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Oscillation criteria for even order delay differential equation with damping are established. The
results are the extensions of the integral averaging technique and include earlier known results
in existing literature.
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1. INTRODUCTION

Consider the even order delay differential equation with damping

(T(t)|$(n_1)(t)|a_1x(n'1) (t))' + p(t)|$(n—1)(t)|a_1$(n_1)(t)
+f(talmor (@), alrom (B, 2" Vi1 O+, 2@ Do im(®)]) =0, (L)

where ¢ > £9, @ > 0 is a fixed real constant, n is an even number, and the functions r, p, f, 7;; will
be specified in next section.

Without further mentioning we will assume, throughout this paper, that every solution z(t) of
Eq. (1.1) that is under consideration is continuable to the right and is nontrivial, i.e., z(¢) is defined
on some ray [Ty, c0) and satisfies that condition sup,sT{|z(t)|} > 0 for every T > T,. Such a
solution z(t) of Eq. (1.1) is called oscillatory if it has—arbitrarily large zeros, otherwise it is called
nonoscillatory. Eq. (1.1) is called oscillatory if all its solutions are oscillatory.

Many authors have studied the oscillation problem for the less general equations such as even
order delay differential equation

(2™ D@ D @) + f (5 alr () = 0, (1.2)
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and even order delay differential equation with damping

2™ () + p(t)zV(t) + f(t, 2[00 (8)], - -+, Z[Tom (B)],
ct am(n—l)['rn—ll(t)]a tr aw(n_l)['rn—lm(t)]) =0, (1.3)

and obtained a lot of excellent results (see, for example [1-4, 10, 11, 13] and the references cited
therein). It seems, however, that Equation (1.1) in generalize form has never been the subject of sys-
tematic investigations. Motivated by this fact, in this paper, we intend to use the integral averaging
technique similar to that exploited by Kamenev [6], Philos [9] and Wong [12], and establish oscilla-
tion criteria for eq. (1.1). The results obtained here extend and improve some oscillation criteria in
[3, 10, 11, 13]. Our methodology is somewhat different from that of previous authors. We believe
that our approach is simple and also provides a more unfired account of the study of Kamenev-type
oscillation theorems [6]. To demonstrate the advantage of our results, some examples have also
been worked out.

2. PRELIMINARIES

In order to discuss our main results, we first introduce the general mean similar to that exploited by
Philos [9] and Wong [12].

Let D = {(t,s) : to < s < t} denote a subset of R? and let Dy = {(¢,s) : tg < s < t}. We
say a function H € C(D, R) belongs to a class S, if

(H1) H(t,t) = 0,and H({t,s) > 0 for (¢,s) € Dy;

(H2) H has a continuous and nonpositive partial derivative on Dy with respect to the second
variable;

(H3) There exist functions h € C(Dy,R) and p € C'(I,R..) such that

/
%—I;{-(t,s) + (’; ((:)) - ’;—%) H(t,s) = —h(t, ) H(t, ),

where p € C(I,Ry),r € C(I,R4), I = [tg,0), Ry = [0,00) and R} — = (0, 00).

Letp € C(I,R) and H € C(D, R), we take the integral operator A7., which is defined in [12],
in terms of H (t, s) and p(s) as,

Af(k,t) = /;H(t,s)k(s)p(s)ds for (t,s) € D, 2.1

where k € C(I,R).

The following three lemmas will be needed in the proofs of our results. The first is the well-
known Kiguardze’s Lemma [8]. The second can be found in [7]. The third is new and extends
Lemma 5.1 in [7] for Eq. (1.1).

Lemma 2.1 — Letu(t) € C™(I,R4) on [tg, 00). If ul™ (t) is of constant sign and not identically
zero on any interval of the form [t*, co), then there exist at ¢4 > to and integer [,0 < | < n, with
n + [ even for u(™ (t) >0, orn+ 1 odd for u(")(t) < 0 and such that

! > 0 implies that u®(¢) > Ofort > t4, k=0,1,---,0—1,
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and

! <n —1implies that (=1)**u®(¢) > 0fort >t4, t=11+1,---,n—1.

Lemma 2.2. If the function u(t) is as in Lemma 2.1 and
u D (t)u™ () < 0 for any t > t,,

then for every A € (0, 1), we have

2l-n 11
u(At [

n—1
) > cEsviFE I)\ - ] " w1 (4)] for all large ¢.
n—1)!

1
2
Lemma 2.3. Assume that

(A1) p € C(I,Ry),r € C*(I,R*) with r'(t) > 0, and

t s é
lim 2+ exp | — / p(r) dr ds = oo for every t > tg;
tooo Jz [7(s) ¢ r(r)

(A2) 7x; € C(I,R) and lim¢ o0 7ki(t) = 00,k =0,1,---,n—-1,4=1,2,---,m;
(A3) f € C(I x R™*™ R) satisfies the one-sided estimate

m
(£, 01, %02, Tomy***» En—11,"**» Tn1m) sign zor > q(t) [ ] lzoa|*,
=1

for zg1zg; > 0,2 = 1,2,---,m, where ¢ € C(I,Rp) and g(¢) is not identically zero on any ray

m
[t*,00),0; > 0,4 =1,2,---,m, are constants with ) a; = a.
i=1
Then if z(t) is a nonoscillatory solution of eq. (1.1), we have

z()z "V (t) > 0, z()z™ (¢) < 0 and z(¢)z'(t) > 0 for all large ¢. (2.2)

PROOF: Without loss of generality, we may assume that z(t) > 0 on [¢;, 00) for some sufficiently
large ¢; > to. As limy_,o 70:(t) = o0, there exists a to > ¢; such that 7o; > ¢y for t > ty,1 =
1,2,---,m. Hence z(79;(t)) > 0fort > t3,s =1,2,---,m. By (43), we have

(r@)le® D @)* 2™ V@) + pO)le D (@) 2 () < Ofort > 15,  (23)

that is,
(exp ( / %d) r(t)|m<"-”(t)|a-lx<n-”(t))' <o,

which gives that

i
exp /Mds r(t)|z™ D (8)|*"12™1(t) is decreasing,
t2 ’I‘(S)

169
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and z(®~1)(¢) is eventually of one sign. If there exists a t3 > t, such that z(*~1(¢) < 0 for ¢t > ¢,

we have
x tZLS) s)r ‘,E(n—l) a—lm(n—l)
exp ([ B3 ) rtetn D 0ot
i3
< exp </t2 %ds) r(t3)|z™ Y (83)[* 12V (¢5)
e [2O
= :—M%e p(/t2 r(s)ds)’ (M > 0).
So,
’ (n—-1) ! M tp(s)
(—z ) < ;@‘eXP (— /t3 r(_s)ds) ,
consequently,

V)< -M [r%,) exp (— /tt Mds)r fort > t3.

2 7(8)

Integrating the inequality above from ¢3 to ¢, we have

@) — P (t5) < - M t [—1— exp (- /t ’ —(T—)dr>] - ds.

ta L7() 2 T(7)

In view of (A1), it follows that lim;,, 2("~2)(¢) = —co. Thus, we have shown that z("~2(¢) < 0
eventually. But, since n is even, by Lemma 2.1, we find

" Y(¢) < 0 implies that z*~?(t) > 0 for sufficient large t.

Hence, we get a desired contradiction. Therefore, we find that z(®~1)(t) > 0 eventually. On the
other hand, by (A1), (A3) and (2.3), we have, for sufficiently large t,

0 > (@B OP D) = @)D ())
= r'(E D) +ar@) @D ()™ (1),

then z(™)(t) < 0 eventually. Further, when z(*~1)(¢) > 0 eventually then again from Lemma 2.1,
we have z'(t) > 0 eventually. Thus, there exist a t4 > t3 such that

2'(t) >0, z(™ () >0andz™(t) < 0forallt> t,.
This completes the proof. O
3. MAIN RESULTS
To simplify notation, we set

a+tl A22m T
U—T,M(n,)\)—m [-2'—‘)\“

n—2
|

1
2
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and
=(a+ 1)“(a+1)M(n, A7 gty = al(t)an~2(t)r_l/a(t)’
where 0 € C1, (I, R;) and X € (0,1).
In the sequel, we assume that
(A4) there exists a function ¢ € C1(I, R*) such that

. ) . _ !
a(t) < zlélg{t, 10i(t)}, tl_l‘)rgo o(t) =00, and o'(t) > 0fort > to,

where J = {i:0; > 0,1 =1,2,---,m}.

In this paper, we always assume that the conditions (A1) — (A4) hold and A%, is defined by
@.1).

Theorem 3.1 — Assume that there exist functions H € C(D,R),h € (Do, R),p € C1(I,Ry)
and constant A € (0, 1) such that H belongs to the class G, and

hm sup———Af (g — kg~®|h®F1 1) = 3.1

H (t to)
Then Eq. (1.1) is oscillatory.
PROOF: Suppose to the contrary that Eq. (1.1) has a nonoscillatory solution z(¢). Without loss

of generality, we may assume that z(t) > 0 eventually, by Lemma 2.3, we can find a Ty > ¢4 such
that for ¢t > Tp,

z(t) >0, z[Ao(t)] >0, z'(t)>0, ™ V(t)>0, andz™(t) <0. (3.2)

By Lemma 2.2, there exist a T} > Tp and a constant A € (0, 1) such that

! 22-n 1 1 n-2 n—2 (n—1)
Z'Ao(t)] 2 ool A=3 "4 ()" [o ()]
> %\-M(n,)\)o"‘2(t)z("“l) for t > T} 33)

since z("~V[o(t)] > z"~(t) for t > T . Define

r(t)|"-D(g)|e-1a-1 (1)
Do)
Obviously, V(t) > 0 for t > Ty. In virtue of z[Ao(t)] < z[r:(t)],1 € J, differentiating (3.4) and

making use of (1.1) and (A3), for ¢t > T}, we have

, o) Tl e (@r@)lD @)
V< = Ve - a0 e 2 o (7]

< ”gt;vu) a(t) — aM(n, Ng(t)V*(2). 35

Applying the operator A? to (3.5), and using (H3), fort > T > T}, we obtain

V(t) =

fort > Ty 3.4)

'[Aa(t)]

AZ(q,t) < H(t, T)p(T)V(T) + AZ(Ih|V, 1) -- aM(n, \) AZ(gV ", ¢). (3.6)
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The Young’s inequality gives that
|A(t, )V () < kg™®()Ih(t, )|** + oM (n, N)g(£)V"(t).
Thus, inequality (3.6) reduces to
Af(g,t) < H(t, T)p(T)V(T) + kAZ(g™*[RI**, 1). (3.7)

Hence,
A% (g — kg™®|R|®tt) < H(t, Th)p(Th)V (T1) < H(t, t0)p(T1)V (T).

It follows that, for all ¢ > ¢,

Afo(q - kg-a'h‘&-f-l,t) = Afo(q — kg_a|h|a+1,T1) + A%l (q— kg—a|h|a+1, t)

Ty
< Hw) | [ aoplo)s + V()]
to
Therefore,
-—L~M@~@”MW“ﬂ</nWW®®+MﬂWHU<w
H(t’ to) to = to
which contradicts (3.1). O

Remark 2.1 : The function o(t) in (A4) of Theorem 3.1 is practical. For example, o;(t) may
be
inf{min(s, 70;(s)}; or inf{min(s, 70i(s))}; or inf{ min (s, 70:(s))},
etc., j € J
Remark 3.2 : Theorem 3.1 improves and extends Theorems 2.1-2.3 in [3], Theorem 2.1 (X) in
[10], Theorem 3.1 in [11], and Theorem 2.1 in [13].

A close look at the proof of Theorem 3.1 reveals the condition (3.1) may be replaced by the
condition

1
lim sup ————A? (g, t) = oo, 3.8
M SUP it tg) o (g,t) = o0 (3.8)
and )
lim sup ———A? (g7 %|h|**1,t) < oo. 3.9
im sup o) to (97 |hl ) < o0 (3.9)

This leads to the following results.

Corollary 3.1 — Let the conditions of Theorem 3.1 be satisfied except that condition (3.1) is
replaced by (3.8) and (3.9). Then Eq. (1.1) is oscillatory.

Theorem 3.2 — Let the functions H, h, p, o and constant A € (0, 1) be as Theorem 3.1. Further,
assume that there exist functions 1, 2 € C(I,R) such that for all t > T > ¢,

1
lim sup —————A4%.(q,t) > 1 (T), 3.10
msup 7 AR ) 2 1 (1) @10
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and
1
li ———— AP (g7%|h|*,t) < @o(T 3.11
im sup e Ar (g7 %RI*", ) < a(T), G.11)
where ¢, and ¢, satisfy
i ———Ab (g U t) = oo, 3.12
h‘fﬁ, SUp Ty H(t Ty Ar (907" [1 — kea]},t) = 00 3.12)

where [p]+ = {¢,0}. Then Eq. (1.1) is oscillatory.

PROOF: Proceeding as in the proof of Theorem 3.1, we get that (3.6) and (3.7) hold. Dividing
(3.7) though by H (¢, T'), taking limsup in it as ¢ — oo, and noting that (3.10) and (3.11), we have,
for T > Ty,

@1(T) — kp2(T) < p(T)V(T)
So,
P (D)1 (T) — kp2(T))} < V(D). (3.13)

On the other hand, by (3.6), fort > T > Ty,

L
"en T g T)Ap(lh'Vt)<P(T) (T) - H(;T)A%(q,t),

where L = aM (n, A). This and (3.10) imply that

P u _
lim inf —r—or H( AT o Ar(LgV® — RV, t) < p(T)V(T) — ¢1(T) < Co, (3.14)
where Cj is a constant.
Now, we claim that

11m inf Af(gV¥,t) < 0. (3.15)

1
tsoo H(t,T) T

In fact, if (3.15) does not hold, then there exists a sequence {¢; };?‘;1 € [to, 00) with lim;_,00 t; = 00
such that

1 P u
tl—‘f?oH(t, )A £(gV¥ t;) = 00 (3.16)

Nothing that (3.14) and (3.16), we get

1
JAm H(t;,T) i@, ARV %) =

Hence, by (3.14), for j large enough, we have

L P —arru 4 1
H(t,-,T)AT(g 14 ,tJ) H(tJ, )

—— AL (R|V;t;) < 2C,

Thus,
1 AT |h|V, tJ < 1

T LA (gVut,) S 2
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that is, !
AL(IR|V, t5) > 5L,«Lf;(gV“,t,»). (3.17)
The Holder inequality gives that
AT(RIV; t5) < [AZ(gV*, 1)) /M AR (g™ @ RI*HE )]/ (D). (3.18)

From (3.17) and (3.18), we obtain
u 2 2 U —Q [s3 [e3
ALV 1)) < ARV, 1) < SIAR(GVY, )]V (AR (g0 hiH 1))/ HD),

that is,

1 P u atl 1 P(,~a|plat+l
—_ < | = .
O%3 AT(gV yt) < (L) H(tJ,T)A ( |h[*T5, 85). (3.19)

By (3.11), the right-hand side of (3.19) is bounded, which contradicts (3.16). Therefore, (3.15)
holds. Thus, by (3.13) and (3.15), we have

1 p —u u 1 P u
hrgglfH( )A g0 “le1 — k(p2]+,t—+at)<1113£fH( T)AT(gV , 1) < 00

which contradicts condition (3.12). ]

Remark 3.3 : The above Theorem 3.2 extends and improves Theorem 2.3 in [13].

Remark 3.4 : The results obtained here are presented in a form which is essentially new. We
also mention that we do not assume that the functions 74;(t),k = 0,2, - - -1,i1=12,---,m,
in Eq. (1.1) are retarded, advanced or mixed type. Hence Theorems 3. 1-3.2 may hold for ordinary,
retarded, advanced or mixed type equations.

Remark 3.5 : The results in this paper are presented in the form of a high degree of generality,
new oscillatory criteria can be obtained with the appropriate choice of the functions H and p. For
instance, one can apply Theorems 3.1-3.2 with

H(t,s) = (/: ;—;)6—1, and p(s) = s,

where § > o and [ are constants, £ € C(I, Ry) with ft°0° [/€(T)dT = oo. For example, an important
particular case is £(7) = 77,y < lisreal.

For illustration, we consider the following two examples. It is easy to see that the results in
[1-4, 10, 11, 13] are not applicable in these examples.

Example 3.1 — Consider the n-th order delay differential equation
(220D )|V (8)) + ert™ 2D )|z (@) + ot~z (t)a (%) =0, (320

where t > 1, = 2,7 is a even number, and r(t) = t1/2,0(t) = t/2,p(t) = c1t™/%,0 < ¢; <
3/2,q(t) = cot™17 1 ¢y > 0.
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Let p(t) = exp(fltp(u)/r(u)du), then p(t) = t°, and

) _pt) _ _e 1 p(r) 1
w0 0= e ([ F) —

Taking H(t,s) = (t — s)™,m > 3 is integer, then H € S, and h(t,s) = m/(t — s). Thus, it
follows from [5] that

(t—s)™>t™ —mst™ fort > s> 1.

By using this inequality, we obtain that

. 1 1 [tey(t—s)™
lim sup ———A4%(¢q,t) = limsup— | =" (s
t—)oop H('t, 1) l(q ) t—»oop ™ )i s
t m m—1
. co(t™ — mst™™ )
> lim sup — ds
- t—+oop t™ Jy S
= lim supcy(Int — m) = o0
t—00
and
1
lim sup ——— AP (g~ %|h|*F!, ¢
m sup s AL g I
t
— 9213 Jim sup 1 (t — 5)™35=2nH9/24e1 g g
t—oo m 1

1 t
< 220=Vm3 Iim sup — | (t= 8)™ 35872 ds < 00
t—oo 1

Thus, all conditions of Corollary 3.1 are satisfied and Eq. (3.20) is oscillatory.
Example 3.2 — Consider the following even order delay differential equation

Iz D)=V @) + et HaD(g) e e ()
+ q(®)|z(t — )| lz(t+7) =0, (3.21)

wheret > to = {1,1+ 7},a > 0, # 2,n > 4 is a even number, 7 is constant, r(t) = 1,p(t) =
ct1,0<c<a,witha(n—-2)>c+1.
Let p(t) = exp( [} p(u)du), then p(t) = ¢, and

% —p(t) =0, exp (— /;tp(u)du) — 215

Choosing g(t) such that p(t)q(t) > c/t?, and o(t) = t/2, we get g(t) = t*~2/27"1,
Taking H (t,s) = (¢t — s)%, we have H € S and h(t,s) = 2/(t — s). By a direct computation,
for T > ty, one has

t

lim sup Af(g,t) > lim sup 1

1 2 C
t—00 -H(tf_T) T t—o0 t_2 T(t_s) -9_2d8

=L
= 7

175
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. 1 - . l1—a ,—a(n—2)+c
1 ——— AP (g~ ¥Alett) = 2°"Fllimsu / —8) %7 ds
LR EE T T Pt B
< 2emHly (Gl )
< im sup—2— ds = 0.
t—o00

So, set 1 (T') = ¢/T, and p2(t) = 0, then

1
i
ol H(tT

=2l—nc(a+1)/a lim sup / 2 s -3- (c+1)/ads

t—>00

)AT gp o1 — kpaly,t)

> 21 nc(@t D/ im sup —-/ (t—s)2s7lds =

t—o0

Thus, all conditions of Theorem 3.2 are satisfied and Eq. (3.21) is oscillatory.
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