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The present work is concerned with the formulation of state space approach to the problems
of thermoelastic interactions without energy dissipation in a thermoelastic medium. The for-
mulation together with the Laplace transform procedure is applied for the problem of a half
space whose boundary is subjected to (i) ramp type increase in temperature and zero stress and
(ii) ramp type increase in load and zero temperature change. Closed form solutions are ob-
tained for both the problems for the distributions of the displacement, temperature and stress
of the medium. The results are compared with the earlier findings. Numerical works are also
performed for a suitable material with the aim of illustrating the results.
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1. INTRODUCTION

The generalized theory of thermoelasticity has motivated many researchers for last few decades.
These theories admit a finite speed of thermal signal and eliminate the apparent paradox, predicted
by the coupled thermoelasticity theory introduced by Biot [1], that the effects of any mechanical
or thermal disturbance on an elastic medium extending to infinity will be felt instantaneously at
infinity. Lord and Shulman [2] derived the theory of generalized thermoelasticity, which is also
referred as extended thermoelasticity theory, by modifying the Fourier’s law of heat conduction with
the introduction of a thermal relaxation time parameter. The modified heat conduction equation in
this theory is of the wave type and it ensures the finite speeds of propagation of heat and elastic
waves. This theory was extended by Dhaliwal and Sherief [3] to general anisotropic media. Muller
[4] adopted a more direct approach by considering restrictions on a class of constitutive equations
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with the help of his entropy inequality involving an entropy flux vector. A generalization of this
inequality was proposed by Green and Laws [S]. Later on, Green and Lindsay [6] and Suhubi
[7] independently gave a more explicit version of the theory. This theory introduces two relaxation
time parameters and modifies all the constitutive equations of the coupled theory of thermoelasticity.
Subsequently, several investigations [8~11] based on these generalized theories were carried out.

Recently, Green and Nagdhi [12-14] have formulated three completely different models of ther-
moelasticity in an alternative way. Among these, in one of the models [13], the most significance
is that the internal rate of production of entropy is identically zero, i.e., there is no dissipation
of thermal energy. This theory [GN theory] is known as thermoelasticity without energy dissipa-
tion theory. In the development of this theory the thermal displacement gradient is considered as
a constitutive variable, whereas in the conventional development of a thermoelasticity theory, the
temperature gradient is taken as a constitutive variable. An uniqueness theorem in case of linearized
version of this theory is given by Green and Nagdhi [13] and Chandrasekharaiah [15] independently.
Chandrasekharaiah [16] have studied free plane harmonic waves without energy dissipation in an
unbounded body. Chandrasekharaiah and Srinath [17-18] have studied cylindrical/spherical waves
due to (i) a load applied to the boundary of the cylindrical/spherical cavity in an unbounded body, (ii)
a line/point heat source in an unbounded body. Sharma [19] studied a problem concerning thermoe-
lastic interaction without energy dissipation due to body forces and heat sources. Mukhopadhyay
[20] tackled a problem concerning the thermoelastic interactions without energy dissipation in an
unbounded medium with a spherical cavity.

The potential function approach is often used to solve problems of thermoelasticity theory.
Many problems on coupled thermoelasticity have been solved by using this approach. However
Bahar and Hetnarski [21] discussed several disadvantages of the potential function approach and in-
troduced the state-space formulation as an attractive alternative to the potential function approach.
In this approach the methodology of modern control theory is used in solving the problems of ther-
moelasticity. Many problems [22-24] were studied using this approach.

The aim of the present problem is to formulate the state-space approach to the problem of ther-
moelasticity without energy dissipation. The formulation is valid for one-dimensional problems in
presence or absence of heat sources. The resulting formulation along with the Laplace transform
technique is applied to the problems of an elastic half-space subjected to two different boundary
conditions. The numerical works are carried out for copper material for the illustration of the prob-
lem.

2. BASIC EQUATIONS

Due to Green and Nagdhi [13] the basic governing equations for the thermoelastic interactions
without energy dissipation consist of the following system of coupled equations:

uV23u + (A + p)Vdivu — YV = pii )
cd + yTodivii + Q = k* V26 2)
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o = Adivu)l + &(Vu + VuT) — 461

3)

where dot refers to the differentiation with respect to time ¢, A, and u, are Lame’s elastic constants,

u is the displacement vector, # is temperature above uniform reference temperature Tj, p is mass
density, c¢ is specific heat at constant volume, v = (3X + 2u)8*, §* is the coefficient of volume
expansion, k* is a material constant, characteristic of the theory. o is the stress tensor associated

with u and 6. | is the identity tensor, and @ is intensity of heat source per unit mass.

3. PROBLEM FORMULATION

We consider a thermoelastic medium whose state depends only on the space variable z and the time

variable £. The initial conditions are assumed to be homogeneous. For the sake of convenience we

use the following non-dimensional variables

o o= I Qv
a YTpa
T-19 a o

where a is a standard length and v is a standard speed.

Then in terms of non-dimensional variables the equations (1)—(3) are transformed to the follow-

ing forms in which primes are suppressed for simplicity in the notation.

Pu o0 _ 1o
82 06z c?, ot?
0 00 _ P, o
Torz T ot T o2 ' “ozor
_ o,
Ozz = oz
where
7*To 2 _A+2u o, K

£ =

(v + 2u)c’ = pv? T o

4. SOLUTION OF THE PROBLEM

For the solution of the problem we apply the Laplace transform as defined by

fl) = [ f(t)e "dt

Q)

()
(6)
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Then taking Laplace transform on time under homogeneous initial conditions we get the trans-
formed form of the equations (4)—(6) as

o’u 80 p?
= p_2- €
0z? 0r
%0 - ~ ou
2 070 — 2 20U
T 52 +pQ =p°0+ep p (®)
~ Ju -
Ozx = % -0 &)
where p is the Laplace transform parameter.
We now take the quantities 0, @, 30(3:1;,[) ) and aﬁg’;’p ) as the state variables,
Then equations (7) and (8) can be written in the matrix form as
d - _
5.7 (@.p) = Ap)V (z,p) + Bz, p) (10)
where,
- 0(z,p)
_ ul(z,
V(z,p) = a( I,f) (11)
i 811;:,;)!
'z
"0 0 10
M 0 0 01 .
= 2 2
L0 Z 10
P
0
=1 O
Blz,p) = -5Q } (13)
cr 1
0
The solution of equation (10) can be expressed as
T
V(z,p) = exp[A(p)z] {V(O,p) + / exp[-A(p)z]B(z,p)dz]} (14)
0
In the case when there is no heat sources acting inside the medium, equation (14) simplifies to
V(z,p) = exp[A(p)z]V (0, p) (15)
Now we have to find out the form of the matrix exp[A(p)z].
The characteristic equation of the matrix A(p) is obtained as
1+e 1 4
A4—)\2{—-§—+—5}p2 - =0 (16)
¢t ¢ CpCT



SPACE APPROACH TO THERMOELASTIC INTERACTIONS
where, the roots A;, A2 of equation (16) must satisfy
14 1 pt
b IR S an
Gt g caer
Now Taylor series expansion of exp[A(p)z] gives
o0
A(p)z|™
ey {227}
n!
n=0
Using Cayley-Hamilton theorem, this infinite series can be truncated as
T'(z,p) = exp[A(p)z] = aol + a1A + agA? + a3 A® (18)

where ay — a3 are parameters depending on z and p.
According to Cayley-Hamilton theorem the characteristic roots £A; and £\, of the matrix A
must satisfy equation (18). Therefore, we get,

ao + a1\ + ao)? + a3)3 = exp(\2),
ag — a1\ + az)\% - ag)\i’ = exp(—A1z)
ap +ajAg + az)\% + a3>\§ = exp(A21),

ag — a1Ag + az)\% - a3)\3 = exp(—/\ga:)

Solving above system of equations we get the parameters ag — ag as follows:

A2 cosh(A2z) — A3 cosh(A;z) o = A3 sinh(Apz) — A3 sinh(\12)

“ = 3 — N2 r Mre(02 — N2
cosh(A1z) — cosh(Aaz) A2 sinh(A1z) — Aq sinh(Aoz)
a; = 2 — 2 y a3 = 22 — \2
1~ A2 1~ A2

Now we compute A% and A3 and substitute the above expressions into equation (18) to get the
components I';;(4, j = 1,2, 3,4) of the matrix I'[z, p] in the following forms :

(A% - fg—) cosh(Agz) — (A% - g%) cosh(A;z)

Ty
VY

6/\1)\2 L)\Q sinh()\lx) - )\1 sinh()\gx)J

F12 = AZ )\2
17 "2

A (A% - a;) sinh(Az) — Ap ()\§ _ Bﬁ) sinh(A\pz)

Ty = >
? e (2= 23)

2 Ay sinh(\z) — cosh(Aoz)]

My = =

VY
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f;-[,\2 sinh(A\1z) — A; sinh(\pz)]

r =
“ Mda (A = A3)
- ()\f - E;) cosh(Agz) — (A% - %;) cosh{\; z)
2 = A% — A%
Ton = [cosh(A1z) — cosh(Aqz)]
S
Lo (,\'f - 2;;) sinh(A\z) - 1 (X - 2;) sinh(Ao)
" X (OF =)
A (,\f - g;) sinh(M\oz) — Ap (Ag - E;) sinh(\z)
r =
¥ (A2 - 29)
eX2)\3[cosh();z) — cosh(Aax)]
I'sa = 5——3
AT — A3
()\f - Q—i;-?&z) cosh(Axz) — (A% - gl—";?-’ﬁ) cosh(\1z)
I3z =
(CYEPY))
[ai = ep?[A1 sinh(\z) — Mg sinh(Agz)]
* G =%
r p*[A1 cosh(A1z) — cosh(Aez)]
n =
& (At - 23)
Lo (x2- gg) sinh(A2) — Ay (A — gg) sinh(\1z)
®oT CYERY)
Fie = [A1 sinh(Az) — Ag sinh(Aoz)]
N OF-%)
- (A% - f%) cosh(\;z) — (/\% - f%) cosh(Aaz)
4 =

JYRpY:

5. APPLICATIONS

Problem I: Ramp type increase in boundary temperature of an elastic half space.
We consider a homogeneous isotropic thermoelastic solid occupying the half space z > 0. The
initial conditions of the problem are assumed to be homogeneous. It is assumed that the boundary
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plane z = 0 of the half space is traction free and is subjected to a ramp type increase in temperature.
The boundary conditions therefore can be written as:

ie.,0.£(0,t) = 0 (19)
8(0,¢) = 6°h(t) 20)

where 0* is a constant temperature and h(t) is a function of 7 defined as

0 t<0
h(t){ £ 0<t<ty 2D
1 t > to

where, £y > 0 is a fixed moment of time
Laplace transform of equations (20)—(22) yields

Ozz(0,p) = 0 (22)
6(0,p) tf;z [1—e7P®]. (23)
From (22) and (23) we get _

Now the solutions obtained by equation (14) are observed to be unbounded at infinity, as the co-

efficients I';; given above are not bounded as £ —o. Thus the initial conditions should be so

adjusted that the infinite terms are eliminated, i.e., the positive exponentials involved in the expres-

sions for I';; must be suppressed. Therefore each cosh Az and sinh Az must be replaced by %e“)‘“"
1 - .

and —$¢® respectively.

157

Now substituting z = 0 on both sides of equation (14) and using the equations (22)—(24) we get-

after detailed calculations

6*(1 — e Pto)
(0, - (25)
8 = )
o0 _ 6*(1 — e~Plo) [)\% + A3+ Mg — Zc’—;-] 6
x| _o top?(A1 + A2)
Therefore substituting the values of (0, p), @(0, p), -ggl 5 % z—o from equations (23)~(26)

into the equation (15) and using (16) we finally get the solutions for the distributions of displace-
ment, temperature and stress in the Laplace transform domain as:

" —pto 2 _ 2 -z _ 2 _ 2 =A2Z
o - CozemlCoB) ()],
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] 6% (1 — &%) [\ eM® — dpe=27]
u(x, = - (28)
-7 T OEY)

81— ) [T - et
toc (A - A3)

&zm(379p) = (29)
Problem II: Ramp type increase in boundary load of an elastic half space
In this case we assume that the plane boundary of the half-space z > 0, is kept at the constant

reference temperature 6y and it is subjected to a ramp type increase in load. Therefore the boundary
conditions for this problem are of the forms

6(0,t) = 0 (30)
025(0,8) = —o*h(t) 31)

where o* is a constant load and h(t) is the function as defined by (21).
Laplace transforms of (30) and (31) yields

(0,p) = 0 (32)
_ _ o*(1 — e7Pt)
6ex(0,p) =~ (33)

From equations (9), (32) and (33) we get

_a_u__
Oz

o*
= - 1 —e~Plo (34)
=0 t0p2 [ ]

Now following the steps of problem I we similarly get the solutions for different distributions as
follows:

o*(1 — e~Pto) [>\2 (Af = f%) e~M% — )\ (A% - 9:-) e"\“]

cT
u(z, = (35)
(z,p) ity ALAg (A% - /\g)
= o*e(1 — e7Plo) [eT 1T — g—A27)
b(z,p) = — (36)
() ol (-2
2 3
o) — A=) (8-g)ehe— (M -F) e -
(o P ey

6. INVERSION OF THE LAPLACE TRANSFORM

The solutions obtained by (27)—(29) and (35)—(37) are the solutions in the Laplace transform domain
(z, p). To obtain the solutions for the field variables in the physical domain (x,#) we have to invert
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the Laplace transforms involved in the expressions of the solutions. For this we solve the equation
(16) and get

where y
{1 +e)E+ch}+(-nr+iatr] 7 (39)

where

A = {(1+e)c— o%}2 + decich
v? — vl (40)

Now substituting the values of A; and A, from (38) into the solutions (27)~(29) and (35)—(37) and
then inverting the Laplace transforms we get the closed form solutions of the physical quantities in
the physical domain for two different cases in the following forms:

Problem I
u(w,t) = %‘E%—lj%) [va {(8)2H(t1) — (£ H()} -
{(02)2H(t2) - (5)H (t3) }] (41)
0(z,t) = toc%(+g_y22)-[ug(uf—cf,){tlH(tl)—t'lH(t’l)}
—17 (v — ¢)){t2H (t2) — tyH(t5)}] (42)
Oralrt) = @%[{mm CHE) - {HE) - HEY @)
Problem II
W) = g s O] o) {0 H ) - (APH )
—1 (V3 — &) {(t2)2H(t2) — (85)H(t5) }] (44)
0at) = Al H ) - hHW) - (aHl) - SHGN]
Calast) = W V202 - ) H ()
—0 H () — v3 (v — ) (t2H (ta) — thH (t5))] (46)

where H (t) is the Heaviside unit function and

T z
i=t——, ti=t-tp——, fori=1,2
v; Vi
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From the forms of the solutions (41)-(46) we observe that the distributions of each of the field
variables u, 6, o, consists of four coupled waves, one following the other. Two waves propagate
with the speed v; and other two waves propagate with speed vp. The faster waves travel with the
finite speed v; and the slower waves with the finite speed v,. In case of materials for which c1 > ¢,
the faster wave is predominantly thermal wave and the slower wave is predominantly elastic wave,
whereas for those materials for which ¢, > cr, the faster wave and the slower wave correspond to
predominantly elastic and predominantly thermal wave respectively.

In the solutions, the terms containing H (¢ — ) and H(¢ —to — ;- represent the contribution of
the waves propagating with the speed v; in the vicinity of wave fronts z = vt and z = v (¢ — o)
respectively and the terms with H(¢ — ;) and H(¢ — o — ;=) represent the contribution of the
waves moving with the speed vy in the vicinity of the wave fronts £ = et and z = wa(t — to)
respectively. For both the problems the distributions of the field variables displacement temperature
and stress are noticed to be continuous at the wave fronts.

The solutions indicate that unlike other thermoelasticity theories [10], in the present case
(TEWOEDT) the waves propagate without attenuation, which is obviously a characteristic feature
of this theory.

7. NUMERICAL RESULTS AND DISCUSSION

With an aim to illustrate the problem, we will present some numerical results. The material chosen
for the purpose of numerical computation is copper, the physical data for which is given as [18]:

1
¢ =10,¢% = g€ = 0.0168. We take 0" = 1and o* = 1.

For the present material cr > c,. Therefore for this case, the faster waves and the slower waves are
predominantly thermal waves and predominantly elastic waves respectively. From equations (39)
and (40) we get v; = 3.165 and vy = 0.99907. The numerical values of displacement, temperature
and stress at two different times (t = 0.3 and ¢t = 0.8) for t{; = 0.5 are computed from the exact
solutions (41)—(46). The variations of the field variables with respect to the distance, x are presented
graphically in Figures 1-6. From all the figures the field variables are seen to tend to be zero after
some distance from the boundary surface, z = 0, which ascertains the fact that (TEWOEDT) also
admits the finite speed of thermal signal’ like other generalized thermoelasticity theories.

Figures 1-3 represent the distributions of the variables for the case of ramp type increase in
boundary temperature (problem I). The variations of the field variables for the case of ramp type
increase in boundary load (problem II) are observed from the figures 4-6. All the field variables are
observed to increase with t. For problem I the displacement field shows maximum negative value
at the boundary of the half space (Figure 1) and then it changes to zero value and further increases
continuously to a maximum positive value after which that it again decreases continuously to zero.
For problem II this field variable shows (Figure 4) maximum value at the boundary and then de-
creases continuously to zero after some distance.
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FiG. 3. Stress distribution for different time for t,= 0.5 in case of Problem I

2 -

e =08
184"
152 3 "

D .'
08
3
0.4 1
0 \ ) i - 1] k) T ¥
0 0.5 1 15 2 25 3

FiG. 4. Displacement distribution at different time for #, = 0.5 in case of Problem I



SPACE APPROACH TO THERMOELASTIC INTERACTIONS 163

et = 0.3
0.0024 e tm08
0.0018 PN
/ N
A .‘”,
tj ‘\
@ 0.0012 / N
/ b,
: ".
N
0.0006 N
\n.
N
N
N
0 . . X
(1 0.5 1 1.5 2 25 3

] 0.5 % 1.6 2 25 3
o : had e x
.I
.;"
v‘.
04 _.‘
‘l
" ,‘
6" ; — g 3
i == t=08
ala lI
.I
——nt
4.2

FiG. 6. Stress distribution at different time for t,= 0.5 in case of Problem II



164 SANTWANA MUKHOPADHYAY

The temperature distributions for problem I and problem II are observed from figures 2 and 5
respectively. Figure 2 indicates that the temperature field shows maximum value at the boundary
for problem I. For ¢ > t( (i.e. t = 0.8) the temperature field maintains a constant value of -1.0
(approximately) in the domain of 0 < z < 0.8 and then it decreases in the domain of 0.8 < z <
2.53, after which the value becomes zero. For problem II (Figure 5) this field shows zero value at
the boundary and attains a maximum value after some distance from the boundary. For ¢t = 0.8 the
field shows constantly zero value in the domain of 0 < z < 0.3, then increases in the domain of
0.3 <z < 0.8. At z = 0.8 temperature has maximum value (approximately) and this constant
value is maintained for values of z in 0.8 < z < 0.95. The field then decreases continuously in the
domain of 0.95 < z < 2.53, after which it becomes zero.

The distributions of stress for problem I and problem II are observed from figures 3 and 6
respectively. Stress field is observed to be compressive for both the problems. For problem I this
field shows zero value at the boundary and attains a maximum value after some distance from the
boundary. Att = 0.8, the field shows constantly zero value in the domain of 0 < z < 0.3,
then increases in the domain of 0.3 < z < 0.8. Atz = 0.8 stress has maximum value, —1.0
(approximately) and this constant value is maintained for values of z in the domain 0.8 < z < 0.95.
The field then decreases continuously in the region 0.95 < z < 2.53, after which it becomes zero.
Figure 6 indicates that this field shows maximum value at the boundary for problem II. For t > ¢,
(i.e. t = 0.8) the stress field maintains the constant value, —1.0 (approximately) in the domain
0 < z < 0.3 and then it decreases and becomes zero after some distance. For ¢t > t the nature of
variations of temperature and stress field are different in case of thermoelasticity with one relaxation
time [10], where the variables does not maintain a constant value in any domain of z, which is due
to the fact that in this case the waves propagate with attenuation, where as in case of TEWOEDT,
the waves do not experience any attenuation.
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