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In this paper, a non-linear mathematical model is proposed and analyzed to study the combined
harvesting of a system involving two competitive species having a resource dependent carrying
capacity. Bounds for existing solutions of the system and criteria for the existence and sta-
bility of positive equilibria are obtained. The dynamical behavior of the system is studied in
both the local and global senses. We also obtain the optimal harvesting policy for sustainable
development of the species.
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1. INTRODUCTION

The study of biological system with harvesting is a subject of mathematical bioeconomics. The
basic idea and techniques related to this field were first introduced by Clark [1]. Bhattacharya and
Begum [2] discussed the feasible bionomic equilibrium points for a two species system. Pradhan and
Chaudhuri [3] studied the dynamics of a two species fishery taking tax as a control instrument and
obtained its optimal harvesting policy. They [4] also investigated exploitation of a single schooling
fish species with a realistic catch rate function. Mesterton-Gibbon [5] described a technique to find
the optimal harvesting policy for two competitive species when the harvest rate is proportional to
the harvesting effort and either a single stock is selectively harvested or both stocks are harvested
together. When a resource is present in the system, it works as an alternative source of intake
and this shows a slight difference in stability. Chattopadhyay et al. [6] discussed a resourced-
based competitive system in a three species a fishery. Dubey et al. [7] in their paper discussed the
dynamics of a fish population dependent on a logistically growing resource with harvesting effort
as a dynamic variable proportional to the net revenue of the harvester.
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Keeping all of the above in mind, in the present paper, a nonlinear mathematical model on the
combined harvesting policy for two competitive species having resource dependent carrying capac-
ity is proposed and analyzed. Conditions for the existence of nonnegative equilibria and criteria for
their local and global stability are obtained. Finally, a combined harvesting policy for two competi-
tive species is discussed by using Pontryagin’s maximum principle.

2. THE MATHEMATICAL MODEL

The system of differential equations governing the biological community is as follows:

dR a1 Rx as Ry

— = R(Rg-aR) - - ;

dt (Ro—aR) - 23 "R+ 5

dzx T

- = ——— | - Ex - ,

7 " [1 Kl(R)] qaFEx —mzy

dy Yy

v _ Y | - @Ey-nwy, 2.1
= 2y [1 Kz(R)] Qo Loy — nTY @n

with initial conditions R(0) > 0,z(0) > and y(0) > 0.

Here R(t) denotes the concentration of the resource biomass. x(t) and y(t) are the concen-
trations of the competing species. It is assumed that the resource biomass grows logistically with
the supply rate of the external resource input to the system a constant Ry and its density reduces
due to certain degradation factors present in the environment at a rate aR. Both competing species

also grow logistically with their growth rate coefficients 71,72 and resource dependent carrying
capacities K {R), K2(R) respectively such that

K;(0)=Kip>0, K/(R)>0, i=1,2 (2.2)

The uptake of resource biomass by the species is taken as a Holling type-II functional form to
represent the feeding rate of competitive species where a; and §; are the rates of uptake and half
saturation constants respectively for i = 1,2. E is the combined effort to harvest both competitive
species with catchability coefficients ¢; and g respectively, m and n are the competitive coefficients
of the two species.

Since when r; < @1 E and rp < qF, %’f < 0 and %% < 0, then both competitive species
approach to zero. So throughout in this paper, we assume

nm—qE>0 and rp—q@E>0 (2.3)

Now, we shall prove the boundedness of the system (2.1).
Lemma 1 — The set

0= {(nrmocneRococn () 0cy (%))

attracts all solutions initiating in the interior of the positive orthant.
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PROOF : From (2.1)

dR
< -
7 < R(Bo—aR)
On integrating,we get
Ro/a
R(t) < .
= R(0)-Ro -
[ (M) e
Whent — oc, we have Ry
R(t) < @

Similarly, we can prove the other parts of the lemma.

3. MATHEMATICAL ANALYSIS

a. Existence of Equilibrium Points

It is easy to check that there are eight non-negative equilibria namely Py(0, 0, 0), P1(Ro/a,0,0), P
(0), (1 - ﬂ?) KlO,O) . P (o,o, (1 - 9%) Kzo) . Py(R,7,0), Ps(R,0,3), Ps(0,%,7) and
P*(R*,z*,y*). The existence of Py, Py, P, and P are obvious and to show the existence of other
equilibria is routine work. So we discuss only the existence of interior equilibrium point.

The non-trivial interior equilibrium P*(R*, z*,y*) is the positive solution of following algebraic
equations:

Ry — aR —

it A (3.1a)
R+ R+ 39

__ Ki(B)[r2(r1 = @1 E) — m(r2 — @2E)K(R)]
T= rirg — mnK,(R)Ks(R)

= fi(R). (3.1b)

and

K3(R)[r1(r2 — ¢2E) — n(r1 — ¢ E)K1(R))]

= = fa(R
y rire — mnKi(R)K2(R) f2(R)
Using (3.1b) and (3.1c) in (3.1a), we get

(3.1¢)

a1fi(R)  aafa(R)

Ro—aR- s ~Re i ~
ekine AR cafalB)
D _ _an _Q2)2
g2(R) = Ro —aR Rib  Rif
we have
_p _afi(0) a2fe(0)
92(0) = Ro 5, B
and
_ _ofi(Ro/a) _ aafo(Ro/a)
92(Ro/a) = Ry/a+ 5 Ro/a + B2 <0
So. if

a1f1(0)  oazf2(0)
Ro - 8 B >0
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there exists R*,0 < R* < Rg/a which satisfies equation go(R*) = 0.
For R* to be quique, we must have

a1 fi(R) | asfa(R)  oufi(R) oafy(R) <0

92(R)='“a+(R+51)2 (R+ﬁ2)2—(R+ﬂ1)_(R+52) .

Also for the existence of P*(R*, z*,y*), one of the following inequalities must hold

and

and

(1) rao(r1 —qE) > m(rz — 2E)K2(R)

r1(re — @2E) > n(r1 — q E)K1(R).

() r2(r1 — qE) < m(rz — 2E)K>(R)

r1(re — @E) < n(r1 — q E)K1(R).

b. Stability Analysis

The local stability of each equilibrium point can be studied by computing the corresponding vari-
ational matrix. From variational matrix analysis, following points regarding the local .tability of
equilibria can be concluded:

1.

Py is unstable in R — = — y space.

P, is a saddle point whose stable manifold is locally stable along R-direction and has an
unstable manifold in the  — y plane.

When Ko > max 7R°—ﬂ15117, ‘{ﬁf_";—ﬁ}%} then P; is a locally asymptotically stable equi-

a1(ri—q
librium. Otherwise it is a saddle point.

P; is a locally asymptotically stable equilibrium point if equilibrium level of the second
species satisfies %KQO > max {—R—gg”-, ﬂ—";r%‘—b:} Otherwise it is also a saddle point.

. Py is a locally asymptotically stable equilibrium if > 1"3—';1932 Otherwise it is saddle point

with its stable manifold locally in the R — z plane and unstable along the y-direction.

When y > ﬂ:n;‘@, Ps is locally asymptotically stable. Otherwise it is a saddle point with its
stable manifold locally in the R — y plane and unstable along the x-direction.

When Ry — 93\1-@ - %’-’-} < 0, using Gershgorin’s theorem [8], we can see that Ps is locally
asymptotically stable if the following inequalities hold.
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7‘15«’2I§i © ., T2:¢?2-’§é(0) cf oy Ro
Kio K3 b1 B
ng < nZ
Ko
and -
- T2y
mi < —.
Kao
The variational matrix corresponding to (R*, z*, y*) is computed as
- M * ayy* R* aR* S
—R (a ~ ReiEY Ui'+625’) ~“RYE TR
M* = ﬁ;ﬁ&') S T A
= KH(R) Ki(R)
2
r2y* K3 (R*) * T2y
- KRR Y Kol
It can be observed that if the inequalities
rlm*zK{(R) rgy*zKé(R*) < (a ozt ooyt ) *
Ki(R*) K3(R*) (R*+51)2 (R + ()2
o R* riz*
+ny* < (3.2)
R+6 Y SR
and
aR* T2y’

o 22

RF+6 ™ S K®)
then by Gershgorin’s theorem [8], all eigenvalues of M* have negative real parts and the interior
equilibrium (R*, z*, y*) is locally asymptotically stable.
Theorem 3.1 — In addition to equations (2.2), if the carrying capacities of the species satisfy

0 < K{(R) < p1, 0< Ky(R) < p2

for some positive constants p;, p» with inequalities.

(rle(Ro/a)px + 31)2 r (a ozt oy’ )
K2, o) K1 (R*) Bi(R*+ B1) Ba(R* + B2)
(7‘21{2(30/‘1)!’2 + 93)2 <" (a ozt agyt )
K3 B2 Ka(R*) Bi(R* + B1)  BaR* + B2)
and i
(M +n)? < —mir?

K\ (R*)K3(R*)
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Then (R*.x*.y*) is globally asymptotically stable with respect to all solutions initiating in the
positive orthant.

PROOF: Let us consider the positive definite function about (R*, z*, y*)

V(R,z,y) = R—R*—R'In (£>+x—x*

R*

—z" In (f;) +y—y ' —y'In (%)

After some algebraic manipulations and utilizing functions.

(m:m_m%j/(R—R*)) R+ R*

m(R) = i=1,2.
K (R*) _ D«
T RAR) R=Fk

The derivative of V i.e. V can be written as

: 1 1 e
V. = —5hu(R- R*)? + bi12(R - R*)(z — z*) — Fboa(z — 2 )?
1 *\2 * * 1 *\2
—5511(R - R)*+bi3s(R-R")(y—-y") — 5533(1/ -y
1 *\2 * * 1 *\2
—--2-522(50 —2")" +ba(z —2")(y —y") — §b33(y -y)
where
b = q-— 012” _ oy”
T YT RYBE +6) R+ B)(R T )
1 o
= = boa = — R
baz Kl(R*)’b33 ) (m+mn)
(071 a2
big = —-rzm(R) - E_l_—ﬂl,bls = —raym(R) — Bi0

The concitions for V to be negative definite are given by

b2, < biiba,
b2; < byybas,
and
b%3 < bogbas.
It is clear that the inequalities in the theorem imply negative definiteness of V. Also the subset of

Q for V = 0, contains only the equilibrium point (R*, z*,y*), and hence system (2.1) is globally
asymptotically stable about (R*, z*,y*).
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4. OPTIMAL HARVESTING PoLICY
In this section, we discuss the optimal harvesting policy that maximize net revenue at any time that
is given by
m(R,z,y, E,t) = (p1q17 + pagay — ) E

where c is the harvesting cost per unit effort, p; and p, are the price per unit biomass of x and y
respectively. Our problem is to optimize the function

oC
p= /0 e (p1q1z + pagay — ) E dt

subject to state equation (2.1) by using Pontryagin’s maximum principle with J as the instantaneous
annual rate of discount.

The corresponding Hamiltonian function with Ay, Ag, A3 as adjoint variables is given by

arRz  aaRy
R+3 R+03s

H = e (piqiz + pagoy — ¢)E + Ai(t) [R(Ro —aR)

+A2(t) [rlx (1 - ﬁ) —qEx - mxy]

+A3(t) [rgy (1 - %) — qFEy — nxy] .

As per the maximum principle, we must have

d\ OH d\p  OH d)3 OH

dt T R’dt o' dt 9y’

At the equilibrium (R*, £*, y*), the above equations reduces to

« Rz o R*y*
{D"(“R & + 52 (wa)}Al

2 2
me? KI(RY) . roy* Ki(R*)
Ao+ A3 =0,
KR 7 KR P
o R* rz* x —5t
- M4 (D= LE ) h—myths=— E
R+ 5 ‘+( Iﬁ(R*)) 2Ty As=Te
and R
o R* roy* -5t
- A — nz*\ D-—"—))3=—e E
B+ 75 1 —Nnx 2+( KQ(R*)) 3 P2q2
where D = g;

On eliminating A, and A3 from the above equations, the reduced differential equation in A; can
be written as

(D® + oD% 4 1D + ¢o)\y = Mye™® 4.1
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where
. a1 R*z* as R*y* riz* roy* ]
= —|aR* - - ;
= [" B +5)° (R +BR KR KR
. o R*z* asR*y* ][ riz* roy* ]
a = |eR" - - +
' [ (R*+ 1) (R*+62)?] | K1(R*)  Ka(R¥)
2
% r179 R*alrlx* K{(R*)
+x = —mn ) +
v (Kl(R*)K2(R*) ) (R* + B1)K{(R*)
R*QQTQy*ZKi(R*)
(R* + B2)KZ(R*)’
_— x alR*z* agR*y* :| ( 7179 )
g = —2I aR* — — —mn
0 v [ (R*+ B2 (R +$2)?) \Ki(R)K2(R")
+ R*ay  ri2* -nx*y*K{(R*) _rgy*zKé(R")
(R* + 32) K1(R*) i K (R*) K2(R*)
4 R'oy  roy* |ma*y*KL(RY) _rlx*zK{(R*)
(R*+61) K2(R*) | Ka(R*) K}(R*)
2
p2ger2y”” K5j(R¥) ( riz* )
My = F 6+ ——o
! K2(R*) Ki(R*)

+

marz* K} (R*) (5 roy* )
K%(R*) Ky(R*)

gy [ P22 K (RY) plqlmrzy*Ké(R*)}]
| K{(R*) K3(R) '

The complete solution of equation (4.1) is
A(t) = Are®t + Apev?t Aze®t + ]le-e"”
where the A;,s are arbitary constants and the a;,s are roots of equation
m3+c2m3+c1m+co =0, 1=1,2,3
and
N==84c%—c16+co#0.

Taking A; = 0 (i = 1, 2, 3), we have (e®)\; = 4.
Similarly, we get e%tXy = 2 and e%)3 = 43,
where

alR*x* OLQR*y* }
My, = F R* - — é
2 [{ ®+0)2 B+
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roy* .
{PIQI (6+ K2(R*)) P2gony }

_raR'y" Ki(RY) { P2 prg1iae }
K2(R*) R +381 R+ 0>

and

N a1 R*z* as R*y* }
M. = F R* — — +4
: [{a (R*+61)?  (R*+ B2)?

P22 {6 + ) — prgyma”
_ K\ (R*)

_nRzVK)(RY) [ ppon plqlaz}
K?(R*) R*+31 R*+03

Again, the condition that Hamiltonian H must be maximum for E € [0, Epax] is
OH - * *
3E = °© S (p1q1z* + pagay® — €) — Aoqiz” — Aagay” = 0. (4.2)

Substituting the values of A3 and A3 in (4.2), we have

M, M;
*(p— =) + qy* ——}|=c 43
a ( ! N) QY (P? N) c (4.3)

The above equation with the value of E at the interior equilibrium given as,

1 z* x 1 y* ) *]
E== 1 e | — == 1- - nx (4.4)
an [’"l ( KI(R*>) my ] P [’2 ( K(rR)) ™

which gives the optimal equilibrium level of the competitive species i.e. x5 and ys. The optimal
value of E can be obtained from (4.4). Here, it can be noted that optimal values of =5, ys and E are
defined on R*, the equilibrium level of the resource biomass.

From the analysis carried out in this section, we observe the following facts:

(i) Since €% );(i = 1,2,3) are independent of time, i.e. remain constant over the time in the
optimal equilibrium, they satisfy the transversality condition.

(ii) From (4.2), we have

doqrz® + daqey® = e (pig1a” + pags — o)
—a O
OF"
Thus, the total user’s cost of harvest per unit effort is equal to the discounted value of the future
price at the steady state effort level.
(éii) Equation (4.3) can be rewritten as

(Maqiz* + M3goy*)E
~ .

T = (pqaz* +p2qey* —c)E =

71
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From the expressions for My, M3 and N, we note that 7 is a decreasing function of § and when
é — oc, we have

M, M3

piq1x” + pagay™ — ¢ — 0 since and N — 0.

4

Thus, the net economic revenue to the society becomes zero when the discount rate is infinite.

5. NUMERICAL ANALYSIS
In this section, we study the applicability of the model (2.1) by choosing the following functions
and values of parameters for our numerical calculations

K1(R) =100+0.2 R,
Ky(R)=T75+0.2R,

r1 = 10,07 = 0.2, 81 =1, m=0.02,
ro = 9. a9 = 0.2, By =1, n=0.05
Rp =100,a =1, a=1 g=1

We perform analysis in the absence and presence of resource biomass for different values of
harvesting effort.

when R = 0,
E z 0]
0 92.7256 36.3636
2 74.5441 27.2727
4 56.3626 18.1818
when R # U.
E R* * y*
0 99.7071 111.2416 36.2667
2 99.7694 89.5893 26.5963
4 99.8110 67.9163 16.9263

It can be checked that conditions for local stability are satisfied and hence equilibrium points
obtained above are locally asymptotically stable for chosen values of parameters.

By choosing p; = p2 = 0.2, K1p = 100 and Ky = 75, it can be verified that conditions in
theorem 3.1 are satisfied showing that P* is globally asymptotically stable.

From the above tables, we see that the presence of resource increases the equilibrium level of
first population 2* while decreases the corresponding equilibrium level of second population y*,
this is due to the high value of competitive coefficient for the second population. Also, increase in
harvesting effort increases the equilibrium level of resource biomass while decreases the equilibrium
level of both competitive species.
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6. DISCUSSION

In the present paper, we have discussed the combined harvesting of a system consisting of two
competitive species having resource dependent carrying capacities. The existence of non-negative
equilibria and the stability of each equilibrium point have been discussed. We have obtained the
conditions for local and global stability of the system. The local stability of the system implies
that there exists a neighbourhood of interior equilibrium point such that any solution of the model,
which is inside the neighbourhood at some time ¢ > 0, remains inside the neighbc srhood and tends
to equilibrium point as ¢ — oc. Global stability of the system implies that all solutions initiating in
the interior of the positive orthant settle down to their respective equilibrium level for larger time.
In section 4, using Pontryagin’s Maximum Principle, optimal equilibrium levels of competitive
species and the effort have been obtained. It has been observed that optimal level of effort also
increases with an increase in the equilibrium level of resource biomass concentration. It has been
noted that at the steady state, the total user’s cost of harvest per unit effort must be equal to the
discounted value of the future price. It has also been concluded that zero discount rate gives the

maximum value of revenue and in the case of an infinite discount rate, we have zero economic rent.
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