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Combinatorial computation of uni-trivalent diagrams with n fixed external points A (fixed n-
pts) is considered. Some formulas for the combinatorial computation of Vassiliev-Kontsevich
invariants of such diagrams evaluated with rank 2 simple Lie algebras are obtained. Specifically,
explicit base diagrams in .A (fixed 4-pts) evaluated with the simple Lie algebras B, and G, are
determined. These results are consequences of an explicit bound for the dimension of the image
of the weight system W : A (fixed n-pts)— g®". These explicit bounds are provided for simple

Lie algebras and affine Lie algebras as an application of Weyl-Kac character formula.
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1. INTRODUCTION

The celebrated Jones polynomial is effectively calculated due to its skein relation and this relation
also serves as a basis for various extensions to other related polynomials. The origin of such a
relation is finite dimensionality of certain quantum Hilbert space appearing in the Chern-Simons
topological field theory. Specifically, in the Chern-Simons theory relevant to the Jones polynomial,
the physical Hilbert space of the 2-sphere with static charges in the defining representation of SU(2)
at four points is precisely the 2-dimensional invariant subspace of the four-fold tensor product of
these representations. Hence the three vectors corresponding to the three skein configurations must
be linearly dependent, leading to the skein relation. The invariance, that is the total charges being
zero in a closed universe, is only a necessary condition for general finite gauge coupling, and the
physical Hilbert space can be smaller. These dimensions are determined by the fusion rules of
Verlinde [8] in this situation. (cf. [10]).
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Essentially the same circumstance seems to hold in a combinatorial setting of uni-trivalent
graphs, universalizing the Vassiliev invariants, when they are specialized to the Lie algebra s[(2,C).
In fact, the 4-fold tensor product of the adjoint representation of sl(2,C) contains 3-dimensional
trivial representation space. As it can be seen, corresponding to the charge conservation above,
that these graphs are adjoint-action invariant, the image of the evaluation map W called the weight
system for sl(2,C), is at most 3-dimensional.

Hence the W -values of the three diagrams

KK

must be linearly dependent, or would form a basis of the image. In this case the 3-dimensional
invariant subspace can be further decomposed by the commuting action of the symmetric group
on the 4 points, and we know the dimension is exactly 2-dimensional. This 2-dimensionality is of
course found elementarily by solving a system of linear equations once we know the explicit upper-
bound of the dimension which is 3 in this case. In either way, there must be a three term relation for
the weight system for s((2,C).

This is the underlying origin of the relation found by Chumutov-Varchenko [2] which serves as
the main basic formula for the combinatorial computation of W of the graphs for s[(2,C). Specif-
ically, for any three uni-trivalent graphs differing only in the picture part as below, the following
relation holds:

w( >_< ) = 2w ( >/\ ) —2w( >< ) @

In this formula W defined using the Killing form which is the matrix trace of the product of matrices
in the defining representation of si(2,C). (The precise definition of the weight system W will be
given in Section I1.) As this formula reduces the number of chords and trivalent vertices, it leads to
effective calculation of s[(2,C) weight system. Indeed, some formulas recurrent with respect to the
number of chords of a diagram are obtained based on this three term relation in {2].

Natural questions then arise whether we can find the exact dimension of the image of the weight

system for Lie algebras bigger than s[(2,C), and whether the finite dimensionality leads to some
relations useful in the combinatorial computation of the weight system W.
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In this paper we consider these questions for rank 2 simple Lie algebras and find by long but
elementary calculations that the images of the weight system for graphs with 4 external edges is
exactly the invariant subspaces for the simple Lie algebras of types B, = C; and G3. These
dimensions are 6 and 5 for By = Cy and G respectively.

For four-legged graphs, there are 5 loop-free uni-trivalent graphs. They form a natural explicit
basis for the case of G5. Hence, the simplest loop, i.e. the four- legged square, can be expanded
in terms of in this basis, obtaining a six-term relation for G3. This six-term relation is remarkably
similar to the six-term relation for A, obtained in [9]. For the case of Ag, however, the dimension
of the adjoint invariant subspace of the 4-th tensor power of Aj is 8, and we haven’t determined the
dimension, and base, of the image of the weight system in this case.

In contrast, it will turn out that the six terms appearing in the six-term relations for G and A
are linearly independent for B, = Cj, and in fact, they form a base of the image of the weight
system. Hence, for By = Cjy, the simplest 4-legged loop cannot be expanded in terms of loop-free
diagrams, giving a sort of no-go result.

As for the application to combinatorial computations, we have not succeeded in producing an
recursive procedure using these six-term relations, even for the case G or Aa. This is basically
because naive local applications of the six-term relation may produce larger loops in the global
diagram. All we currently know is that loops with odd number of legs can be expanded in diagrams
containing loops with even and fewer number of legs.

To obtain these results, due to lack of efficient way to determine the difference of the dimensions
of the entire invariant space and the image such as the fusion rules for conformal field theory,
or as the Frobenius-Schur type duality is not applicable for general Lie algebras, our strategy is
elementary: first, we find an explicit formula giving the dimension of the invariant subspace in
the tensor powers of representation spaces, and secondly we calculate the linear dependence of
independence or some basic graphs.

The first step can be done for general semi-simple Lie algebras g and the arguments are also valid
for affine Lie algebras, for the essential ingredient is the Weyl-Kac character formula. (For affine
Lie algebras. we consider infinite dimensional integrable representations, i.e., those decomposed
as a direct sum of finite-dimensional weight subspaces, such as for the infinite-dimensional adjoint
representations. in place of finite dimensional adjoint representations for simple ones, and so forth.)
To simplify the presentation, however, and as our examples will be the rank 2 simple Lie algebras,
we assume our Lie algebras are finite-dimensional semi-simple Lie algebras.

To organize the calculation, we consider a generating function associated for a g- module V' and

an integer n.
n

N ¢
¢7‘1)()\1...,/\g) = Zmi,exp V—IZnij)\j (3)
i=1 j=1
Here Aj. Ag.. ... X¢ are the fundamental dominant weights with respect to some fixed system of

simple roots of g, and by abuse of notation we used them as real variables. The m; are the mul-
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tiplicities of the non-trivial weights w;, (i = 1,...,N) appearing in V,m;,= dim(V,,, and we
expanded them in terms of A;’s w; = E¢_,ni;\;

When V is the adjoint representation of a simple Lie algebra g of rank £, the above gener-
ating function becomes a simple Laurent polynomial by introducing the complex variables z; =
eV=la = V=1%5€i32 where ci; are the entries of the Cartan matrix and each root « of g is written
as a linear combination of the simple roots as o = £;k% ;.

n

¢g()\1,“,,)\e) = 7+ z exp \/—12’6310“)\]' 4)
a€dy tj
¢ n
= £+ Z Hz:c:‘ o)
aédgi=1

A key fact we use here is that the image of the weight system lies in the trivial representation
component in the tensor power of the adjoint representation. Hence its dimension is not bigger than
the multiplicity n(0) of the trivial representation in the tensor power:

dim(Image(W : A(fixed n — pts) — g®")) < n(0) (6)

Then this n(0) is explicitly written by the coefficients of the generating function (5) or (). Specifi-
cally, writing the coefficients in the form of integral we have:

. 1 /" f" n —V=T(p+6-0(8)))
nlu) = —— U ~1)% Iz dXy - dAe (N
(l‘l‘) (27‘_)[ - — V GEZVVQ(

where n(u) is the multiplicity of the irreducible component V(1) with highest weight . appearing
in the decomposition of the n-th tensor power of g, and here we take . = 0, and Wy is the Weyl
groupofgandd = A; + -+ + Ap.

When the rank of the Lie algebra and the number n of external edges are small, this gives a good
estimate of the dimension of the image of the weight system. In fact for rank 2 simple L.. algebras
As = 5l(3,C), By = Cy = sp(4,C), and Gy, the formula gives estimation that the dimensions of
the image of the weight system for uni-trivalent graphs with four external edges are not bigger than
8, 6, and 5 respectively.

Now moving to the second step, finding dependence is then a simple problem of sotving some
explicit system of linear equations. The only problem, however, is the huge dimension of the tensors
involved: e.g. the square diagram below is a result of four fold contraction of 4 Lie algebra structure
constants which has the dimension of (dim(g))3*4. The situation is somewhat improved by using
Chevalley basis in the computation, and by using some symmetry of the graphs. We then can solve
them by computers (We used the Mathematica).

The basic thrce diagrams (1) appearing in the Chumutov-Varchenko relation (2) become linearly
independent in the rank 2 cases. In this sense there’s no direct analogous recursive formulas for the
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rank 2 Lie algebra weight systems. The next we would hope for the existence of some relations

reducing the number of loops in the diagram. The loop with three legs can always be reduced using
IHX and AS relations. For A3, for example, we have

(A - (A

(See Theorem 1 (i) of [9]). Generally, using IHX and AS relations, the loop with odd number
of legs can be expanded in terms of diagrams with loops with even and fewer number of legs.

Hence the next basic diagrams in question are the following (We henceforth denote these graphs by
Sq. H.HT.IL. 117, and X respectively).

< S > X X

By the dimensional reason find above, the value of the above 6 graphs for the simple Lie algebra
G4 must be linearly dependent. The actual relation we find for G is the following.

We(Sq) = AWg(H) + 4We(HT) + 30We (1) + 30We(117) + 30Wg(X). (9)

Here W is defined using the normalized Killing form which is the matrix trace in the adjoint
representation divided by the Dynkin index 12. Actually the five diagrams on the right-hand-side of
the above relation

W (H), We(HT), W (I1), We(ITT), We (X). (10)
are linearly independent and form the basis of the image of the weight system W associated to
g = G2, Wi : A(fixed n — pts) — Gi?‘*. In particular

dim(Image(Wg : A(fixed n — pts) — G$*)) = 5. (11)

It is interesting that the above six-term relation is an exact analogy of the six-term relation for A
found in [9]:

Wa(Sq) = Wa(H) + Wa(HT) 4+ 3W4(I1) + SW4(IIT) + 3Wa(X). (12)

where W is the weight system associated with Az = s[(3,C) defined by using the usual matrix
trace in the defining 3-dimensional representation of s[(3,C). The linear independence of the 5
terms in the right-hand-side of the formula is also proved in [9].

These formulas are used (o calculate the graphs when there are loops with less than 6 legs. The
loop with 5 legs can be calculated using the above formula (See Section V). The above six-term
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relations (9), (12). however, turns out to be not a common feature of rank 2 Lie algebras. In fact, for

the simple Lie algebra By = Co = sp(4, C), those six terms are linearly independent. that is, the
six terms in (8)

W5(Sq), Ws(H), Wg(HT), We(II7), W (IIT), Ws(X). (13)

form a basis for the image of the weight system W associated with the simple Lie algebra By = Ca.
Hence in particular we have

dim(Image(Wp : A(fixed n — pts) — BSM)) =6. (14)

This fact then shows that the program of combinatorial calculation of uni-trivalent graphs by recur-
sively reducing loop diagrams by using some skein type relations fail at this early stage of simple
Lie algebras.

This paper contains 5 sections. In Section II we recall the definitions of uni-trivalent graphs
weight systems, and provide the observation that the value of weight system is adjoint action invari-
ant. In Section III we derive the formulas (7), (6). In Section IV the case of the adjoint action of
simple Lie algebras are treated and we comment on the proofs of the formulas and linear indepen-
dence of some values stated above. Section V contains conclusions and some remarks.

2. UNI-TRIVALENT GRAPHS AND WEIGHT SYSTEMS

In this section we recall the definitions of uni-trivalent graphs and the weight systems associated
with Lie algebras. We also show a key observation due to Kontsevich that the weight system takes
its values in the invariant subspace.

First recall a uni-trivalent graph F is a finite unoriented graph all of whose internal vertices are
trivalent. At each internal vertex a cyclic ordering of the three adjacent edges is choser.. The uni-
trivalent graphs are introduced to combinatorially describe and compute Vassiliev’s knot invariants
of finite type. Also some universal versions of topological field theory assume their values in these
graphs (cf. [1][5]).

These combinatorial descriptions are universal in the sense that they do not depend on the par-
ticular choice of Lie algebra or its representations. Namely, if .4(S°°) denotes the complex vector
space generated by all uni-trivalent graphs all of whose univalent vertices.i.e., the endpoints of the
external edges. are placed along a fixed oriented circle S! called the Wilson loop divided by the
obvious identifications under diffeomorphisms and the STU relations illustrated in the appendix.
then each finite type invariant of Vassiliev corresponds to a linear functional on A(S%). Then such
a linear functional is explicitly obtained for each semi-simple Lie algebra and its representation.
In fact, for a semi-simple Lie algebra g, we have a map W : A(Sx) — U(g), where U(g) is the
universal enveloping algebra of g. Then substituting any representation of g in the diagram along
the Wilson loop, we have a linear functional on .A(S°), hence a finite type invariant.

Although these diagrams themselves are computable in principle, practical computations are al-
most impossible unless the diagrams are particularly simple, since the number of terms appearing in
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the expansions in A(S°°) grows exponentially. This situation may be improved when we specialize
those graphs at some Lie algebras, since some extra relations among the values of diagrams must
hold due to the finite dimensionality of the Lie algebras,

Hence for the combinatorial computation of the map W for a given semi-simple Lie algebra,
we cut the diagram into simpler pieces each of which is a diagram with fixed external edges and
contract the W values of those pieces along the cut edges. We then seek for the extra relations
among the value of these pieces which are of use in practical computation.

Let, A(fixed n—pts) denote the complex vector space generated by all uni-trivalent graphs with
exactly n univalent vertices placed at fixed n distinct points, divided by the anti-symmetry (AS) and
the IHX relations (or the Jacobi identity) illustrated below (Here and throughout the paper. anti-
clockwise ordering at each trivalent vertex is assumed whenever a uni-trivalent graph is drawn).

O ST > X

The IHX relations (Jacobi identity):

\[S/"q%/\é/ ~ o

(16)

For [I'] € A(fixed 1 -- pts) and g, a semi-simple Lie algebra, one can associate an element W (T')
in (g®™)9 by adding up products of structure constants corresponding to the trivalent vertices over
all possible assignment of Lie algebra elements to edges of I'

|4
wo= > [[cithfmye - egn)|. (17)

f=(g¢f1|-~1915) j=1

Precisely, to form the product of structure constants, we temporarily orient the edges e1, ..., eg of
T and fix a basis g1,...,gq of the Lie algebra g. In the above summation, f runs over all possible
assignments of g; to the edges ¢;, where at each trivalent vertex v;,j = 1,...,V, we set Cj(f) =
(f(a). f(B)]. f(c)), where the () is the Killing form. and a, b, c are the three edges meeting at the
vertex v; whose ordering is the one given to the vertex. If a is an out-going edge from vy, gi, = gi,
and if a is an in-coming edge to v;, f(a) = g's, where g}, . .. , g% is the dual basis to g1, .. . , gg With
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respect to the Killing form: (g;,¢’) = 5{ .9(1),...,g(n) are the Lie algebra elements assigned to
the edges adjacent to the n univalent vertices defined according to the temporary orientation of these
edges in the same way.
Note that the adjoint action of z € g on the tensor product 71 @ T2 ® - - - ® T, € g®™ is given by
T (210228 ®Zp) = [7,71]®72Q+  ®Tn+T1®[1.22)®. . . Tp+... T1 R T2® - - ® [T, Zn).
A crucial observation (due to Kontsevich) is that this element W (T") is invariant under the adjoint
action of g:

W : A(fixed n — pts) — (g®")8 (18)

We include a simple proof of this fact for convenience [1]. For each edge of the graph we mark
two points on the edge near endpoints. If the graph has F edges then we have the total of 2E marked
points. Then join an edge representing the action of the Lie algebra at one of the marked points of
the graph in the way illustrated in the diagram below. We get 2E graphs with the added edge of
Lie algebra action. The sum of these 2F graphs are equivalent to zero, since the two action at each
edge cancel out by the AS relation as illustrated below. On the other hand, the three action at each
trivalent vertex cancel out by the IHX relation. Hence what remains is the sum of n graphs with
the added edge at external univalent vertices as illustrated in diagram. This shows the tensor action
annihilates the graph.

g g
i -+ !q ~ o)
P

(19)

(20)

3. DECOMPOSITION OF TENSOR POWERS OF LIE ALGEBRA MODULES

Let g be a semi-simple Lie algebra over the complex numbers, and p : g — V a finite gdimensional
representation. We want to decompose tensor powers V®" = V ® - - - V(n factors) into irreducible
components for large n. Classical Frobenius-Schur type duality is not immediately applicable for
general Lie algebra representations. However, if the weight space decomposition of V is given, then
the decomposition of tensor powers can be described explicitly in terms of them. In this section we
derive this formula to facilitate the estimation of the weight space images. We restric: ourselves
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to finite-dimensional semi-simple Lie algebras in this section, but an extension to some infinite-
dimensional cases (affine Lie algebras) are almost straightforward.

Recall a representation space V' decomposes into weight subspaces: V' = @VA. Here A is

AEA
the weight lattice of integral linear functions on a fixed Cartan subalgebra b of g, and V) = {v €

Vip(X)(v) = MX)v(¥X € p)]}, the weight space corresponding to A\. We denote by IIy the set
of all weights with nontrivial weight spaces in V', Then xen, Ma =dimV.

The following derivation may be well illustrated by a random walk on the weight lattice A. This
random walk is specified by the transition probabilities p(A1, Ag) for A1, A2 € A, the probability
that a point at A; will move to Az in the next step, defined by

PO, ) 1= 2 @

Note that p(A1, Ag) = 0 unless Ag — A\; € [Ty, Note also that the probability that a point at the

origin will reach a lattice point A after n steps is given by

1

p" (A1, Ag) = m My, oMy, (22)

Ayt An =)

n

Now take V' = V() to be the irreducible representation of g with highest weight A € A, Here
A denotes the lattice of dominant integral weights of g with respect to some fixed choice of simple
roots. As explained above, we assume the multiplicities m, or the transition functions p(0, ), for
A € ITy are given. Then one can decompose V@ as follows.

Let V(\)¥" = Quen+ M)V (1), where n(p) € Zo is the multiplicity of V (u). Denoting
the formal character of the representation V' = V() by ch(V) = ch(A) = 3 ey My, € we have
(ch(\)* =3 LEA+ n(u)ch(u). Recall that Weyl (-Kac) character formula says

> (17 @eh(u) = Y (-1)7eC (23)

cEWE gEWg

Here Wg is the Weyl group of g and (—1) = (—1)¥), £(c) being the minimal length of the word
of reflections expressing the element o € Wy, 4 is half the sum of non-negative roots of g.
Multiplying the both-side of the following by Z,ewg(—-l)"e"(‘s)

ch(A)...ch(A) = Y _ n(u)ch(n)
HeEAL
and substituting the weight space decomposition of V() into the left-hand-side we have

Z (-1)° Z Z My, "'munea(é)w

ocEWg VvEA p1+FUn=v

= Z n(#) Z (_~1)aea(6+u)'

peAL ocEWg

83
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Comparing the coefficients of e®** on both sides for 1 € A, we get the following.

=YY mym, 24)

ocEWg 1+ pn=p+—0(6)

The formal exponentials of weights appearing in the character of a representation of a Lie algebra
may be used to form a generating function (the characteristic function in the context of random
walks [6]). We define the characteristic function ¢7;(A1.,..., As) of an n-th tensor product of a Lie
algebra module to be (dim V)™ times the characteristic function of the corresponding random walk
on the weight lattice as in (3) in the Introduction.

Note that

> oy my, = (dmV)"pY0,v) 25)

MRiF =L

= the Fourler coefhcxent of e‘/—T (mAr+-tnede) in o7 (26)

forv=mniA + - +nh €A

Let V = V(X) be the irreducible representation of g with highest weight A € A.. Let

A" = @,en, MKV (1) be the decomposition of the n-th tensor power of V/(A) into irre-

duc:ble components. Then from (27) and (24) we see that the multiplicity n(u) of the component
V() is expressed by the characteristic function ¢7, as (7) in the Introduction:

EIRI1p>

Recall that the image of the weight system W : A(fixed n — pts) — g®™ lies in the invariant
subspace of the adjoint action from II (18). For the tensor powers of the adjoint representation,
the invariant space is a direct sum of the trivial representations Vo = C whose dimension is the
multiplicity n(0) in the above notation. Hence we have the estimation of the dimension of the
image of the weight system in terms of the coefficients of the characteristic function ¢g:

(=1)7e~V=T+8=0®) | gx; . d), (28)
cEWg

dim (Image(W : A(fixed n — pts) — g®")) (29)

/ / ¢"( (—=1)e~V=TE=0() | gx, ... dA, (30)
277 -7 -7

UGWQ

where d = Ay + -+ X¢
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4. SOME FORMULAS FOR RANK 2 SIMPLE LIE ALGEBRAS

Let g be a simple Lie algebra of rank £. Then the adjoint representation, denoted also by g, is
irreducible. Non-trivial weights are the roots and the zero: IIg = ®g U 0, with multiplicities one
for each root and ¢ for 0. Fixing a system of simple roots {a. 2. ..., a,}, each root a € ®g is
written as a linear combination of o;’s:a = kL a,. Let o, = ZjcyjA;. Then ¢,; are the entries of
the Cartan matrix, since 2(a;. ;) /(aj, ;) = Zpcin2(Ak. o) /(0. o) = Egcdr; = ¢,j Hence
the characteristic function of the g®™ is written as:

O h) = [+ Y exp | VEIY Kheyh,

acdg 1)

¢
= K+Z Hzf:"

acdg 1=1

n

where we introduced complex variables z; = eV=Tai = ¢V=Teuyds | with respect to which the
characteristic functions are Laurent polynomials with integer coefficients.

As an example we take the Lie algebras g = A,: Simple roots A = {1 < i < £} may
be chosen to be the roots corresponding to the root spaces spanned by the elementary matrices
Eii+1.1 < i < ¢in the natural representation by the traceless (£ + 1) x (¢ + 1)-matrices. where
the Cartan subalgebra is the diagonal matrices. From the Cartan matrix we see —a; = -\ +2X\ —
M+1.1 < i < ¢, with the understanding that Ag = Ap+1 = 0. There are £(£ + 1)/2 positive roots
() '= —A=1 + Ai + Aj=1 — A;. Hence we have:

ol (M -riAe)
n
O+ ) 2c08(=Aim1+ A+ Ajm1 = Aj)
1<i<j<e+1

Ao=Agey =0
n

-1,-1 -1
{+ Z (2iZie1 . Zj—1 + 21 zi+1...zj_1)
1<1<j<+1

In the same way one can explicitly write down the characteristic function for each simple Lie
algebra using the Cartan matrix.

When n is given, the above estimation is most easily utilized by expanding the characteristic
function as a Laurent polynomial in 2. For the simplest case g = A15 = sl, we have

0%, =(1+ eV Tay eV Topm o (147 = Zmr(n)z".
r

and
T (~1)7em VI = S (—1)e VIR () =1 - o7

geWg [4-})
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Hence we have
dim (Image (W : A(fixed n — pts) — sIS™)) < mg(n) — my(n).

For example. mg(4) — m{4) = 19 — 16 = 3 as remarked in the Introduction,
For g = Ay = sl3, we have

@’A = (2 + e\/——lal + e\/_——1(011+0tz) + e—\/:—laz + e—\/:TOcl + e“\/:—T(arHvz) + e"\/:faz)n
2

- - — -1\
= (2+21+22+2122+z11+z21+z11z21)

- .5
= E Ny g31L9,
rs

where
Z 2ton!
Mps = T e 1 - B A
N 15115513 15! 17 51 |
g+t tig+ijg+rr_+hi_g+112 = n 7’0'1'1‘1'2'212‘2_1'1’_2‘2—12'
11112 =11 =212 = r
11—t —1_12 = 3
and
, ST — o _
§ (_1)06 V=1(6—0(8)) = (—1)06 V=1(a1+az—0o(a+az))
aeWg o€g,
— 0.0 -1_0 -2, -1_-2 -1,-2_ ,0_-1
= ~1~2_zl 32+21 22 32 +Zl 22 ZIZQ

Hence we have

dim (Image (W : A(fixed n — pts) — si§™))

< moo(n) — myo(n) + may(n) — maa(n) + mia(n) — mor(n).

In the same way as in the above example for A;, we can find the dimension of the invariant sub-
spaces in the tensor powers of the adjoint representations of other simple Lie algebras. In particular

for the rank 2 simple Lie algebras and for n = 4, we find the dimensions are 5 for G and 6 for
Bg = CQI

dim(Image(W : A(fixed n — pts) — G§"))
dim(Image(W : A(fixed n — pts) — G%M))

|
w

(31
(32)

!
o

To verify (31), as the dimension of the invariant subspace is 5 for G2, giving the upper-bound of
the dimension of the image of the weight system, it suffices to find 5 diagrams which remain linearly
independent in the image of the weight system for Gs. It turns out that 5 loop-free diagrams in (8)
remain linearly independent, providing a set of basis (10) for G5. Then, expanding the loop diagram
in terms of this basis, we obtain the six-term relation (9) for Ga.
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For Bo, it turns out that all 6 diagrams in (8) remain linearly independent in the image of the
weight system. As the upper-bound provided by the dimension of the invariant subspace is 6 for
G, these 6 diagrams provide a set of basis for By, showing (32).

Once those bases are found, verification of their linear independence or expansions in terms of
those bases are straightforward. We actually used the most naive way, i.e., by solving correspond-
ing systems of linear equations by a computer. (See [9] for another possible proof utilizing the
commuting action of the symmetric group.)

5. CONCLUSIONS AND REMARKS

The difference between the invariant space and the weight space image is not well understood for
general Lie algebras. That difference is nontrivial from the beginning of the A; case which is
explained by the Schur duality and that difference seems to grow for A,. Hence it is somewhat
unexpected that the difference is zero for the rank 2 simple Lie algebras By = C3 and Ga.

The six-term relation for G

We(Sq) = AW (H) + 4Wg(HT) + 30We (1) + 30Wg((I1T) 4+ 30We(X). C)]
holds similarly to the one for Ag
74(Sq) = Wa(H) + Wa(HT) + 3W4(I1) + 3W4(IIT) + Wa(X). (12)

The five terms in the r-h-s of (9) gives the exact basis of the weight space image for G2, whereas
the five terms in the r-h-s of (12), though linearly independent, are yet to be concluded to form an
exact basis for As.

Those six-term relations are the simplest non-trivial relations except for some relations for three-
legged loops which trivially follow from the IHX and the AS relations. Those relations for four-
legged loops are also used to calculate five-legged loops since by AS relation and IHX relation we
have:

\ﬁ, = (“l)sg = (—1)‘ﬁ/ - (termsincluding /‘).

For general combinatorial computations, we have not succeeded in producing an effective re-
cursive procedure using these six-term relations. This is basically because naive local applications
of the six-term relation may produce larger loops in the global diagram.

Those six-term relations (9) and (12) do not hold universally, for all the six diagrams in (8)
including the four-legged loop diagram are linearly independent for By, and they actually form the
exact basis for B. This is a sort of no-go result for the optimism of combinatorial computation by
reducing the loops by expanding them in terms of loop-free diagrams.
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APPENDIX (THE STU RELATION)

The STU relation is generated by the following linear combinations of three diagrams differing only
in the common part of the diagrams as illustrated below:

10.

* 1 - X
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