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In this paper, by using Sadovskii fixed point theorem, we study the existence of mild solutions
and solutions of semilinear neutral functional differential evolution equations with nonlocal
conditions. The results we obtained are generalization and continuation of the recent results on
this issue. In the end, two examples are given to show the applications of our results.
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1. INTRODUCTION

In this paper we study the existence of solutions for semi-linear neutral functional differential evo-
lution equations with nonlocal conditions. More precisely, we consider the following Cauchy prob-
lem:

d
2@ + F(t,2(t),2(b1(2), -, z(ba(t)))] + A(t)z(2)
= G(t,z(t),z(a1(t)), ..., z(am(t))),0 <t < T, (1)
z(0) + g(z) = o
where the family {A(t) : 0 < ¢ < T’} of linear operators generates a linear evolution system, and
F, G are given functions to be specified later. The nonlocal Cauchy problem was considered by

Byszewski [3] and the importance of nonlocal conditions in different fields had been discussed in
[3] and [5] and the references therein. For example, in [5] the author used

p
g(a) =Y er(ts), )

i=0
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where ¢;,i = 0,1,...,p are given constants and 0 < tp < t; < ... < t, < T, to describe the
diffusion phenomenon of a small amount of gas in a transparent tube. In this case Eq. (2) allows the
additional measurement at ¢;,7 = 0,1,...,p. In the past several years theorems about existence,
uniqueness and stability of differential and functional differential abstract evolution Cauchy prob-
lem with nonlocal conditions have been studied extensively, see papers [1]-[6], [9]-[11] and the
references therein.

When F(.,.) = 0 and A generating a Cy-semigroup in Eq. (1) Byszewski and Akca have
investigated the existence of mild solutions and classical solutions and classical solutions in paper
[4] by using Schauder’s fixed point theorem. However, as pointed out in paper [10], the authors
employed the following condition as discussing the existence of the classical solutions: The mild
solution z(.) is assumed to satisfy that ||z(h2(t2)) — z(ha(t1))]] < Ll||z(t2) — z(t1)|| for some
constant L > 0, which is very difficult to verify since the mild solution z(.) is unknown. To
take away this unsatisfactory condition and extend the results in [4] to neutral equation, in [10] the
authors have studied the existence of mild solutions and strong solution for the equations with the
form

L o(t) + F(t, ()] + Ax(t) = Gt 5(ma(8))),0 <t <
z(0) + g(z) =z € X,

where the operator — A generates a compact analytic semigroup. The main tools and techniques in
[10] are the properties of fractional power and Sadovskii fixes point theorem. However, their results
clearly can not apply to Eq. (1) with A(t) is non-autonomous which is a more general and may be
more important case.

The purpose of the present note is to extend and develop the work in [4] and [10], that is, we
will discuss the existence of mild solutions and strict solution for Eq. (1). The results obtained here
are a generalization and a continuation of some results reported in the resent publications [2, 4, 10,
11]. In addition, our results can also be regarded as an extension of the corresponding results on
classical Cauchy problem such as the main theorems in [7], [14] and theorem 5.7.1 in [13]

2. PRELIMINARIES

Throughout this paper X will be a Banach space with norm ||.||. For the family {A(¢) : 0 <t < T}
of linear operators, we impose the following restrictions:

(B) the domain D(A) of {A(t) : 0 < t < T} is dense and independent of ¢, A(¢) is a closed
linear operator;

(Bz) Foreacht € [0, T, the resolvent R(), A(t)) exists for all A with Re) < 0 and there exists
K > 0sothat ||R(\, A(2))]| < K/(|A| +1);

(Bs) For any t,s,7 € [0,T] there exists a(0 < a < 1) and K > 0 so that ||A(t) —
A(s)A™H(T)| < K|t — 8|

(Bs) For each t € [0,T) and some A € p(A(t)), the resolvent set of A(t), the resolvent
R(A, A(t)) is a compact operator.
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Then the family {A(¢) : 0 < ¢t < T'} generates a unique linear evolution system {U(¢,s) : 0 <
s <t < T} satisfying the following properties:

(@) U(t,s) € L(X), the space of bounded linear transformations on X, whenever 0 < s <t <
T, and for each z € X, the mapping (¢, s) — U(t, s)z is continuous;

®OYU(,8)U(s,7) =U(t, 1) for0 <7 <s<t<T;

©©Ui,t) =1I,

(d) U(t, s) is a compact operator whenever ¢t — s > 0;

(e %U(t, s) = A()U(t,s) € L(X);

(f) There is a constant M > 1 such that ||U (¢, 8)|| K M,0< s <t<T

@If0<h<l,t—s>h,and0 <+ <1, then||U(t+ h,s) —U(s)|| <hY/|t—s|";

(h) If f(t) is continuous on [0, T'], then the function ¢ — fot Ul(t, s)f(s)ds is Holder continuous
with any exponent 0 < v < 1.

Condition (By) ensures the generated evolution system satisfies (d). In fact, let exp(—7A(t))
denote the analytic semigroup having infinitesimal generator —A(¢), we obtain the estimation
||exp(—7T(t))|| < K. Friedman [8] constructed a family of bounded linear operators ®(t,7)|0 <
T < t < T} with ||®(t, 7)|| < K|t — 7|*"! that provide the following representation for U (t, s):

t
U(t,s) = e~ =94 4 / =AM (7, 5)dr.

s
We choose a sequence {e, } which decrease to zero. If €, < t — s, we define

t—én

Un(t,s) = e~ (=940 4 / et=NAMP (7, 5)dr.

S
Since Condition (B4) implies that exp(—7A(t)) is compact whenever 7 > 0, then each U, (¢, s) is
compact and we have

|U(t,s) = Un(t, 8)|| < eaK2|t — € — 5|*7 1.

Thus U (¢, s) is the limit in the uniform operator topology of a sequence of compact operators, which
implies (d) is true (also see [7]).

For more details about the above preliminaries, we refer to [8] and [13].

The following proposition is well known and will be used in section 3:

Proposition 2.1 — The family of operators {U(t,s),t > s} is continuous in ¢ in the uniform
operator topology uniformly for s.

The considerations of this paper are based on the following result:

Theorem 2.1 — (Sadovskii’s fixed point theorem, cf. [15]). Let P be a condensing operator on
a Banach space X, i.e., P is continuous and takes bounded sets into bounded sets, and a(P(B)) <
a(B) for every bounded set B of X with a(B) > 0. If P(H) C H for a convex, closed and
bounded set H of X, then P has a fixed point in H(where a(.) denotes Kuratowski's measure of
non-compactness).
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3. EXISTENCE OF MILD SOLUTIONS

Firstly we give the definition of mild solution:
Definition 3.1 — A continuous function z(.) : [0, 7] — X is said to be a mild solution of the
nonlocal Cauchy problem (1), if the function

U(t, s)A(s)F (s, z(s), (b1 (s)), ..., x(bn(s))), s €[0,%)
is integrable on [0, ¢) and the following integral equation is verified:
z(t) = U(t,0)[zo + F(0,2(0),z(b1(0)), ..., z(bn(s))) — g(2)]
—F(t,z(t), z(b1(2)), - . ., z(bn(t)))
+ [ U6 A F(5,2(6), 2001 (9 (b (o)) )

+/ U(t,s)G(s,z(s), z(a1(8)),...,z(am(s)))ds, 0 <t < T.
0

Now we present the basic assumptions on equation (1).

(Hy) F :[0,T] x X™*! — X is a continuous function, F([0,T] x X"*!) Cc D(A) with n
a positive integer, and there exist constants L, L; > 0 such that the function A(t)F satisfies the
Lipschitz condition:

||A(t)F(s1,Zo, T1,- .-, Zn) — A(t)F (52, %0, %1, - - -, Zn)|| < L(}sl—32|+i;r01axni|a:i—:i,~”) 4)
forevery 0 < s1,s2 < T,z;,%; € X,i=0,1,...,n, and the inequality
|A(#)F(t, o, z1,. - ., Zn)|| < Li(max{||z:]| : ¢ =0,...,n} +1) 5

holds.

(H,) The function G : [0,T] x X™*! — X satisfies the following conditions;

(i) foreach t € [0, T, the function G(¢,.) : X™*+! — X is continuous, and for each (zq, z1,. .., Tm) €
X™+1 the function G(., o, Z1,...,Zm) : [0,T] = X is strongly measurable;

(ii) For each positive number k, there is a positive function g € L!([0, T']) such that

sup [|G(t, zo, 21, - - Zm)|| < gk (t),
JlZollseusllzm || <k
and
.17
Lim inf = A gk(s)ds =y < 00

(Hs), ai,b; € C([0,T);[0,T),4 = 1,...,m,j = 1,...,n. g € C(E; X) is completely con-
tinuous, where E' = C([0, T); X), and there exists a constant Ly > 0 such that ||g(z)|| < Lo||z||
foreach z € E.
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Theorem 3.1 — If the assumptions (H;) — (H3) are satisfied and ¢ € X, then the nonlocal
Cauchy problem (1) has a mild solution provided that

Lo :=L{(M + 1)Mp + MT] < 1 6)

and
MyL, + (L2 +v+ MyL; + L1T)M <1, @)

where M is from Property (f), My = sup ||A71(t)]].

PROOF: For the sake of brevity, we rewrite (¢, z(t), z(b1(¢)),...,z(bn(t))) = (ty(¢)) and
(t,z(t). z(a1(t)),...,z(am(t))) = (t,u(t)). Define the operator P on C({0,T]; X) by the for-
mula

U(t,0)[zo + F(0,v(0)) — g(z)] — F(t,v(t))
t
+/ Ul(t,s)A(s)F(s,v(s))ds
0
+/t U(t,s)G(s,u(s))ds, 0 <t <T.
0
For each positive number %, let
By ={z € C([0,T}; X) : [|lz(t)|| < k,0< ¢ < T}

then for each k, By is clearly a nonempty bounded closed convex set in C([0, T'}; X). since by (3)
the following relation holds

U (2, 8)A(s) F(s.v(s))]]

IN

U, s)ll 1 A(s)F (s.v(s))|
MLy (k + 1),

A

then from Bocher’s theorem [12] it follows that U(t, s) A(s) F(s.v(s)) is integrable on [0, ¢] since it
is obviously strongly measurable, so P is well defined on Bj,. We claim that there exists a positive
number k such that P(By) C By. If it is not true, then for each positive number k, there is a function

zk(.) € By, but Pz ¢ By, that is ||Pz(t)|| > k for some ¢(k) € [0,T]. However, on the other
hand, we have

k

AN

|(Pzy)(t)]
U (¢,0)[zo — g(zx) + F(0,vk(0))] — F(t, v (t))

/ U(t, s)A(s)F(s.ug(s) ds+/ U(t,s)G(s,uk(s))ds||
< U, 0)[zx(0) = g(zk) + F(0,vx(0)] + [|A™" (£) A() F (¢, vk (1)) ]

t
/ U2, 9)]] 1| A(s)F(s.03(s)) | ds + /0 U2, 9)I] 11G (s, ux(s))]|ds
< M]||zo|| + Lok + MoLy(k + 1)] + My Ly (k + 1)
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T
+ML1(k+1)T+M/ gk(s)ds
0
< M(||Xoll + Lok) + (1 + M)MoLy(k + 1)
T
+MLi(k+1)T + M / gk(s)ds
0

Dividing on both side by & and taking the lower limit £ — +o0, we get that
MoLi+ (L +v+ MLy + LiT)M > 1.

This contradicts (7). Hence for some positive number k, PBy, < B.

Next we will show that the operator P has a fixed point on By, which implies that equation (1)
has a mild solution. To this end, we decompose P into P = P, + P,, where the operators P;, Py
are defined on By, respectively by

t
(Piz)(t) = U(t,0)F(0,v(0)) — F(t,v(t)) +/0 U(t,s)A(s)F(s,v(s))ds,
and
(Po)(t) = U(t,0)[mo — g / U (t, 5)G(s, u(s))ds,

for 0 <t < T and we will verify that P; is a contraction which P, is a compact operator.
To prove that P, is a contraction, we take 1, zo € By, then for each ¢ € [0, 7] and by Condition
(H1) and (6), we have

[(Prz1)(t) — (Piz2)(@)]] < ||U(2,0)[F(0,v1(0)) — F(0,v2(0))]{l
+|[F (¢, v1(2)) — F(¢,v2(t))]
t

+ [ V(6. ) A (01(6)) - F(son(s)lds]

< (M4 1)MoL sup ||z1(s) — z2(s)]]
0<s<T

+MLT sup l|z1(8) — z2(3)]]|

< LM+ 1)M0 + MT] S ||z1(s) — z2(s)]|

= ngsgp ||z1(s )—fv2( )||

thus

[|[Prz1 — Pyza|| < Lol|z1 — z2],

which shows P; is a contraction.

To prove that P, is compact, firstly we prove that P; is continuous on By. Let {z,} C By, with
Zn — x in By, then by Hy(3), we have

G(s,un(s)) = G(s,u(s)), n— oo.
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Since
|G (s,un(s)) — G(s,u(s))|| < 2gk(s).

then by the dominated convergence theorem we have

[|Pazn — Poz|| = sup [|U(¢,0)[zn(0) — 2(0)]
0<t<T

t .
+ / U(t, 8)[G(s, un(s)) — G(s, u(s))|ds]|
0

— 0, asn— 4o

i.e. P, is continuous.

Next we prove that the family { P>z : z € By} is a family of equicontinuous functions. To do
this, let 0 < t; <ty < T,0 < € < ¢y, then

1(p22)(t2) — (Paz)(t)l] < IIU(t2,0) — U (e, ) [l(O)]]
t1—e
+||/ U2, 5) = Ulta, 9)]| |G (s, u(s))lIds

+ / 1U(t2,8) = Ult1, 8) |1 |G (s, u(s))l|ds
1t-€
+ / 1U(t2, )| 11G (s, u(s))Ids

Nothing that ||G(s, u(s))|| < gk(s) and gx(s) € L, we see that ||(Pyz)(t2) — (Pex)(t1)|] tends to
zero independently of z € By, as ty — t; — 0 and e sufficiently small, since Proposition 2.1. is true.
Hence P, maps By into a family of equicontinuous functions.

It remains to prove that V (t) = {(Paz)(t) : z € By} is relatively compact in X. Obviously, by
condition (H3), V (0) is relatively compact in X. Let 0 < ¢t < T be fixed, 0 < € < ¢, for £ € By,
we define

t—e
(Po)(®) = U020+ [ Ult,)G(s,u(s))ds

t—e

= U(t,0)z(0)+ U(t,t —¢) | U(t —€,8)G(s,u(s))ds

Then from the compactness of U(t, s)(t — s > 0), we obtain that V,(t) = {(Py,ex)(t) : = € By} is
relatively compact in X for every €,0 < € < t. Moreover, for every zeBy, we have

1(Poz) () = (Prez)(B)l| < /:_ WU (2, 5)G(s, u(s))|lds

t
< Mgy(s)ds.
t—e
Therefore there are relatively compact sets arbitrary close to the set V (t), hence the set V'(¢) is also
relatively compact in X.
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Thus, by Arzela-Ascoli theorem P, is a compact operator. These arguments above enable us to
conclude that P = P; + P; is a condense mapping on By, and by the Theorem 2.1 there exists a
fixed point z(.) for P on B, therefore the nonlocal Cauchy problem (1) has a mild solution. Then
the proof is completed.

4. EXISTENCE OF STRICT SOGLUTIONS

In this section, we provide conditions which allow the differentiation of the mild solutions obtained
in Section 3, i.e. these derivatives are shown to satisfy the differential equations of the form (1).

Definition 4.1 — A function z(.) : [0,T] — X is said to be a strict solution of the nonlocal
Cauchy problem (1), if

(1) z is continuous on [0, T'] and differentiable on (0, T');

(2) z satisfies

%[x(t) + £t 2(t), 2(01(2)), ..., 2(0n(2)))] + A(D)2(t) = G(¢,2(2), z(a1(2)), - - -, T(am(t)))
on (0, T}, and
2(0) + g(z) = zo

Theorem 4.1 — Suppose that Conditions (H,), (H2)(i:) and (H3) are satisfied, and additionally
the following conditions hold:

(H1) For any function y € C([0, T'); X), the mapping

t = F((t,y(8),y(b1(2)), - .., y(ba(?)))

is Holder continuous on [0, T';

(H4) G(.,.) is Holder continuous, i.e. for each (%, z3,z9,...2%)) € [0, T] x X™*1, there exist
a neighborhood region W of (%, 23, 9,...2%) in [0, ] x X™*! and constants L3 > 0,0 < 8 < 1
such that

1G(s,%0,..,2m) = G(8, 0, ... Zm)|| < Lalls ~3° + max ||z — 2|’

for (s,zo,...,Zm), (8,%0,...,Zm) € W;
(Hs) There are constants 1, [y > 0, such that

|b;(s) = b;(3)] < Uls— 3],
lai(s) —ai(3)] < lafs -3,

fors,5€[0,T),i=1,...,m,j=1,...,n;

(H7)zo € D(A),g9(z) € D(A) forz € E.

Then the nonlocal Cauchy problem (1) has a strict solution on [0, T'] provided that (6) and (7)
hold.

Remark : Example 2 in the last section will show that (H7) is applicable.
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PROOF: By Theorem 3.1, we see that Eq. (1) has a mild solution z(.) on [0, T'], we now consider
the differentiability of z(t). Let

f&) = F(t,z(t),z(br(t), ..., z(ba(t),
o) = U(,0)zo + F(0,2(0), z(b1(0)), ..., 2(bn(0))) — g()]
= U(t, 0)[z(0) + F(0,2(0),2(6:1(0)), - .., z(ba(0)))],

U(t,s)A(s)F(s,z(s),z(bi(8)),--.,z(bn(s)))ds,

3

=

Ii
H_:N

qt) = /0 U(t, $)G(s, 2(s), 2(a1(s)) ..., 2(am(s)))ds.

Then from Property (g) and (k) (see Section 2) it follows immediately that o(t), p(¢) and g(t) are
all Holder continuous on [¢, T'] for any 0 < ¢ < T. Therefore, by condition (Hj) we obtain that
z(.) is Holder continuous on [e.T']. We claim that the Lipschitz continuity of A(¢)F(.,.) (Condition
(H3y)) implies that A(.)F(.,.) is locally Holder continuous. In fact, by Assumption (Bz) of { A(t)
0 <t < T}, wehave

|A(s)F(s,v) — A(3)F(3,0)]|
< [|A(s)F(s,v) — A(s)F(5,0)|| + ||[A(s) — A(5
< L[ls—3|+ x| [lz: — Z4l|] + K||A(3)F (5,

JA~ (3)]A(5)F(5,9)|

5)
)|l |s — 5]%.
This shows that A(.)F(.,.) is locally Holder continuous. Hence Condition ( Hy)(Hj) assure that

s = A(s)F (s, (s), z(b1(s)), ..., 2(bn(s)))

and
s — G(S, ac(s),ac(a1 (S)), v ,m(am(s)))

are both Holder continuous on [¢, T']. Thus, from the proof of Theorem 5.7.1 of [13] it is not difficult
to see that p(t) € D(A),q(t) € D(A) and

Pt = A®F(E(),sb:0)), .., 5(ba®)

At) / U(t, 5)A()F (5, 2(5), 2(b1(5)), - ., 5(ba(5)))ds
I = Glta(t),s(@),. ..,m<am<t)))

At) / U(t,5)G(5,5(s), 5(a1(5)), ., 5(am(s)))ds,

Moreover, p(t), g(t) € C'([e, T); X). On the other hand, f(t) € C*([0, T); X). Consequently,
z is differentiable on (0, T and satisfies

2 {o(0) + F(t,2(0), 201 (1), .. 2(ba (1))
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= LU0z + F(0,2(0), (1 0)), . 2(5a (0))) — g(a)] + () +¢'(1)
= AUz + F(0,(0), 2(b:0)) .., 2(5a(0))) ~ 9(a)

FAWF (1, 2(8), (b1 (1), .- 2 6n(0) ~ AD)p(0)

+6(,2(0), 2@ (1) .., 2{am(®) ~ A(D)g(t)
= —A@t)z(t) + G(t,z(t),z1(t) ..., z(am(t)))

This shows that z(.) is a strict solution of the nonlocal Cauchy problem (1). Thus the proof is
completed.

5. A SPECIAL CASE

In this section, we will discuss a special case of Eq. (1) and will present a condition (Inequality (9))
which can be verified easier than Inequality (6) for the existence of mild solutions, namely, we will
study the existence of mild solutions for the following problem:

L fo(t) + Flt2(2), (01 (1), . aba )] + A1) (2)

—-G(t,fﬂ( ),2(a1(?),...,z(am(t))), 0<t<T, (8)
14

z(0) + Y _ gil@(t:)) = z0 € X,
i=0

where p € N*. Besides the condition (H;) and (H3) with MyL < 1, we also impose the following
condition on Eq. (8):
(Hs) For the linear evolution systems {U (t, s)} generated by operator A(t), there are constants
M > 1and w > 0 such that
U, )| < Me™(=%)

for all 0 < s < t. And assume that N{(_LT*'OLE‘) —w<0.

(Hg) Functions g; : X — X satisfy the Lipschitz condition with Lipschitz constants &; respec-
tively (1 = 0,1,...,p).

Then under these conditions we have that

Theorem 5.1 — Eq. (8) has a mild solution provided that

1+ MOL M(L + L,)
ZkM (1——M0L w)t <1 9)
PROOF: Let v = z(0) = 29 — Z gi(z(t;)), where z(.) satisfying
1=0

z(t) = U(t,0)[z(0) + F(0,2(0),2(b1(0)),...,z(b(0)))]
=F(t,z(t),z(b1(t)), ... , z(bn(2)))

/ Ut 5)A(s)F(s,5(5), 2(b1(5)), . .., 5{bn(s)))ds (10)

/Uts (5,2(5),2(a1(5)), . .., B{am(s)))ds, 0<¢< T,
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We simply denote that z(t, z) = z(t;0, z). Now we can define the operator Q) : X — X by

P
Qz = Tg — Zgi(x(tiaz))a

=0

obviously @ is well defined and it is not difficult to see that if @) has fixed point on X. Then Eq. (8)
has a mild solution. Next we will prove that () has a fixed point on X.
Firstly, we have that, for any 25, 2; € X,

P
1Qz2 — Qa1 <Y killa(ti, 22) — (i, 21)|l-

1=0
From (10) and the assumptions above we get that
|lz(t, z2) — (¢, 1)l

< “U(ta 0)(22 - Zl)” + HU(t’ 0)[F(0,’U(O, z2) - F(O,'U(O, zl)ll]
+||F(t,v(t,22)) - F(tav(tazl))n

Ot Ul(t, s)[A(s)F (s, v(s, z2)) — A(s)F(s,v(s, z1))]ds

{
T /0 U(t, 5)[G(s,u(s, 22)) — G(s, u(s, 21))]ds
Me (1 + MoL)||z2 — 21|
MyL sup llz(s, z2) — z(s, z1)|]

IN

/Me““’(t L sup |lz(r,2z1) — (7, 21)||ds
0<r<s

+/ Me ¥, sup ||lz(r,21) — z(r, 21)||ds,
0 0<7<s

from which and Gronwall inequality it follows that

1+ MyL: M(L + L)
- < 0 okl Sl 7 -
l|z(t, z2) — z(t, 21)|| < . MOLMexp [( A w )t |22 — 21,

hence

1+M0L M(L + L)
Q2 — Q| <§;"’M ML [(1_—w—w> ti] [|22 — 21|}

So we deduce from (9) that @) is a contraction and has a fixed point on X . The proof is completed.
6. EXAMPLES

To illustrate the applications of Theorem 3.1 and Theorem 4.1, we consider the following examples.
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Example 1 —

2

0 i . _ o°
e [z(t,m) +/0 b(y,z)z(tsint,y)dy| = a(t, x)a-v—z-z(t,a:)
+h(t,z(tsint,z)),0 <t <T,0< z <,

2(,0) = z(t,7) =0, (11)
p T

20,9)+ 3 [ blaw)att )iy = a(e),0 <o < 7
i=0 V0

where a(t, z) is a continuous function and is uniformly Hélder continuous in t. T' < 7, p a positive
integer, 0 < tg < t; < -+ <tp, < T. z9(z) € X = L?([0,n]) and k(z,y) € L%([0, =] x [0, 7]).
To write system (11) in the form of (1), let A(t) be defined by

A)f = —a(t,z)f" (12)

with the domain
D(A) = {f(.) € X : f, f absolutely continuous, f € X, f(0) = f(x) = 0}.

Then {A(t) : 0 < s <t < T} generates an evolution system {U (¢, s) : 0 < s < t < T'} satisfying
assumptions (B;) — (By) (see [8]).

We assume that the following conditions hold:

(i) The function b is measurable and

™ ™
/ / b2 (y, z)dydz < oo;
0 Jo

(ii) The function E%b(y, z) and -%;b(y, x) is measurable, b(y,0) = b(y, ) = 0, and

T pr 82 2
sup / / (a(t,m)—zb(y,x)) dydz < oo;
te[o,7]Jo Jo oz

(iii) For the function h : [0,T] x X — R the following three conditions are satisfied;
(1) For each ¢ € [0, T, h(t,.) is continuous,

(2) For each z € X, h(., z) is measurable,

(3) There are positive functions hq, hy € L([0,T]) such that

|h(t, 2)| < ha(t)l2] + ha(2),

forall (t,z) € [0,T] x X;
We define F,G : [0,T)X — X,andg: E — X by F(t,2) = Z,(2),G(t,2)(z) = h(t, 2(z))
and g(w) = 3-F_, Kw(t;) respectively, where

Z1(2)(z) = /0 " by, 2)2(y)dy,
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and
s

K(2)(z) = /0 k(z,9)2(y)dy

Then G satisfies condition (H;) while g verifies (H3) (nothing that K : X — X is completely
continuous). From (i) it is clear that Z; is a bounded linear operators on X. Furthermore, by (12)
and (ii) we see that Z;(2) € D(A), and A(t)Z;(.) is also a bounded linear operators on X. Hence
A(t)F = A(t)Z, verifies assumption (H; ). Therefore, the conditions (H,) — (H3) are all satisfied
and from Theorem 3.1 the system (11) admits a mild solution on [0, T'] under the above assumptions
additionally provided that (6) and (7) hold.

The following example is only used to show that Theorem 4.1 is applicable, so we state it very
briefly.

Example 2 — Clearly, we can also discuss the existence of mild solutions of the following
system by presenting the corresponding conditions similar to the above example:

I t 2
2 [z(t,m> [ b(s,m,z(s,y»dsdy] = a(t,) 22t 2)

+h(t, z(tsint, z)),0 <t <T,0<z <,
2(t,0) = z(t,7) = 0, (13)

p T
20,2)+ 3 / k(z,y)2(ti y)dy = 20(@), 0<z<m.
i=0 Y0

Furthermore, if we suppose that

(iv) The function b(¢, y, z) is continuously differentiable;

(v) The function h(t, z) is Lipschitz continuous;

(vi) Functions 2, and %k(w,y) are measurable, and 2¢(0) = z9(7) = 0,k(0,y) = k(m,y) =
0. Then it is not difficult to verify that the conditions (including Condition (Hj)) of Theorem 4.1
are well satisfied and so the mild solution is also a strict solution of System (13).

REFERENCES

1. D. Bahuguna, Existence, uniqueness and regularity of solutions to semi-linear nonlocal functional
differential problems, Nonl. Anal., 57 (2004), 1021-1028.

2. K. Balachandran and M. chandrasekaran, Existence of solutions of a delay differential equation with
nonlocal condition, Indian J. pure appl. Math., 27 (1996), 443-449.

3. L. Byszewski, Theorems about existence and uniqueness of a solution of a similinear evolution non
local Cauchy problem, J. Math. Anal. Appl., 162 (1991), 496-505.

4. L. Byszewski and H. Akca, Existence of solutions of semilinear functional-differential evolution non-
local problem, Nonl. Anal., 34 (1998), 65-72.

5. K. Deng, Exponential decay of solutions of semiliear parabolic equations with nonlocal initial condi-
tions, J. Math. Anal. Appl., 179 (1993), 630-637.



192

10.

11.

12.

13.

14,

15

XIANLONG FU AND XINGBO LIU

. K. Ezzinbi and J. H. Liu, Nondensely defined evolution equations with nonlocal conditions, Math.
Comp. Model., 36 (2002), 1027-1038.

. W. E. Fitzgibbon, Semilinear functional equations in Banach space. J. Diff. Eq., 29 (1978), 1-14.
A. Fricdman, Partial differential equations, Holt, Rinehat and Winston, New York, 1969.

X. Fu, On Solutions of Neutral Nonlocal Evolution Equations with Nondense Domain, J. Math. Anal.
Appl., 299 (2004), 392-410.

X. Fu, K. Ezzinbi, Existence of solutions for neutral functional evolution equations with nonlocal
conditions, Nonl. Anal., 54 (2003), 215-227.

Y. Lin and H. Liu, Semilinear integrodifferential equations with nonlocal Cauchy problem, Nonl.
Anal., 26 (1996), 1023-1033.

C. M. Marle, Mesures et probabilities, Herman, Paris, 1974.

A. Pazy, Semigroups of linear operators and applications to partial differential equations, Springer-
Verlag, New York, 1983.

S. M. Rankin III, Existence and asymptotic behavior of a functional diffferential equation in Banach
space. J. Math. Anal. Appl., 88 (1982), 531-542.

. B. N. Sadovskii, On a fixed point principle, Funct. Anal. Appl., 1 (1967), 74-76.



