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This paper studies the existence and stability of periodic solutions for nonlinear impul-
sive differential equations with impulse at variable moments. Sufficient and necessary
conditious are obtained for the existence and stability of periodic solutions by using
Ponecaré mapping with impulse. Two examples are given to illustrate our main results.
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1. INTRODUCTION

In recent years, the study of impulsive differential equations (IDEs for short) developed
rapidly since many evolution processes resulting from applications are subject to short term
perturbations in the form of impulse. Furthermore, the theory of such equations is richer
than the corresponding theory of differential equations without impulses. The stability of
equilibrium to IDE are studied in many previous papers, for the detail, the reader is refereed
to [1-6] and references therein. Meanwhile, the stability of periodic solutions to IDEs was
also considered by Samoilenko and Perestyuk [2]. In [2], the authors study mainly the
existence and stability of periodic solutions for linear impulsive differential systems (IDS
for short) and nonautonomous IDS under Lipschitz conditions.

With different methods, the present paper will study the stability of periodic solutions
to autonomous IDEs with impulse at variable times. It is pointed out([2, p.31]) that IDEs
will possess properties that classical ones do not have. Besides, it is well known that the first

order scalar autonomous differential equations has no any nontrivial periodic solution, so it
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is not considered in qualitative theory of ODE. But for first order autonomous IDEs, the
integral curve will have impulse or ”jump” at some times when the integral curve intersects
the pulse surface. there may be exist periodic solutions.

The paper is arranged as follows, in Section 2 we introduce some preliminary knowledge
of IDE and some lemmas. The sufficient and necessary conditions for the existence of
periodic solutions (Theorem 9) is given in Section 3 and the stable criteria for periodic

solutions (Theorem 10) is given in Section 4. At the end of paper, we give two examples to
illustrate our main results.

2. PRELIMINARY

Let R = (—oc, +00), Rt = (0,+00). We consider the following impulsive differential equa-
tions with variable times

#'(t) = f(z), t#m(z).teR" (2.1)
Arz(t) = ILlz(t)], t=mnlz®)],k2>1, (2.2)

where z : Rt — R, f € C[R, R), Axz(t) = z(te+0)—x(tr), tx = Tk[z(tx)], & € C[R, R}, 7i(z)
is bounded for each k > 1 satisfying

O<n@)<mz)< - <m(x)< - k=1,2,---,

and 7x(z) — oo as k — oo uniformly with respect to z € R. A solution z(t) of (2.1) and
(2.2) must satisfy the following assumptions: i) z/(t) = f(z) for t # m[z(t)],k > 1 and ii) If
tk = Tk[z(tk)] for some ty > 0, then z(t) is left-continuous at t = t, i.e., z(tx) = z(tx — 0).
For the detail information of solutions to (2.1) and (2.2), see [1].

Throughout this paper we always suppose that the IVP of z'(t) = f(x) has unique
solution and each solution z(t,zg) of (2.1) and (2.2) with the initial value z(0) = zo hits
each given surface Sy : t = mk(z)(k > 1) exactly once. The following assumptions are
sufficient(see [5, Theorem 2.1] or cf[l, Theorem 1.3.2}).

H,) ne(z)f(r) La(0<a<l)forzeR.
Hy) 74(z + sIk(z))Ik(z) < 0(0 < s < 1) and 741 (z + Ix(z)) > k().

Because we are only interested in the periodic solutions of (2.1) and (2.2), we also
suppose each solution of IVP of (2.1) and (2.2) exists in Rt. Under conditions H;) and
H,), it follows from Theorem 1.3.2 in [1] that

Te[z(t)] > t,Vt <tk = [z (te));  TR[Z(t)] < t,VE >t te < tktr. (2.3)

The following comparison results, Lemmas 1-2 will be used in Sections 3-4.
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Lemma 1 — (cf.[7, Theorem 3.1 and Remark 3.2]) Suppose H;), Hz) hold and
(Hs) hg(z) = z + Ix(z) is increasing, h,(z) < hj(y) if z <y and 7, (z) = 75(y),
(Ha)7 () flhi(z)] < hi(z) for k> 1.

Let r1(t) and z2(t) be solutions of (2.1) and (2.2) in some interval (t9, 8) C |0,00). Then
z1(to + 0) < za(to + 0) implies z1(t) < z2(t) in (o, B).

Lemma 2 — Let z(t) and y(t) be solutions of (2.1) and (2.2) satisfying z(t) > y(t) in
R™. Then xx > yx for k > 1, where zx = x(t), yx = y(sk) and tx = Tk(zk), Sk = Tk (Yk)-

PROOF: We give only the proof of z; > y; and the conclusion will follows by induction
with the similar argument. If z(t),y(t) hit the first surface simultaneously, i.e., s1 = t1,
then z; > y; since z(t) > y(t) in R*. Without loss of generality, we suppose t; = 71(z1) #
s1 = 71(y1) and t; < s1. The proof for ¢; > s, is similar. Suppose x1 > y; is not true. Then
z1 < y1 since T1(x1) # T1(y1). Set

p(t) = z1 —y(t), te€ [t1,s1)
Then it follows from z(t;) > y(t1) that
p(t1) = z(t1) —y(t1) >0, p(s1—0)==x(t1) ~y(s1—0) =21 -y <0.

Recall that y(t) does not hit any surface Sk : t = 7¢(z) for t € [t1, s1) (see (2.3)). Then p(t) is
continuous in [t;, s1), and hence p(t*) = 0 for some t* € (t1, s1), which implies «(t1) = y(t*).
Then 71[y(t*)] = 7(z(t1)) = t1 < t*, it is clearly a contradiction since t < 71[y(t)] in {t1, 51)
by (2.3). O

Now we consider the case
Ix(z) = I(z), 7x(z) = kT + 7(2), T > 0,T + 7(z) > 0,k 2 1, (2.4)
where I,7 € C[R, R] and r(z) is bounded in R. Then (2.1) and (2.2) can be rewritten as

e z'(t) = f(z), t# 7k(z)=kT+7(x),t>0,
z(t+0) =z + I(z) =: h(z),t = T(x), k > 1.

We say a solution z(t)(t > 0) of (I) is a periodic solution if there exist T’ > 0 such that
z((t +T") £ 0,70) = z(t £ 0,z0),t > t1 (2.5)

where t; = 71 [z(t1)].
Since each solution z(t) of (I) hits each given surface Si : t = 7(z)(k > 1) exactly once,
we denote t;, by the time when z(t) meets the surface Sy : t = 7x(z) and zx = z(tx), i.e.,

Tk = 11(tk), e = Tk(ilfk),k? > L (26)

For autonomous ordinary differential equations, each solution is invariant under shift in
the t-variable. Now we prove the corresponding result for autonomous IDE in the following
lemma.
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Lemma 3 — Let 2(t) be c solution of (I) with z(n + 0) = h(xo) in the interval (11.0),
where m1 = 71(20). Let x(t) be a solution of (I) with z(t2 + 0) = h(zo) in the interval
(t2,00), where ty = 12(z9). Then z(t £0) = z((t + T) £ 0)) for t > ;.

PROOF: Set

y(t)y =x(t+ta—m), t>m,y(m+0) = z(tz +0) = h(zo). (2.7)

Then y(t) = x(t + T) since tg —n; = T. So we need to prove z(t + 0) = y(t £ 0).
Let {n} and {sx} be the times when z(t) and y(t) hit the surface t = 7 (z)(k > 2),
respectively. Since z(t) satisfies (2.1) in (¢2,t3), we have

Y(t)=2'(t+ta—m) = flz(t +t2 —m)] = f(y).t € (Mm.ta+m —ta2).
Since 2/(t) = f(2(t)),¢ € (n.72) and y(m +0) = z(m +0) = h(zo), by the uniqueness we
know
y(t) = 7(t): te (7717 50)7 (28}

where so = min{ns.t3 + m — t2}. We claim that np = t3 + m — t2. Suppose it is not true,
say g < tz + 11 — ta. Then it follows from (2.8) that

z(m2) = z(ne — 0) = y(n2 — 0) = z(m2 +t2 — m).

Note that t3 — n; = T. We have

m+ta—m = mfz(m)] +te—m = 3T + 7{z(ne)]
= 3T + 7{z(n2 + t2 — m)] = ma{z(n2 + t2 — m)].

i.e.. z(t) hits the surface t = 73(z) at m2 + t2 — m. Then t3 = 72 + t3 — m by the definition
of ti. or. Mo = t3 + m1 — t2, which contradicts to the above assumption.

From now on we know t3 — o = to —m = T and y(t) = z(t),t € (m.m2) by (2.8). Note
that y(n2) = y(n2 — 0) = z(mg — 0) = z(n2), then y(¢) hits the the surface S : t = 2(x) at
t =1, ie..

sg=mo=t3+m —ty, ortz=sa+ta—m=s3+7.

Furthermore, (2.8) gives y(n2 + 0) = z(n2 + 0). With the similar argument as in the above
we will prove y(t £0) = z(t £ 0),t € (m, ) for kK > 2 and

tkr1 =sg+tto—m=sk+T

by induction. Since m — oc as k — co. we know the conclusion of Lemma 3 is valid. [
Corollary 4 - Let z(t) be a solution of (I) in R*. If z; = z; for k > 1. then z(t) must
be a periodic solution of (I) with the period T'.
PROOF: Since z; = x;. we know to—t; = To(z2) —71(21) = T and z(t1 4+0) = z(t2+0) =
h(x1), and hence, x(t £ 0) = z[(t + T') £ 0] for ¢ > t; by Lemma 3. O
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3. THE EXISTENCE OF PERIODIC SOLUTIONS

In this section, we study the existence of periodic solutions. Throughout this section we
suppose the conditions H;) — Hy) hold. The following results Lemmas 5-6 show that
x) = x1 is also necessary for a solution z(t) to be a periodic solution of (I). To this end, we
first prove

Lemma 5 — Suppose z(t) is a nontrivial periodic solution of (I) with some period Ty > 0.
Then Tog = mT for some m € N and z,,41 = 1.

PrRoOOF: First of all, there must exist kg > 1 such that zxo # h(zko). In fact, if
xr = h(zx).Vk > 1, then z(t) is differentiable for ¢ > 0 and z'(t) = f(z). But 2'(t) = f(x)
has no any nontrivial periodic solution, which is a contradiction. Without loss of generality,
we suppose 71 # h(x1). Since z(t;+7p) = z(t1) = z1 and z[(t1 +Tp)+0] = z(t14+0) = h(z1),
we know z(t, + Tp) # z[(t1 + To) + 0]. This means that z(¢) has a jump at t = t; + Tp, and
hence (t; + Ty, z(t; + Tp)) must be on some surface S : t = 7x(z)(k > 1), namely

t1 + To = m(x[t1 + To]) =kT + T(.’L‘[t1 + Tp)) = kT + 7(z1).

Note that t; = T' + 7(x1). Therefore Ty = (k — 1)T, i.e., Tp = mT, where m = (k — 1).
To prove I+, = T1 we note that Tmy1(z) = Top + 11(z) and z(To + t) = z(t). Then

ITm+1 = x('rm—i—l(l'm+l)) = :E(To + 7'1('15m+1)) = x(71($m+1))-

This also means z(t) meets the surface Sy : t = 71(z) at t = 71(¢m+1). Then t; = 11 (Tm+1),
and hence, Ty+1 = (11 (Tm+1)) = z(t1) = 21. g
Lemma 6 — The minimal positive period of each nontrivial periodic solution of (I) is T’
and z, = x, for k > 1.
PROOF: Let z(t) be a nontrivial periodic solution of (I). Set

y(m +0) = h(za),y(t) =zt +t2 —m)(=x(t +T)),t >m (3.1)

where 11 = 7(x2) = t; — T. By Lemma 3 we know y(t) is a solution of (I) for t > m. If
we can prove Ix = z1 , then the period of z(t) must be T by Corollary 4. Since the proof
of #; = &1 for each k > 2 is similar, we give only the proof for zo = z1. Suppose x2 # 1,
say, ro > x1. Then y(n; + 0) = h(x2) > x(t1 + 0) = h(z1) since h(z) is increasing.

If 7 = t1. then y(¢; + 0) > z(t; + 0), and hence y(¢t) > z(t) for t > #, by Lemma 1.
Therefore Lemma 2 implies yx > zx(k > 2). Note that yx = z(tk+1) = Tk+1 by (2.9). One
sees that 2.1 > Zk, and hence, Tm+1 > 21, which is a contradiction by Lemma 5, where
m is defined as in Lemma 5.

If 1 # t1, in order to apply Lemma 1, we should prove that

x(m +0) <y(m +0) if ; > or z(t; + 0) < y(t1 +0) if m < t1. (3.2)
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Then the same argument as before gives the same contradiction. Since the proof for the
above two cases in (3.2) are similar, we prove only

x(m +0) <y(m +0)if g > t;. (3.3)

Note that 71(x2) = m > t; = 71(x1) and 1 < 5. By the continuity of 71(z), a couple
of Z1.Z5 can be found such that

(21, Z2] C [z1, 22]. 71(Z1) = m1(21). 11(Z2) = T1(22),
t1 = ni(71) < 1i(z) < T1(x2) = M,V T € (T1Z2). (34)
Define
9(2) = z[n1(2)] = h(2), z € (21, 72].
Since t; < T1(2) < m <t for z € (T1T2), we know g(2) is differentiable in (Z1Z2] and
9(F1 +0) = Z_l’ijrflwg(z) = z(t1 +0) — h(Z1) = h(z1) — h(Z1) £ 0. (3.5)

Note that

g'(2) = 2'(1(2))71(2) = W'(2) = fla(n(2))7i(21) = K (21). 2 € (21,32).  (3.6)
If h(x1) = h(F1), or x1 = F; since h(r) is increasing, then (3.6) gives
9'(Z1 +0) = f(z(t1 + 0))7r1(Z1) — W' (21) = f(h(z1))7'(z1) — K'(21) <0
by the condition Hy). Therefore, there exists 4 > 0 such that
g(z) <0,V z € (Z1.71 + 8) C (F1,%2]. (3.7)

If 21 < %1, or h(z1) < h(Z;)., then (3.7) holds too by (3.5). Using (3.7) we can prove
g(z) < 0.V z € (F.T9]. Otherwise, there must exist zg € (Z1, Zo] such that g(z9) = 0 and
g'(20) > 0 by (3.7). It follows from (3.6) and the condition Hy) that

g'(z0) = f(h(20))7 (20) — h'(20) < 0.

which is a contradiction. It follows from g(Z2) < 0 that
0> g(22) = 2(11(Z2)) — h(Z2) 2 z(m) — h(z2) = z(m) —y(m +0).

Note that t; < ny < to, i.e., z(t) is continuous at ¢ = n;. Then z(m+0) = z(m) < y(m+0).0
In the proof of Theorems 9 and 10, some new functions will be used. In order to ensure
these new functions are well defined, we prove
Lemma 7 — For any nontrivial periodic solution z(t) of (I), zx # h(zx) and f(z) #
0,x € [zk, h(zy)] or = € [h(zk), zk], k > 1.
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PROOF: Since x;, = r; by Lemma 6, we prove the conclusion is valid for k£ = 1 only.

If 1 = h(x1), then z(t; + 0) = h(z1) = 1 = 22 = z(ts — 0), and hence 2'(sp) = 0
for some sy € (t1.t2). Thus f(z(sg)) = 0 which implies z(t) = z(so) = x2,t € (t1,t2).
Obviously. f(r1) = f(x2) = 0, and hence z(t) = const., which is a contradiction.

Without loss of generality we suppose z; < h(z1) and f(x1)f(h(z1)) # 0. Suppose
f(yo) = 0 for some yg € (x1,h(z1)) = (x2,h(x1)). Then z(s) = yo for some s € (t1.t2).

This also means z(t) = const., which is a contradiction. O
Define
o i )l (39
F(x.xg) = —ds—T —7(z),H(xz,z0) = —ds—[r(z) —T(z .
w00 = T (@ Hese) = [ g5t = o) =G

where D(F(.,z0)) — D(H(.,:vo)) = {z: f(s) #0 for s € [z, x| or s € [xo, z]}. Since

H'(z,20) = [1— (z)7'(x)] # 0,V = € D(H(.,x0))

flz

by the condition H;), one sees that

Lemma 8 — H(z,xo) = 0 if and only if x = zo.

In classical theory, the Ponecaré mapping is an important tool to study the existence of
periodic solutions. Correspondingly, we define

P(s) = /h(x) 1 ——ds+T.z € D(P) (3.9)
= f(s)

where D(P) = {z; f(s) # 0,s € [z,h(z)] or s € [h(z).z]}. The function P(z) plays the
same role for (I) as the Ponecaré mapping for ODE. In fact. we have

Theorem 9 — Suppose conditions Hj)-Hy) hold. Then (I) possesses a nontrivial pe-
riodic solution z(t,;zo) with the initial value z(0) = z¢ if and only if there exists K such
that

F(K,zp) =0 and P(K)=0. (3.10)
PROOF: Sufficiency. Suppose (3.10) hold. We claim that z; = K, and hence z(?) is a
periodic solution of (I) by Corollary 4 in Section 2. Since z'(t) = f(x),t € (0,1), or
t ()
o Sl x(t))

This together with F(K,zg9) = 0 yields that f;f ds/f(s) = 7(K) — 7(z1), and hence
H(K,z,) =0. Then K = z; by Lemma 8. Since z'(t) = f(z(t)) for t; <t < t2, then

/ ——ds-—t1 T + 7(x1).
Zo

e " rds= - (e 3.11
" f[a:(s)]d /h(xl) f(s)ds T + 7(z2) — 7(21) (3.11)

Note that P(K) =0 and z; = K|, i.e,,

/ R SN (3.12)
o f(s)
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Adding (3.12) to (3.11) we have f;f ds/ f(s)—[r(x2) —7(x1)) = 0 which implies H(z2, 1) =
0. then z2 = x; by Lemma 8. With the similar argument we will prove z; = K for k > 3
by induction.

Necessity. Let (¢, zo) be a nontrivial periodic solution of (I). Then K = z; € D(F(., zo))
and F(K, Xo) = 0 since f;ﬂl ds/f(s) =T+ 7(z1). Since K € D(P) by Lemma 7, it remains
to prove P(K) = 0. In fact, zo = 2; = K and (3.11) give

ta 1 K 1 p
——ds = / ——ds=T.
n flz(s)] nxy f(8)
and hence P(K) = 0. O

4. STABILITY CRITERIA FOR PERIODIC SOLUTIONS

Let x(t) be a periodic solution of (I) with the initial value £(0) = xzo. We say z(t) is the
limit orbit of a solution y(t) of (I) if for any t > t1. there exists a sequence {t/} such that

t) — 00.j — oo and lim y(#/ £ 0) = z(t £ 0). (4.1)

J—o0

i) .r(t) is stable if there exists a neighborhood U(zg) of z¢ such that r(t) is the limit
orbit of y(t. yo) for any yo € U(zo), where y(t,yo) is a solution of (I) with the initial value
y(0) = yo.

ii) x(t) is right-table if there exists a right-neighborhood U, (zo) of zo such that z(t) is
the limit orbit of y(t, yo) for any yo € Uy (xo).

iti) 2(2) is left-stable if there exists a left-neighborhood U_(x¢) of xo such that x(t) is
the limit orbit of y(t. yo) for any yo € U_(x0).

Theorem 10 — Suppose conditions H;) — Hy) hold. Let z(t) be a nontrivial periodic
solution of (I) with the initial value £(0) = zo. Set K = z1. Then

i) x(t) is stable if and only if there exists a neighborhood U(K) of K such that

f(x)P(z)(r — K) < 0,V z(# K) € U(K).

ii) x(t) is right-stable if and only if there exists a right-neighborhood U, (K) of K such
that

f(z)P(z)(z — K) < 0.V x € U, (K).
iii) x(t) is left-stable if and only if there exists a left-neighborhood U_(K) of K such
that
f(@)P(z)(z - K)<0,VzeU.(K).
Proor: Sufficiency. Since the proof of i), ii) and iii) are similar, we give the proof of

i) ouly. Let y(t.yo) be the solution of (I) with the initial value y(0) = yo. If yo > ro, then
y(t. yo) > x(t) by Lemma 1, and hence, by the continuity there exists a right neighborhood
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of xg, say U, (o), such that y; € Ui (z1) = U4+(K) for yo € Uy (x0), where y1 — y(s1) and
s1 = 7i1(y1). In the following discussion we denote s by the time when y(t,yo) hits the
surface Sy : t = () and set yx = y(si). Choose yo € Us(zo) such that y; € Uy(x1) =
Ui (K). It follows from Lemmas 1 and 2 that

y(t,yo) > z(t),t >0and yp >z, = K.k > 1. (4.2)

Since f(z) # 0 between K and h(K), we suppose f(z) < 0 for x between K and h(K).
Then the condition in ii) of Theorem 10 reads

P(z) > 0.V z € U, (K). (4.3)

Note that y'(t) = f(y) for t € (s1, s2). Then

Y2 1
—_— = - T . 44
Lo Fade =T+ ) =7l (4.4

Since y; € U4 (K), (4.3) yields that
h(y1)
P(y1)=/yl s+ T >0 (4.5)
Adding (4.4) and (4.5) we have

y2
H(yz,y1)=/ ﬁ
Y1

It follows from H'(z.y)f(z) > 0 and f(x) < 0 that H'(z,y1) < 0, and hence (4.6) gives
y2 < y1- This together with (4.2) implies that yo € (K.y1) C Ui (K). With the similar
proof as in the above we will prove that K < yx < yg—1 for k > 2 by induction. It is easy
to verify that {yx} convergence to K as k — oc by using the equality

ds — [1(y2) — 7(11)] > 0. (4.6)

Yk+1 1
/h(yk) }mds =T + 7(yk+1) — 7(yk)-

and P(z) > 0 in U, (K). Now, we prove (4.1) holds. Since z(t) is periodic with the period
T. we verify (4.1) holds for t € (t1tg] = (T + 7(K).2T + 7(K)).

If t = ty. we can choose tk = si, then kli,mooy(tk +0.90) = z(t2 £ 0). If t =tg € (t1.12).
or T 4+ 7(K) < to < 2T + 7(K), then we choose t* = (k — )T +to. Since yx — . or
7(yx) — 7(K) as k — oo, there exists N > 0 such that t* € (kT + 7(y), (k + 1)T + 7(yx))
for k > N. Since

h(yw) J (S)

and

z(to) 1 ds =t T K).: t)k—— (t)
/h(K) ms‘“ - 7(K),z(t)" = z(to
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we ]:lave
Ve —1 ds=71(K)—1 4.7
L(to) f(S) S ( ) (yk) ( . )

Letting k — oo in (4.7) we get limg_oo ¥(t¥) = z(to).

Necessity. Let z(t) be a right-stable periodic solution of (I). Then z; = z; and K =
z1 € D(P) by Lemma 6 and Lemma 7, respectively. Now, we prove there exists a right-
neighborhood U, (K) of K such that f(z)P(z)(z — K) < 0 or f(z)P(z) < 0,Vz € U4 (K).

Note that f(K) # 0, say, f(K) < 0. Thus, there exits a neighborhood V(K) of K such
that f(z) < 0,z € V(K). Then we need to prove there exists a right-neighborhood U (K)
of K such that P(z) > 0,z € U+(K) C V(K). Suppose it is not true. There are two cases
to have contradictions.

Case 1 — There exists a sequence {K,} C U4+ (K) such that
K, > K,P(K,)=0, K,— Kasn— oc.

Let yn(t) be the solution of (I) with initial value y,(0) = yp, where F(Kp,,yn) = 0. Clearly
for each n > 1, z(t) is not the limit-orbit of y,(¢) since y,(t) is a periodic solutions of (I) bv
Theorem 9. This ia a contradiction.

Case 2 — For some fixed right-neighborhood U4 (K) of K, z(t) is stable in U, (K), but
P(z) < 0,z € U, (K). Let y(t) be a solution of (I) such that y; € Uy (K). Since z(t) is
right-stable, we know there exists a sequence {tj} such that (4.1) holds for t = ¢, i.e.,

t) — oc,j — oo and lim y(t/) = z(t;) = K, lim y(& +0) =z(t; +0) = h(K). (4.8)
j—oo j—oo

Then we must have there exists N > 0 such that t/ = Sk, for j > N, where s, is the time
when y(t) hits the surface Sy : t = 7x(x). In fact, if there exists a subsequence of {t’}, say
{t7}, for the sake of simplicity, such that t/ # s; for any k > 1, then y(¢/ — 0) = y(¢’ + 0).
Letting 7 — oc we have K = h(K) by (4.8), which is a contradiction by Lemma 7.

Now we know there exits a subsequence {sk;} of {sx} such that y(sx,) — K as j — oc.
We claim that {yx} is increasing. Since y; > K, we have yx > zx = K by Lemmas 1 and 2.
Thus we can suppose yk; = y(sk,) € U4 (K) since y(sk,) — K as j — co. With the similar
proof in the sufficiency (from (4.4) to (4.7)) and using P(z) < 0 in U;(K)), we will prove
for each j > 1,

K <yr < yk+1 S Yk, Yk <Kkj,

which implies {yx} is increasing. Then y(sx,) — K as j — oo, which is contradiction. [
To end the present paper, we give two examples to illustrate our main results.
Ezample 1 — Consider (I) with f(z) =sinz, h(z) = Az, and 7(z) = ax where

2 1-)

;<)\<1, 0<ac<A, T<T<(1—)\)

o)
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We need only to verify H;) — Hy) hold for (t,z) € [0,T] x [0,7/2] to see whether there

exists a periodic solution for 2o € (0,7/2]. It is easy to see H1) — Hy) hold for sufficient
small a.

Clearly, P(z) = T + [* zi-dy is well defined in (0,7/2]. Since

siny

Pz)<T—-(1-Nz/sinz - T — (1—/\)% <0,z — /2,
P(x) > T —(1-=Xz/sin(Az) = T — (1 = A)/A> 0,z — 0,

we know P(zx) has at least one zero point K € (0, 7/2] satisfying sinzP(z)(x — K) < 0 in
some neighborhood of K. The similar method will prove F(K, zg) = 0 for some zo € (0, K).
Therefore, (I) has a stable periodic solution by Theorems 9-10.

Ezample 2 — Consider (I) with f(x) = sinz?, h(z) = A\, and 7(z) = az where
A=v3/3, 0<a<A, T>V2r(l-+v3/3).

For the same reason as before H;) — Hy) hold for sufficient small a. Note that P(z) =
T+ f:‘z ﬁ;dy is well defined in (0, y/7/2} and

P(z) <T — (1= A)z/sinz? - —o00,z — 0,

P(z) >T - (1= Az/sin(A z)2 - T — V2r(1 - V3/3) > 0,z — /7/2

we know P(z) has at least one zero point K € (0, 1/7/2], satisfying sin z2P(z)(z—K) > 0 in
some neighborhood of K. The similar method will prove F(K, z¢) = 0 for some o € (0, K).
Therefore, (I) has a unstable periodic solution by Theorems 9-10.
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