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The contact conformal curvature tensor of an N(x)-contact metric manifolds is studied. We
prove that an NV (x)-contact metric manifold with vanishing extended contact conformal curvature
tensor is a Sasakian manifold. It is proved that a (2n + 1)-dimensional N (x)-contact metric
manifold with non-vanishing contact conformal curvature tensor Cy satisfies R(£,X)-Co =0
if and only if it is locally isometric to E™"*! x S™(4) forn > 1 and flat forn = 1. We
also prove that the Ricci tensor S of an N(k)-contact metric manifold satisfies the condition
Co(€,X) - S = 0if and only if the manifold is 3-dimensional and flat.
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1. INTRODUCTION

In [13], Tanno introduced the class of contact metric manifolds M with contact metric structures
(p,&,m, g), which satisfy the equation

R(X,Y)¢ =s(n(Y)X —n(X)Y), XY eTM,
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where R is the curvature tensor and  is a constant. A contact metric manifold belonging to this class
is called a contact metric manifold with ¢ belonging to the x-nullity distribution or simply an N (x)-
contact metric manifold [4]. This class contains Sasakian manifolds for k = 1 (and h = 0, where
2h is the Lie derivative of ¢ in the direction £ ). In fact, for an N (x)-contact metric manifold, the
conditions of being a Sasakian manifold, a K -contact manifold, k = 1 and h = 0 are all equivalent.

In [5], Bochner introduced a Kihler analogue of the Weyl conformal curvature tensor by purely
formal considerations, which is now well known as the Bochner curvature tensor. A geometric
meaning of the Bochner curvature tensor is given by Blair in [1]. By using the Boothby-Wang
fibration [6], Matsumoto and Chiiman constructed the C-Bochner curvature tensor [11] from the
Bochner curvature tensor.

In [10], Kitahara, Matsuo and Pak defined a new tensor field By on a Hermitian manifold which
is conformally invariant and studied some of its properties. They called this new tensor field the
conformal invariant curvature tensor. By using the Boothby-Wang fibration [6], Jeong, Lee, Oh
and Pak constructed a contact conformal curvature tensor Cy [9] on a Sasakian manifold from the
conformal invariant curvature tensor.

In this paper we study the contact conformal curvature tensor of an N («)-contact metric manifold.
The paper is organized as follows. In section 2, necessary details about contact metric manifolds,
K -contact manifolds, Sasakian manifolds and N (x)-contact metric manifolds are given. In section
3, we extend the concept of the contact conformal curvature tensor to an extended contact conformal
curvature tensor. We prove that an N (k)-contact metric manifold with vanishing extended contact
conformal curvature tensor is a Sasakian manifold. As an application, it is clear that an N(k)-
contact space form with vanishing extended contact conformal curvature tensor is a Sasakian space
form. In section 4, using a result of Blair [2], we prove that a (2n + 1)-dimensional N (x)-contact
metric manifold with non-vanishing contact conformal curvature tensor Cj satisfies R(£, X) - Cy =
0 if and only if it is locally isometric to E™*! x S™(4) for n > 1 and flat for n = 1. In section 5,
we prove that an N (x)-contact metric manifold satisfies the condition Cy(¢, X) - S = 0 if and only
if it is 3-dimensional and flat.

2. CONTACT METRIC MANIFOLDS

A (2n + 1)-dimensional differentiable manifold M is called an almost contact manifold if its
structural group can be reduced to U(n) x 1 or equivalently, there is an almost contact structure
(v,&,n) consisting of a (1,1) tensor field ¢, a vector field £, and a 1-form 1) satisfying

¢*=-I+71®¢, and (one of) n€)=1, @&=0, nop=0. (2.1)

An almost contact structure is said to be normal if the induced almost complex structure J on the
product manifold M x R defined by

d
A—
7 (x0%)

I

(wX - Aé,n(X)g—t) (22)
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is integrable, where X is tangent to M, ¢ the coordinate of R and A a smooth function on M x R.
The condition of normality is equivalent to the vanishing of the torsion tensor [y, ¢] + 2dn ® &,

where [, ] is the Nijenhuis tensor of . Let g be a compatible Riemannian metric with (¢, &, n),
that is,

9(X,Y) = g(eX, oY) + n(X)n(Y) (2.3)
or equivalently,

9(X,0Y) = —g(pX,Y) and g(X,§) =n(X) (2.4)

forall X,Y € TM. Then, M becomes an almost contact metric manifold equipped with an almost
contact metric structure (p, &, 7, g).

An almost contact metric structure becomes a contact metric structure if
9(X,9Y) =dn(X,Y), X, YeTM. (2.5

A normal contact metric manifold is a Sasakian manifold. An almost contact metric manifold
is Sasakian if and only if

(Vxp)Y =g(X,Y){-n(Y)X, X YeTM, (2.6)

where V is the Levi-Civita connection; while a contact metric manifold M is Sasakian if and only
if the curvature tensor R satisfies

R(X, )t =n(Y)X —n(X)Y, X, YeTM. 2.7

A contact metric manifold is called a K -contact manifold if the structure vector field £ is a Killing
vector field. An almost contact metric manifold is K-contact if and only if V& = —p. A K-
contact manifold is a contact metric manifold, while the converse is true if h = 0, where 2h is the
Lie derivative of ¢ in the characteristic direction £&. A Sasakian manifold is always a K -contact
manifold. A 3 -dimensional K -contact manifold is a Sasakian manifold.

The s-nullity distribution of a Riemannian manifold M is a distribution [13]
N(k):p—=>Np(k)={ZeT,M | R(X,Y)Z=r(g(Y, Z2)X —g(X.Z)Y)},

where « is a constant. In a contact metric manifold M, if £ € N(k) then M is an N(k)-contact
metric manifold [4]. In an N (k)-contact metric manifold, we have

Q€ = 2nké, (2.8)

where () is Ricci operator. For more details we refer to [3].
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3. N(k)-CONTACT METRIC MANIFOLDS WITH VANISHING EXTENDED CONTACT
CONFORMAL CURVATURE TENSOR

In [9], the authors defined the contact conformal curvature tensor Cjp in a (2n + 1)-dimensional
contact metric manifold (M, ¢, &, 7, g) by

Co(X,Y)Z = R(X,Y)Z
5 {~9(QY, 2)¢°X + 9(QX, 2)p*Y
+9(0Y, 0Z2)QX — g(pX, 0pZ)QY
+9 (QpX, Z) Y — g (QpY, Z) pX + 29 (QvX,Y) pZ
+9(pX, Z)QY — g(pY, Z)QX + 29(pX,Y)QZ}
m:—n—2+ (n+2)r)

+2n(n +1) ( 2n
x{9(pY, Z)pX — g(pX, Z)pY — 29(pX,Y )pZ}

1 (3n +2)r
+m <n+2 - T) (9(Y,2)X - g(X, Z)Y)
(3n+2)7‘)

—— = |4n? 9 —
2n(n+1)(n +on+ 2n

x{n(Y)n(Z2)X — n(X)n(2)Y

+n(X)g(Y, 2) - n(Y)g(X, Z)¢}, 3.1
where R, Q,r are the curvature tensor, the Ricci operator and the scalar curvature respectively.

In an N(k)-contact metric manifold, we have

R(X,Y){ = s(n(Y)X —n(X)Y)), (3.2)
R X)Y = &s(g(X,Y)¢—n(Y)X)=—-R(X,{)Y. (3.3)

Consequently,
Co(X,Y)§ = 2(s—{n(Y)X —n(X)Y} + 2rg(pX, Y )¢, (3.4)

Co(&; X)Y = 2(k - D{g(X,Y)E —n(Y)X} — rg(0X,Y){ = — Co(X,£)Y. (3.5

In a Sasakian manifold, the contact conformal curvature tensor coincides with the C-Bochner
curvature tensor if and only if the manifold is n -Einstein. The authors of [12] prove the following
theorem.

Theorem 3.1 — Every contact metric manifold with vanishing contact conformal curvature
tensor is a Sasakian space form.

Thus, we have the following
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Corollary 3.2 — Every N (k)-contact metric manifold with vanishing contact conformal curvature
tensor is a Sasakian space form.

In [7], Endo defined the E-Bochner curvature tensor as an extended C-Bochner curvature tensor
and showed that a K-contact manifold with vanishing E-Bochner curvature tensor is a Sasakian
manifold. Analogous to the concept of the E-Bochner curvature tensor [7], we define the extended
contact conformal curvature tensor C, in an almost contact metric manifold as follows:

Ce(X,Y)Z = Co(X,Y)Z -n(X)Co(¢,Y)Z
—n(Y)Co(X,£)Z — n(Z2)Co(X,Y)E. (3.6)

In a Sasakian manifold, the E-Bochner curvature tensor and the C-Bochner curvature tensor coincide.
However, it is easy to verify the following

Proposition 3.3 — In a Sasakian manifold, the extended contact conformal curvature tensor and
the contact conformal curvature tensor are related by

—n(Y)g(pX, Z)¢ — 2n(Z)g(eX, Y )E. (3.7

Now, we prove the following

Theorem 3.4 — An N (k)-contact metric manifold with vanishing extended contact conformal
curvature tensor is a Sasakian manifold.

PROOF: Let M be an N (x)-contact metric manifold. If the extended contact conformal curvature
tensor of M vanishes, then from (3.6) we have

0= Ce(X,8)€ = —Co(X,8)¢ = 2(k — 1)p?X, (3.8)

which gives k = 1. Thus, M becomes Sasakian. g

Remark 3.5 : It will be interesting to know whether a contact metric manifold or K-contact
manifold with vanishing extended contact conformal curvature tensor C, becomes Sasakian or not.

In an almost contact metric manifold, if X is a unit vector which is orthogonal to ¢, we say that
X and @ X span a @ -section. If the sectional curvature ¢(X) of all ¢ -sections is independent of X,
we say that M is of pointwise constant (p-sectional curvature. If an N (k)-contact metric manifold
M is of pointwise constant p-sectional curvature c, then we say it an N (x)-contact space form
M (c). The curvature tensor of an N (k)-contact space form M (c) is given by [8]

4R(X,YVZ = (c+3){9(Y,2)X —g(X,2)Y}
+(c = D{n(Xn(2)Y —=n(¥Y)n(2)X
+n(Y)g(X, Z)§ — n(X)g(Y, Z)¢
+9(¢Y, Z)pX — g(pX, Z)pY — 2(pX,Y)pZ}
+4(k — D{n(Y)n(Z2)X — n(X)n(2)Y
+n(X)g(Y, 2)€ —n(Y)g(X, Z)¢}
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+4{g(hY,Z2)X — g(hX,2)Y
+9(Y, Z)hX — g(X, Z)RY
+n(X)n(Z)RY — n(Y)n(Z)hX
+n(Y)g(hX, Z)§ — n(X)g(hY, Z)£}
+2{g(RY, Z)hX — g(hX, Z)hY
+9(phX, Z)phY — g(phY, Z)phX} (3.9
forall X,Y,Z € TM, where c is constant on M if dim(M) > 3.
Now, applying Theorem 3.4 to an N (k)-contact space form, we are able to state the following

Corollary — 3.6 An N(k)-contact space form with vanishing extended contact conformal
curvature tensor is a Sasakian space form.

4. N(x)-CONTACT METRIC MANIFOLDS SATISFYING R(£,X)-Cyp =0

We recall the following result due to Blair [2].

Theorem 4.1 — ([2]-[3]) Let M 2"+ be a contact metric manifold satisfying R(X,Y )¢ = 0.
Then, M?"+1 is locally isometric to E"*! x S™(4) for n > 1 and flat for n = 1.

In this section, we prove the following theorem.

Theorem 4.2 — Let M?"*+! be a (2n + 1)-dimensional N (k)-contact metric manifold with
non-vanishing contact conformal curvature tensor Cy. Then R(¢, X) - Co = 0 if and only if M27+1
is locally isometric to E™*! x S™(4) for n > 1 and flat for n = 1.

PROOF : From the condition R(&,U) - Cp = 0, we get

—Co(X, R(§,U)Y)Z — Co(X,Y)R(&,U)Z,
which in view of (3.3) gives
—9(U, X)Co(§,Y)Z +n(X)Co(U,Y)Z
g(U, )CO(X’ f)Z + ﬂ(Y)Co(X, U)Z
g(Ua )CO(X’ Y)§ + n(Z)OO(Xv Y)U}
In the previous equation, putting Z = £, and using (3.4), we get
0 = k[C(X,Y)U +2(k-1){g(U,X)Y —g(U,Y)X}
+26{n(X)g(eU, Y )¢ + n(Y)g(pX,U)§ — g(¢X,Y)U}].
Therefore, either kK = 0 or
Co(X,Y)U = 2(k-1){g(U,Y)X - g(U, X)Y}
+26{n(Y)g(pU, X)¢ — n(X)g(pU,Y)E + g(pX,Y)U}.
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From the second case, it follows that
Co(§, YU =2(r — D{g(U,Y)§ —n(U)Y'} — 26g(pU, Y)§.
On the other hand, from (3.5), we get
Co(&,Y)U =2(k — D{g(Y,U)¢ —n(U)Y'} — rg(pY,U)E.
In view of the above two equations, we have
rg(pU, Y )¢ =0,

which again gives x = 0. Thus in view of Theorem 4.1 the proof is complete.
Conversely, x = 0 gives R(¢, X) = 0. a

5. N(x)-CONTACT METRIC MANIFOLD SATISFYING Cy(£,X)-S =0

In this section, we consider the condition Cy(&, X)-S = 0 on an N (k)-contact metric manifold,
where S is the Ricci tensor. We have the following theorem.

Theorem 5.1 — An N(k)-contact metric manifold satisfies the condition Cy(¢, X) - S = 0 if
and only if it is 3-dimensional and flat.

PROOF : Let M?"*! be a (2n + 1)-dimensional N (k) -contact metric manifold. The condition
Co(&,X) - S = 0on M2"+! is equivalent to

0=35(Co(¢, X)Y, Z) + S(Y,Co (€, X) Z) (5.1)
or

0 = 2(k—-1){2nkn(2)9(X,Y) —-n(Y)S(X, Z)
+2nkg(X, Z)n(Y) —n(2)S(X,Y)}
—2nk?g(pX,Y)n(Z) — 2nk2g(0X, Z)n(Y). (5.2)

Taking Z = £ we have
(k — 1){2nkg(X,Y) - S(X,Y)} — nx?g(pX,Y) = 0. (5.3)

If K = 1 then g(pX,Y) = 0, which is impossible. Now assume that x < 1. Then from (5.3), it
follows that

S(X,Y) = 2nkg(X,Y) — — -K2g(pX, Y). (5.4)

From (5.4) we get
=2n(2n + 1)k. (5.5)

We recall that the scalar curvature of an N (k)-contact metric manifold is

=2n(2n - 2 + K). (5.6)
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Comparing (5.5) and (5.6) we get x = 1 — %
Puttingx =1 — % in (5.2) we get

0 = 2 (1 - 2) (29X +(¥)g(X, )
~{I(Y)S(X, 2) +0(2)S(X,Y))
n (1 - %)2 (90X, Y)n(Z) + g(eX, Z)n(Y)) . 5.7)
On the other hand for an N (k)-contact metric manifold we know that

S(X,Y) = 2(n-1g(X,Y)+2(n-1)g(hX,Y)
+ {2(1 — n) + 2nc}n(X)n(Y). (5.8)

Puttingx = 1 — % in (5.8), we get
S(X,Y)=2(n—-1)9(X,Y)+2(n-1)g(hX,Y). (5.9

From (5.7) and (5.9) we obtain
0 = 2 (1 - ;1;) (9(hX, Z) + g(hX,Y))
1 2
n (1 - -,;) (90X, Y)n(2) + gleX, Z)n(¥)). (5.10)

Ifn=1thenk =1— % = 0 and consequently the manifold is 3 -dimensional and flat. If n # 1
then from (5.10) we get

0=g(h*X,0Y) = (k- 1)g(pX,Y), (5.11)

which is not possible.

Conversely, if the manifold is 3-dimensional and flat, then S = 0. O
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