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Boundary value problem for second-order differential equations with Coulomb singularity on
a finite interval has been studied. Asymptotic formulae for the eigenvalues and eigenfunctions
have been obtained. Moreover, Weyl function for the problem under consideration has been
defined and uniqueness theorem for solution of inverse problem according to this function has
been proved.
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1. INTRODUCTION

In interval (a, b), when the given interval is finite, Sturm-Liouville operator which is generated by
the differential expression £(y) := —y (x) + ¢(z)y(z) satisfies the condition g(z) € L;(a,b) in
general. And in singular case, i.e., when interval (a, b) is infinite or the function ¢(z) has noninte-
grable singularity in extremity points of interval, the condition of ¢(z) € Ly j,c(a, b) is given.

When ¢(z) is a first order singular generalized function, singular Sturm-Liouville operator
which has a potential as ¢ = u' by using concept of generalized derivative such that u € Ly(0,1)
has been defined in [1].

Moreover in [1] are studied self-adjoint extensions of differential operators generated by dif-
ferential expression £(y) which has a potential ¢(z) = w (z) such that u € Ly(0,1). When
a # 2,4,6,. .., generalized functions can be corresponded to the functions | z |~* sgnz by using
the method of canonical regularization [2]. When a < %, generalized functions which are obtained
by this way can be shown as generalized derivative of functions from the space Lo and therefore
Sturm-Liouville operator which is given by the differential expression £(y) is defined such that it
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has a potential like g(z) =| z |® sgnz. In [3] when ¢(z) = Az™% and a < -3—, A € R, aregular-
ization of constructing boundary value problems for Sturm-Liouville equation which has this type
of potential has been given.

When ¢g(z) = Az~ and a € [1,2), all self-adjoint extensions of operators generated by the
differential expression £(y) have been given in [4] such that it has this type of potential according
to boundary value conditions and therefore when o € [1, 2), regularization of constructing bound-
ary value problems for Sturm-Liouville equation which has this type potential have been given.
Regularizations in the [4] and [1] coincide only when a < 3

Let’s consider the differential expression

" A
Uy) =~y (@) + Zy(@) +q(z)y(z) , O0<z<m (1.1)
where A is a real number, g(z) is a real valued bounded function.

We shall define an operator Ly : Lyy = £(y), on the g set of Dy = C§°(0, 7). It is obvious
that the operator L;, is symmetric in the space of L1[0, w]. We say that the operator Ly which is the
closure of Ly is the minimal operator generated by the differential expression (1.1). The conjugate
Ly of the operator Ly is said to be the maximal operator generated by the differential expression
(L.1).

In [4], all maximal dissipative and accumulative and also self-adjoint extensions of the operator
Ly have been studied according to the domain and boundary conditions of minimal and maximal
operators generated by differential expression (1.1).

xl-—a

We define 'ay by (Tay)(z) = ¥ (z) — u(z)y(z), where u(z) = A

1-a

It has been shown in [4], that if y(z) € D(Lg) then the function (I'y)(z) has a limitas z — 0+
ie.

Jim (Ty)(z) = (Ty)(0).

Hence the domain D(Lg) of minimal operator L, generated by differential expression (1.1)
contains only functions y(z) € D(Lg) such that function y(z) satisfies the conditions y(0) =
y(m) = (Ty)(0) = y' (x) = 0.

In this study, the case of @ = 1 has been investigated. Then u(z) = Alnz and (Cy)(z) =
y (z) — Ay(z) Inz.

In the second part of this study, asymptotic behaviours of spectral characteristics and eigen-
functions of considering operator have been given such that the remaining parts are in the space
22.

In the third part, Weyl function for considering operator has been defined and the theorem which
is related to uniqueness of solution of inverse problem according to Weyl function has been proved.
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2. PROPERTIES OF THE SPECTRUM

Let’s consider the boundary value problem L = L(q(z), h, H):
Uy) =~y +(u (@) +ql@)y =y, 0<z<m A=/’ (2.1)

U(y) := (Ty)(0) - hy(0) =0, V(y) := (Ty)(r) + Hy(m) =0 (2.2)

where h, H are real numbers, ¢(z) is real valued function in Ly[0, 7], A is a spectral parameter.
We define y1(z) = y(z),y2(z) = (T'y)(z) = v (z) — u(z)y(z) and let’s write the expression
of left hand side of the equation (2.1) as the following

£y) = —((Ty)(2)) - w(@)(Ty)() - v (@)y(2) + g(@)y(2). (2.3)

Then the equation (2.1) reduces to the system;
v —u(@)y =y =Ty
Yo +u(@)ye + v (@)1 — q(z)y1 = —p’p

or matrix form of the system;

o\ u 1 n
(w) _<—p2—u2+q —U)<yz)' (25)

The entries of the matrix

_ u(x) 1
Al = ( o~ u{z) +4lz) —ulz) )

are functions in L; [0, 7].

For this reason, by [5], there exists only one solution of the system (2.5) which satisfies the
initial conditions y; (£) = a1,y2(£) = ay foreach ¢ € [0, 7], @ = (a1, 02)T € C?, especially the
initial conditions y; (0) = 1,y2(0) = h.

Definition 1 — The first component of the solution of the system (2.5) which satisfies the initial

conditions y(£) = ay, (I'y)(€) = a2 is called the solution of the equation (2.1) which satisfies the
same initial conditions.

Lemma 1 — (Lagrange’s Formula) Let f,g € D(Lg). Then
s
(E31,9) = [#(ada = (5, L39) + [f, T
0

where [f, g]f = —(T'f)(z)3(z) |§ +(Tg)(z)f (=) [§-
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PROOF: We have

™

(Lif,g) =— / (f —uf) gdz — / w(f — uf)gds - / (u? — ¢(c)) f7da
0 0

[=]

Z/(f —uf)§ - ug)d /u — q(2)) fgdz — (T1)(2)3(=) I§
o 0

™

_ / fU@)dz + [£,315 = (f, Ltg) + (£, 35

0

Definition 2 — A number ) is called an eigenvalue of an operator L if there exists in the domain
of definition of the operator L a function y # 0 such that Ly = Ay. The function y is called the
eigenfunction, of the operator L, for the eigenvalue M.

The set of eigenvalues is called the spectrum of L.

Since g(z) € L[0,n] and u(z) € Ly[0, ], the spectrum of the boundary value problem L is
discrete [3].

We shall assume that C(z, A), S(z,A), o(z, ), ¥(z,A) are solutions of the equation (2.1)
under the following initial conditions:

(P(O, A) - la (F(p)(ov >‘) = h‘7 ’(,b(ﬂ', }‘) = 17 (P'lﬁ)(ﬂ',)\) =—H.
Clearly, for each fixed z, functions C(z, ), S(z, A), ¢(z, A), ¥(z, ) are entire in A and
Ulp) =0,V (y) =0. (2.6)

Denote
A = ($(z, A), 0(z, M) (2.7)
where
(y(2), 2(z)) := y(z)(T'z)(z) — (Ty)(z)z(z)
According to Liouville formula, (1)(z, A), ¢(z, A)) is not depend on z.

The function A(}) is called the characteristic function of the boundary value problem L.
If we substitute z = 0 and x = 7 in (2.7), then

AN =V(p) = -U®) = T)(m,A) + Ho(m, A) = —[(T$)(0, ) — hp(0,X)]  (2.8)

are obtained.

The function A(]) is entire in A and the set of its zeros, which are at most countably many, is
the set is eigenvalues of L. So L has eigenvelues, say {\, }.
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Lemma 2 — Zeros {\,} of the characteristic function coincide with the eigenvalues of the
boundary value problem L. p(z, \,) and ¥(z, \,,) are eigenfunctions and the sequence {£,} exists
such that

'(/)(w7 )‘n) = ﬂn‘P(-’Ea An)aﬂn # 0 (29)

PROOF: Let )\ be a zero of the function A(X). Then ¥(z, \g) = Bow(z, Ag) due to (2.6)-(2.8) and
p(z, Ng) and ¥(z, Ag) satisfy initial conditions (2.2). Hence ) is an eigenvalue, p(z, Ag), ¥(z, Ao)
are eigenfunctions corresponding to Ag.

Conversely, let A\g be an eigenvalue of L, yo(z) be an eigenfunction corresponding to \g. Then
U(yo) = V(yo) = 0. It is obvious that yo(z) # 0. Let yo(0) = 1. Then (I'yp)(0) = h. Hence
yo(z) = p(z, A). Thus, from (2.8), A(Xg) = V(¢(z, Ag)) = V(yo(z)) = 0 is obtained.

Denote
kis

ap = /ch(a:, An)dz (2.10)
0
The numbers {a, } are called normalizing constants, the numbers {A,, o, } are called spectral datas
of boundary value problem L.
Lemma 3 — The following relation holds

Bnap = _A(An), (2.11)
where numbers 3, are determined from the formula (2.9) and A()\) = EdXA(A)'
PROOF: Since J
"‘(1/)(15, >‘)‘5 (P(Z', An)) = ()‘ - An)d)(l', /\)W(:E’ >‘n)a

dx
due to (2.8)

(A= M) / W@ Ne(@ d)de = 1z, ), 0@ M) [§
0

= 1/)(7F, )\)(P(p)(ﬂ', An) = (F'l,b)(ﬂ', )\)(,0(7!‘, )‘n)
= (0, )(T)(0, An) + (T4)(0, A)p(0, An)

= (Te)(m,An) + Ho(m, An) + (F)(0, A)
—h(0,2) = A(An) — A(})

as A —= A\,

T

.

[ ¥t M)t )iz = A 0w)
0
If (2.9) and (2.10) are used then (2.11) is obtained.
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Lemma 4 — The eigenvalues {)\,} and eigenfunctions o(z, \,), ¥(z, A\,) are real. All zeros
of A(\,) are simple, i.e., A()\n) # 0. Eigenfunctions corresponding to different eigenvalues are
orthogonal in Ly [0, 7].

PROOF: Let A\, and A, (A, # Ag) be eigenvalues of the boundary value problem L and yy, (z),
yx(z) be the eigenfunctions corresponding to these eigenvalues respectively. From Lagrange’s For-
mula and boundary condition (2.2) one obtains

m m

/ Uy (@) ()dz = / v )2y (2))d,

0 0

is obtained. Therefore . .

Ao [ yn(@)yx(@)dz = Mg [ yn(@)yr(z)de.
b/ b/
Since A, # Ak,

U

/ yn()yi()dz = 0.

0

Next, let A% = u + v, v # 0 be a complex eigenvalue and 4°(z) # 0 be an eigenfunction
corresponding to A°. Since u(x), g(x), h and H are real, A’ = u — iv is also an eigenvalue with
corresponding eigenfunction 7°(z).

Since A0 £ X0,

w

11, = [ @)z =0
0
is obtained. This is a contradiction.

Therefore, eigenvalues {\,} are real. Hence ¢(z, A,) and ¢(z, \,) are also real.
Since ay, # 0, B, # 0, we get from equality (2.11) that A(\,) # 0.

Theorem 1 — In the interval [0, 7], the following asymptotic formulas are satisfied uniformly
with respect to z € [0, 7] as | p |— oot

v1(z,A) = cospr+ O (|IT| exp(| 7 | x)>

= O (exp(| 7| z)) (2.12)

(Cer1)(z,A) = @a(x,A) = —psinpz + O (exp(| 7 | z))
= O(lplexp(|7]|x)) (2.13)

b)) = cosp(n—m)+0(|-§—|exp(lfr|(w—m)))
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I

O (exp(| 7 | (w — z))) (2.14)

(Tp1)(z,A) = psinp(r —z) + O (exp(| 7 | (7 — z)))
= O(lplexp(| 7| (x—1z))) (2.15)

where A = p?, 7 = Imp and (¢ (z, A),1h2(z, \)) the solution of the system (2.4) that satisfies
901(07/\) =1, @2(03 >‘) = h.
PROOF: We show that

4 Z

p1(z,A) = cospz + %Sin Pz + / {u(t)cpl(t, A) cos p(xz — t)

+l(a(t) = O)er(t, ) — u®)ealt A)}W} dt

T

wo(z,A) = —psinpz + hcos pz + / {—pu(t)p1(t, A) sinp(z — t)
0

(2.16)

{ +[(q(t) — u?(t))e1(t, A) — u(t)pa(t, A)] cos p(z — t) } dt.

Actually, the system of integral equations

4 z

y1(z.A) =cospz + %sin T + / {u(t)yl(t, A) cos p(z — t)
0

+[(g(t) — w?(t))y1(t, A) — u(t)yalt, )‘)]ir_l.dg_:ﬁ} dt

9
y2(z,A) = —psinpz + hcos pz + / {=pu(t)y1(t, \) sinp(z — t)
0
( +{(g(t) — w?()y1(t, A) — w(t)ya(t, N)] cos p(z — 1) } dt

has only one solution from known theorem in [5].

On the other hand, if any vector function y(z,\) = (y1(z, \), y2(z, A))7 satisfies this system,
then this vector function satisfies the system (2.4) and the initial conditions y1 (0, A) = 1, y2(0,\) =
hie., y(z,A) = (p1(z, A), pa(z, A))7 is obtained. Thus (2.16) was proved.

We define: ¢}(z, ) =| p1(z,A) | exp(— | 7| ), p3(z, ) =| p2(z, A) | exp(—= | 7| z)

Since | sinpz |[< exp(| 7 | 2) , | cospz |< exp(] 7 | ) , u(z),u?(z), q(z) € L 1[0, 7], if we
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use known theorem in [8], then we get from (2.16) that for all z € [0, 7],

* A1) o d L [ 2
Qaluc,x)szrc(wlpl)ep{lpl0/<|q<t)|+|u<t)| )dt}

2312, 3) LIPS N 2
= sK(1+|p|)ep{|p[0/(|q(t)I+l (t>|>dt}

™
are true where K = exp (2 / [ u(t) | dt) . We get from the last inequalities that the function

0
w5z, )
| p!

Therefore for sufficiently large values of | p
p3(z, )

Lol
@1(z,A) = O(exp(] 7| 2)), p2(z,A) = O(] p| exp(] 7 | z))

o5 (z, A), are bounded when z € [0, 7] and | p |> 1.

’

oi(z,A) = 0(1), = 0(1) i.e.,

are obtained. Thus the proofs of (2.12) and (2.13) have been completed.

Analogously the asymptotic formulas (2.14) and (2.15) can be obtained.
Corollary — It is shown in the same way that the asymptotic formulas;

p1(z,A) = cos pz + /u(t) cos p(z — 2t)dt + O (ﬁ exp(| 7 | :1:))
0

T

(Cer)(z,3) = pa(z,X) = —psinp - p [ u(t)sinp(s — 21)dt + Olexp(| 7| )
0
are satisfied uniformly with respect to z in the interval [0, 7] as | p | > oo.

Theorem 2 — Boundary value problem L has the set of countable eigenvalues {\n}n>0. For

n — 0o, A1 k
nn w
pn=m=n—%7+;ﬁ+f,{kn}ee2a (217)
or(o,0n) = cosne + 225 [ singmidt + 20| 1,0) || em@) 1< C, (218)
0
where
1/ A?
w = H+h+E/q(t)dt——Tﬂ(anﬂ—2ln7r+2)
0
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1
sin2 Innw sin?t
Al — - — dt
+ ( 4 2 / t )

0

PROOF: If we substitute the asymptotic formulas of the function ¢;(z, ) and 3(z, A) from
(2.12) and (2.13) to the right hand side of (2.16):

T T

v1(z,A) =cospr + /u(t) cos p(z — 2t)dt — h/ u(t)
0

sin p(z — 2t)
p

dt

T

_ / w2(p) Sinple = 2) (;p_ 2t) gt

[ sinplz — 7l
0

X

(Te1)(z,A) = —psinpz — p/u(t) sin p(z — 2t)dt — h/ u(t) cos p(z — 2t)dt
0 0

—% /u2(t) cos p(z — 2t)dt + (h + %/q(t)dt - %/u%t)dt) COS Pz

0 0 0

z

+-;— / q(t) cos p(z — 2t)dt + O (elTlx).
’ (2.20)

Since A(A) = (Tp)(m, A) + Hp(m, \)

A()\) = —psinpr — p/u(t) sin p(m — 2t)dt + w cos p + k(p) (2.21)
0

where

w=H+h+z [(q(t) —u’(t))dt

DO =
o\a
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m ™

k(p) =(H - h)/u(t) cos p(m — 2t)dt — % /u2(t) cos p(m — 2t)dt
0 0

1 r eltim
+§/Q(t) cos p(m — 2t)dt + O ik

0
LetGs={p:|p—k|>6,0 >0,k =0,F1,F2,...}. By using the Lemma 3.2 in the study
[7], for sufficiently large values of p* >0, where

|AMA) > Cs | plexp(|T|7),p€Gs | p|>p* (2.22)

is obtained,

Next, let Ty, = {) :| X |= (n+1/2)?}. By using the Rouche’s theorem from [6], we get that the
function A()) has exactly (n+1) numbers of zeros in I'y,, as in the circle v, (8) = {p :| p—n |< 6},
it has only one zero for sufficiently large values of n. Since § > 0 is arbitrary,

Pn =N+ €n,€n =0(1),n —> 00 (2.23)

is obtained.
If (2.23) is substituted in (2.21)

0 = A(p2) = —(n+e)sin(n+ €)1 — (n+ €,)

™
/u(t) sin(n + €, )(m — 2t)dt + wcos(n + €))7 + ky, (2.24)
0
is obtained. .
When u(t) = Alnt then let’s show integral [ u(t)sin(n + €,)(m — 2t)dt(en, — 0,n — o0) is
convergent: ‘
Given any € > 0, let’s write the given integral as the following;
T €
/u(t) sin(n + €p) (7 — 2t)dt = /u(t) sin(n + €,) (7 — 2t)dt

0 0
m

+/u(t) sin(n + €,) (7 — 2t)dt = I + I
€
Since the function f(t) = Alntsin[(n + €,)(m — 2t)] is continuous on the interval [e, 7], the
integral I, exists (in the sense of Riemann).
On the other hand, we get that the given integral absolutely convergent so convergent from the
inequality

€ €
|A|/Ilnt||sin[(n+en)(1r—-2t)]dt5 —IAI/lntdt
0 0
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€
and due to convergence of the integral [Int dt.

0
Even given integral is uniformly convergent with respect to n.
n
1 1
Then e, = — /u(t) sin 2ntdt + O (—)
s n
0

n

1
If (2.24) is used again, ¢, = — /u(t) sin 2ntdt + — + kn ie.,
s ™m n

Alnn w k,
+—+
2 n ™m n
Let’s show that k,, € £5 in equality (2.17). For this, first let’s give the expression of the following
theorem which is given in [9].
Theorem — Suppose that real numbers p, k € N, tend to zero and that the sequence (7k + ux)
strictly increases. Then each of the following systems forms a Riesz basis of Ly(0,1).

(@) {sin(7k + pr)z}ily;
(o) {sinlr(k — 1/2) + ez}
(©) {cos(mk + pr)z}lo;
(d) {cos{n(k +1/2) + plz}y;

On the other hand, in equality

s

k(pn) = (H-h) /u(t) cos pp(m — 2t)dt — —;-/0“ u2(t) cos pn (7 — 2t)dt
0

1 f elrlm
+—2— /q(t) cos pp(m — 2t)dt + O P
0 n

DO -

= (H-h) / u(t) cos[(n + en) (m — 2)]dt — / w2(2) cos[(n + en) (1 — 2t)]dt
0 0

€n

+% / q(t) cos[(n + €,) (7 — 2))dt + O (nef_l" )
0

since u(t), u?(t),q(t) € Lo[0, 7], we get from the above theorem that k, € ¢ since each term in
the right hand side of the expression k, = k(p,) is an element of the space ¢;. Hence (2.17) is
proved.
If we substitute (2.17) to (2.19) then we arrive at (2.18) where
T T &
&in(z) = -—zsinnz+ 2/ tu(t) sinn(z — 2t)dt + 2% /u(t) sin 2ntdt / tu(t) cosn(z — 2t)dt
0 0 0
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z

T
1 1
Eonlx) = (h + 3 /q(t)dt - §/u2(t)dt - x% - xkn) sinnz

0 0

+% / g(t)sinn(z — 2t)dt + O (%) (2.25)

0

Thus | {in(z) | Cyi=1,2.
Using (2.10), (2.11), (2.18) and (2.23) one can calculate

P B = (1) L A ) = A = (1T

_ kn1
=73 o

73 1 r
where k1 = —é—kn —3 /(7r — z)q(z) sin 2nz dz.

0
Remark: Analogous results are valid for Sturm-Liouville operators with other types of separated

boundary conditions.
(i) Consider the boundary value problem L,
ary conditions U(y) = 0, y(7) = 0. For the eigenvalues {sy }>0 of L we have the formula:

_ 1 Aln(n+1/2) wy kn
Von=nt g - o Tt 1/9) oo U} €62

= L1(Q(z), h) for equation (2.1) with the bound-

dt)

™
1 A? A 2
where w; =h+§/q(t)dt— —Q—E(ln27r—2ln7r+2) + —é—(lnw—ln4+ 51121 _2/sm t

0 0
(ii) Consider the boundary value problem Ly = Lo(Q(z), H) for equation (2.1) with the bound-

ary conditions y(0) = 0, V' (y) = 0. For the eigenvalues {vy, },>0 of Ly we have the formula:

_ 1 Aln(n+1/2) wy kn

A 1
2 9
where wq =H+%/q(t)dt—i%ﬁ(ln27r-2ln7r+2) g(lnw~ln4+§lg_2_ _2/511; tdt)

0
(iii) Consider the boundary value problem L3 = L3(Q(z)) for equation (2.1) with the boundary

conditions y(0) = y(w) = 0. For the eigenvalues {p, }n>1 of L3 we have the formula:

Alnn  ws
\/P_n—n“'%—ﬁ“‘l’;ﬁ*‘;’{k }et,

1
.2
where w3 = —1-/ q(t)dt — é——-(ln m—2lnw+ 2) +A(in—2- _lam_ / 3 tdt).
2 2 4 2 t
0 0
Now, let L(g(z), h, H)(H # H) and differential expression (2.1) be the operator generated by

the boundary conditions
U(y) := (Ty)(0) — hy(0) = 0, Vi(y) := (Ty)(m) + Hy(r) = 0. (2.26)
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Let {n}n>0 be the eigenvalues of the boundary value problem L.
Lemma 5 — The eigenvalues of boundary value problems L and L interlace, i.e.,

An < pin < Ans1,if H> Hand pn < Ap < ping1,if H< Hn > 0. (2.27)

PROOF: As in the proof of Lemma 3, we get that

& <p1(e,X),01(2,1) >= (0~ w)er (o Nepr (@, 1)

and from here

(A= 1) / o1(@, N1 (@, w)dz =< o1 (, N, @1(z, 1) >If
0

= p1(m, \)(Tpr)(m, ) — @ (m, p) (Tpr) (m, A) = F7; : H(A(A)A(u) — A(w)AN).

Hence 3 )
0/ o1(2, s (2, ) = = (A“i — ) - %ﬁlz&m)).
As = A
[ nds = =T—BMAR) - AWAN) (2.29)
0
where A()\) = %A(A), A(A) = %A()\); that is especially,

-1 . .
o = 2 HA()‘n)A()‘n),

From (2.28) —00 < A < 00,5 fA(A) # 0

1/ e L4 (A
O/so%(,x)d ( )

AZ()) H-Hdx \A())

is obtained. AlA
If H > H then A—E)\% is monotonically decreasing in the set of R\{u, | n > 0}. Thus it is

obvious that lim fﬂ =

_ A= pn F0 (A)

When H < H, if we write the equality (2.28) as
T ~
1 2 1 d (AN
= YA Jdz = — == |-
X205 0/<p1($ Mz === (A(A)> 00 < A < 00, A(N) 0,
AW . - "
we get that the function AN is monotonically decreasing in R\{)\, | n > 0} and it is clear that
AX

)\_)1)‘1?;0———()‘—) = Foo. From here we obtain (2.27).
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3. THE WEYL FUNCTION

Let ®(x, ) be the solution of (2.1) under the conditions U(®) = 1,V (®) = (I'®)(m,A) +
H®(m,)\) = 0. We set M()\) := ®(0,)). The functions ®&(z, A) and M () are respectively
called the Weyl solution and the Weyl function for the boundary value problem L. Clearly,

¥(z, M)

®(z,\) = - A = S(z,A) + M(A)p(z, A). (3.1)
Hence (I'®)(z, A) = (I'S)(z, A) + M(A)(Tp)(z, N).
Then
(T®)(mw, A)+ H®(m, A) = (LS)(m, \) + HS(m, A) + M(A\){(Tp)(7,A\) + Hp(m,\)} = 0 and
M) = —AAO(()\)‘)) (3.2)

where A°(A) = (I'S)(m, A) + HS(m, A). On the other hand,

‘P(x’ ’\)7 ‘I)(:L‘, A) > = (P(CL‘, )\)(P‘P)(a), >‘) - (F(p)(x, A)‘I’(.’B, )‘)

(3.3)
Thus, the Weyl function is meromorphic with simple poles at the points A = A,,.
Theorem 3 — The following representation holds;
= 1
M) = ——— 3.4
) ,fi-‘gan(x—xn) (3.4)

PROOF: Since A°(A) = 9(0, A), it follows from (2.14) that | A°(A) |< Cexp(] 7 | 7). Then,
using (3.2) and (2.22), we get

c .
| M(X) |< Tﬁ”’ €Gslplzp (3.5)
Further, using (3.2) and Lemma 2, we calculate that
n 1
Resyoy M(A) = —50n) __ Fn 1 (3.6)

A()\n) A(dp) On

Consider the contour integral

M
In(N) / ) o0 A € intly.

By virtue of (3.5), A}l}}l In(X) = 0. On the other hand, the residue theorem and (3.6) yield
o0

N

IN(A Z an )\ /\n)

n=0
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and theorem is proved.

Now, we shall consider the following inverse problem:

Problem 1 — Construct the boundary value problem of L(g(x), h, H) according to given Weyl
function M (A).

Let’s prove the uniqueness theorem related to solution of Problem 1.

Theorem 4 — If M()\) = M()) then L = L. Thus the specification of the Weyl function
uniquely determines the operator.

PROOF: Let’s define the matrix P(z, A) = [Pji(z, A)]jx=1,2 by the formula

Py P@N  e@X ) _ [ ey e 37)
T\ @)@ (o), ) (Te)(@,2) (TP)(z,2) |

Using (3.3) and (3.7) we calculate

Pii(z,A) = o(z, \)(T'®)(z, ) — ®(x, \)(T@)(z, )
Py (z,A) = (Te)(z, \)(T'®)(z, \) — (T'®)(z, \)(T'@)(x, \)

P12(x, A) = ‘I’(:L‘, A p(z, A) = ‘p(x) A)&)(xa A)

P22(.'B, )‘) = (I‘Q)(w’ )‘)(ﬁ(w’ A) - (P(P)($7 A)(i)(il,', )‘)

\

(P(z’ )‘) = Pll(mv )\)(ﬁ(ﬂ?, )‘) + P12($’ )‘)(F@)(m’ A)
(3.9)
®(z,\) = Py (z, \)®(z, \) + Pya(z, \)(T®)(z, \)
It follows from (3.8), (3.1) and (3.3) that

Pui(z,)) = 1+ {2, (D) A) — Te) (2, 1)) — o(z, M) (2, 3) — (T) () Wz%x;

Pua(s, 3) = 755 (0@ 1@, 2) ~ (2, )5, 3)

By virtue of (2.12), (2.13), (2.14), (2.15) and (2.22), this yields

Cs

| Piu(z, ) —11|< P |a|P12(-’B A IS P I,P€G6,|P|>P (3.10)
C& *

| P22(.’D, A) -1 |S rp_l'al P21($”\) |_<_ CJ’P € G&)I P IZ P (311)

According to (3.1) and (3.8) we have

Pu(2, ) = p(z,N)(T8) (2, ) = Sz, )(T@)(z,A)) + (M(A) — M(N)p(z, \)((T@)(z, )

Pia(z,A) = S(z, \)@(z, ) — ¢(z, M) S(2,A) — (M(X) — M(X))p(z, \)P(z, A)
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Thus if M(\) = M () then the functions Pp;(z, A) and Pja(z, \) are entire in ) for each fixed
z. Together with (3.10) this yields Pjy(z,A) = 1, Pia(z,A) = 0. Substituting into (3.9) we get
o(z,A) = @(z, \), ®(z, \) = &(z, \) for all z and X and consequently, L, = L.

Remark : As seen from (3.4), giving of Weyl function M () is equivalent to giving of spectral
datas. On the other hand, zeros and poles of M (), (Weyl function) coincide with the spectrums
of boundary value problems L and L according to (3.2). For this reason, giving of Weyl function
M () is equivalent to giving of spectrums {\,} and {vy, }.

Therefore the determination problem of the Sturm-Liouville equation according to two spec-
trum and spectral datas is a particular case of Problem 1 related to construction of Sturm-Liouville
equation according to Weyl function.
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