is n2.
Therefore the first non-trivial example of a central simple algebra has rank 4. Let A be a finite
dimensional central simple algebra over k with an involution 0. Then it follows that the rank of A
must be even. Therefore after the quaternions, the next central simple algebra with an involution
is of rank 16.

Let Hy and H; be two quaternion algebras over k and oy, o5 involutions on H;, Hs respectively.
Let A= H; ® H, and 0 = 0; ® 2. Then A is a rank 16 central simple algebra over k and o is an
involution on A.

The following is a classical result of Albert [7].
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Theorem. Let A be a rank 16 central simple algebra over k with an involution. Then there exist
quaternion subalgebras Hy and Hy such that A = Hy ® Hs.

It is natural to ask the following
Question Let A be a rank 16 central simple algebra over k with an involution o. Does there
exist quaternion subalgebras H;, Hy and involutions o1, o2 on H; and Hy respectively, such that
A=H,® Hy and o =0, Q@ 03.

It is not that difficult to see that the above question has an affirmative answer if and only if 4
admits a quaternion subalgebra over & which is invariant under o (see Lemma 1 below).

Amitsur, Rowen and Tignol [8] have constructed examples of rank 16 central simple algebras
with involutions which do not admit invariant quaternion subalgebras, giving a negative answer to
the above question. Rowen [9] also proved that if A is a rank 16 central simple algebra over k and
if o is a symplectic involution, then A admits a ¢ invariant quaternion subalgebras. Thus if o is
symplectic, then the above question has an affirmative answer.

We have the following theorem of Knus, Parimala and Sridharan [2].

Theorem. Let A be a rank 16 central simple algebra over k with an involution 0. Then A = H; ® H,
and 0 = 01 ® 02 for some quaternion subalgebras Hy, Hy of A with involutions a1, oo if and only if
disc(o) is trivial.

Lemma 1. Let A and o be as in the above theorem. Then A = H, ® Hy and 0 = 01 ® 03 if and only
if there is a quaternion subalgebra of A over k, which is invariant under o.

Proof. Assume that A admits a quaternion subalgebra H; over k, which is invariant under o. Let
H; be the commutant of H; in A. Then A = H; ® H; ([6] p. 292). By comparing the ranks we
see that H; is also a quaternion algebra over k. Since H; is invariant under o, H; is also invariant
under o. Let o, be the restriction of o to H; and o3 the restriction of o to Hs. Then 0 = 01 ® 05.

The converse is trivial. a
Lemma 2. Let A be a central division algebra over k of rank 16, with an involution. Let o be an
involution on A and x € A* such that o(z) = —z. Suppose that the reduced norm Nrd(z) of = is a

square in k. Then there ezists an element y € A such that o(y) = —y, z +y # 0 and (z + y)? € k.
Proof. If 2% € k, then, let y = 0 and we are done. Assume that z2 ¢ k. Let L = k(z) C A be
the field generated by z over k. Then L/k is of degree 4. Since o(x) = —z and o is identity on k,
the minimal polynomial of = over k is of the form X* + aX? + b, for some a,b € k. Let E be the
splitting field of the polynomial X* + aX? + b over k. Let y € E be a conjugate of = over k, which
is not equal to = and —z. Then z, —z,y, —y are all the conjugates of = over k and z2y? = b. Since
Nrd(z) = b is a square in k, we have b = ¢? for some c € k. In particular zy = ¢ € k. This implies
that y € L and o(y) = —y. Since 22 + y? = a € k, we have (z + y)? = 22 + y%2 + 2zy € k. Since
T # —y, we also have z + y # o. O
Proof of the Theorem. By the Lemma 1, it is enough to show that the discriminant of o is trivial if
and only if A admits a quaternion subalgebra over k which is invariant under 0. We give the proof
only in the case where A is a central division algebra over k. Assume that A is a central simple
algebra over k of rank 16.

Suppose that A admits a quaternion algebra H over k, which is invariant under o. If ¢ is a
symplectic involution, then as we noted earlier the discriminant is always trivial. Assume that o is
orthogonal. Let x € H be such that o(z) = —z. Then the reduced norm of z € A is a square of the
reduced norm of z € H ([6], p.298). Since disc(o) is the reduced norm of z € A modulo squares, it
follows that disc(o) is trivial.
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Assume that disc(o) is trivial. First assume that o is an orthogonal involution. Let £ € A* be such
that o(z) = —z. Then Nrd(z) = disc(o) modulo squares in k. Since the disc(o) is trivial, Nrd(z)
is a square in k. By Lemma 2, there exists an element y € A such that o(y) = —y and (z +y)? € k.
Assume that o is a symplectic involution. By the theorem of Albert, we have A = H; ® H, for
some quaternion subalgebras H; and H,. Let 73 and 75 be the symplectic involutions on H; and H,
respectively. Then 7 = 74 @ 7» is an orthogonal involution on A of trivial discriminant. Therefore
T = int(z)o for some z € A* with o(z) = —z ([6], p. 304). Since 7 is orthogonal involution of
trivial discriminant and 7(z) = —z, we have Nrd(z) € k*2. Now by Lemma 2, there exists y € A
such that o(y) = —y and (z + y)? € k*. Therefore in both the cases we have obtained a non-zero
element z € A such that o(z) = —z and 2% € k. Let L = k(z). Since o(z) = —2z, the restriction of
o to L is the non-trivial automorphism of L over k. By ([3], 3.4), there is a quaternion subalgebra
H of A over k such that the restriction of ¢ to H is the symplectic involution. This completes the
proof of the theorem. ]

4. DISCRIMINANTS OF INVOLUTIONS

Let D be a rank 16 central division algebra over a field k, with an involution. By the theorem
mentioned in the previous section, there is an involution o on D which does not admit an invariant
quaternion subalgebra if and only if the disc(c) is non-trivial. Thus it is natural to ask the description
of the set of discriminants of involutions on D. Note that the set of discriminants is a subset of
the group of reduced norms of non-zero elements of D modulo squares in k*. More generally let D
be a central simple algebra over a field k£, with an involution. The following question concerning
discriminants of involutions on D was raised by many mathematicians including Knus, Lam, Rowen,
Saltman, Tignol cnd Yanchevskii.

Question Is the set of discriminants of involutions on D equal to the full group of reduced norms
of non-zero elements of D modulo squares in k?

Let k be a field of characteristic not equal to 2 and D a quaternion algebra over k. Let D be
generated by ¢ and j. Then the set of discriminants of involutions on D is the set of reduced norm
of elements of D of the form ai + bj + cij ("trace zero elements”), with a,b,c € k. It is not that
difficult give an example of a quaternion algebra for which the above question has a negative answer.

For division algebras of rank 16, a positive answer to the above question was given by Knus, Lam,
Shapiro and Tignol {10]. Parimala, Sridharan and Suresh, proved the following [5].

Theorem. Let k be a field of characteristic not equal to 2. Let D be a central division algebra of rank
> 16, with an involution. The group of reduced norms of non-zero elements of D modulo squares in
k* coincides with the set of discriminants of orthogonal involutions on D.

Proof. We give a proof of the theorem in the rank 16 case. The general case is a little technical and
we refer the reader for a proof to the original paper [5].

Let D be a central simple division algebra over k of rank 16 with an involution. Let u € D*.
We have to show that the square class of the reduced norm Nrd(u) of u is the discriminant of an
involution on D. Let 7 be a symplectic involution on D. The the dimension of S; is 10. Since k is
not contained in S7, we have dim(S; + k) = 11. Since 7 is symplectic, disc(r) = 1 and if u € S},
then Nrd(u) € k*? and by ([5], 1.3), there is an orthogonal involution of discriminant Nrd(u).
Assume that u ¢ S. Then (uS;F)N(S; +k) # {0} and hence there exists v € S;, v 3 0, such that
uwv € ST +k. Let A € k and w € ST be such that uv = w + X. Since u ¢ S}, w # 0. Since Nrd(v)
is a square, we have Nrd(u) = Nrd(w + A) modulo squares in k*. The subfields k(w + A) and k(w)
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of D generated by w + A and w coincide. Since 7(w) = —w and w # 0, the degree of k(w) over
k(w?) is 2. By ([5], 1.3), there exists an orthogonal involution ¢ on D of trivial discriminant, which
is identity on k(w). Let o' = int(w + A)o. Then we have disc(o’) = Nrd(w + A)disc(o) = Nrd(u)
modulo squares in k*.
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