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Forced axi-symmetric response of polar orthotropic circular plates of linearly varying thickness
resting on elastic foundation has been suited on the basis of classical plate theory. An approxi-
mate solution of the problem has been obtained by Ritz Method, which employs functions based
upon the static deflection of polar orthotropic circular plates. The effect of elastic foundation
together with orthotropy on deflection function and bending moments have been studied for
various values of taper parameter, rigidity ratio, foundation parameter, flexibility parameter un-
der different types of loading. A comparison of results with those available in literature shows
an excellent agreement.
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1. INTRODUCTION

An exhaustive work has been done on vibration of isotropic plates and is presented by Leissa [1].
Researchers have studied the problem of vibration from different angles such as effect of geometry
[2], temperature [3—4], elastic foundation [5-12], axial force [12-14], elastically restraint edge
conditions [9, 12-17], variable thickness [6, 9, 12-14, 21-22] and loading [10, 16-21]. Circular
plates are commonly used structural componénts used in various fields of engineering. Recently
research workers have shown interest in the study of vibration of orthotropic plates (a special
case of anisotropic plates). An orthotropic plate can be fabricated to have light-weight and high
specific stiffness. Such plates find their use in the design of structural components of aeronautical,
mechanical, ocean engineering and in various scientific instruments. Further, additional weight can
be saved by considering plates of variable thickness, which also meets the desirability of safety and
economy. Circular plates of non-uniform thickness are widely used in various fields of engineering

to meet the functional architectural requirement and a comprehensive list of references is given in
[22].
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A survey of literature dealing with vibration of plates resting on elastic foundation is presented
in [5-12]. The study of effect of elastic foundation has its importance in connection with concrete
pavements of runways, foundation of slabs and buildings, wells and tanks etc. Laura et al., [9]
analysed the vibration of isotropic circular plates attached to Winkler foundation. Gupta et al.,
[12] investigated the effect of elastic foundation on polar orthotropic circular/annular plates. These
studies show that the vibrational characteristics of structural components supported by elastic media
are different to that of plates supported only on boundary.

The dynamic behaviour of isotropic circular plates subjected to loading has been studied by
Laura et al. [16-18], Beaudan and Reismann [19], Leissa [20], Gupta and Goel [21] etc. The
problem is of interest due to its use in various types of transducers. When plates used in operations
they are often subjected to symmetric transverse loads. Thus the study of dynamic behaviour of
plates with loads is essential. The stability of aircraft structures exposed to high speed air flow is
one of the major cénsideration in their fabrication. In aircraft engineering, plates resting on elastic
medium are often subjected to transverse loads. Thus the combined effect of elastic foundation and
transverse loads on vibrational behaviour of plates is of practical importance.

2. ENERGY EXPRESSION

Consider a thin circular plate of radius a, variable thickness h = h(r), resting on elastic founda-
tion of modulus k¢, elastically restrained against rotation by springs of stiffness k; at the edge and
subjected to P(r)cos wt type of excitation extending from r = g to r = r;. Let (r. 8) be the polar
co-ordinates of any point on the neutral surface of the circular plate referred to the centre of the
plate as origin (shown in Figure 1).
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The maximum kinetic energy of the plate is given by
a 27

Trax = %pr / / hw?rd@dr €}
00

where w is the transverse deflection, p the mass density and w the frequency in radians per second.
The maximum strain energy stored in the plate is given by

a 27
1 8w\’ 8w (10w 10w)? )
0 0

2
1 dw(a,0))?
0

where 1/k, is the rotational flexibility of the spring and flexural rigidities of the plate are

E.h3 Egh®

Dr(r) = 12(1 — vrvg)’De(r) = 12(1 — vpvg) 3

The work done by the external force P(r) acting on the plate in the direction parallel to Z-axis is
given by

2T ™1

Vinax = / do / wP (r)rdr. 4)

0 TO

3. METHOD OF SOLUTION: RI1TZ METHOD

Ritz method requires that the functional

a 2w
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00
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be minimised.

For a uniformly distributed load Py extending from r = rp to r = 7y is given by

Plr) == ey U =) = Ul =)} ©
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r r T .

Introducing the non-dimensional variables R = —, R; = —1—, Ry = —-2, and assume the deflection
a’ a a

function as W (R) = w/(a*qo Do)

m m
W(R) =Y A;Fi(R) =) A;(1+ R+ gR"?) B2~ 7
1=0 i=1

where A; are undetermined coefficients, p2 = Ey/E, and «;, 3;, are unknown constants to be
determined from boundary conditions (Leissa {1], pp. 14)

dF;(1 &2F, 1dF;
Ko dﬁ) = ~(l-ap [dR2 (R dR)] . ®

Fi(1) = 0 9

for a linearly varying thickness plgte h = ho(l — aR), a and hg being the taper and thickness of
the plate at the centre respectively.

The choice of functions approximating the deflection function W (R) given in eq. (7) is based
upon the static deflection of polar orthotropic circular plate (Lekhnitskii [25]) which has faster rate
of convergence (Gupta and Ansari [13]) as compared to the polynomial co-ordinate functions used
by the earlier workers [9, 12, 14].

On introduction of non-dimensional variables and using relation (5) functional J(w) becomes

12 oot (42 88 (20} (i)
0

R,
+KfW2]RdR+K¢(d;V> —/ 2W (R)RdR — Q2
R=1
Ry

o\H

(1 - aR) W2RdR] (10)

where
E,h% 2 a4w2ph0 a*k f akg
Dyp=—"—"— QO =—-—- K; = Ko = )
0 12(1 — Urvg) Dy f Do ® Dy
The minimization of the functional J(W) given by (10) requires
aJ(W) ;
= =1,2,3,... .
aAl 0’ 4 ? ? 3’ K m (1 1)
This leads to a system of non-homogeneous equations in A;,
(a;;\Q%bi)A; = Ci,  4,j=1,2,3,...m (12)

where
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Ry
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The solution of the system of equation (12) gives the value of A; and thus the transverse deflection
W and the radial and tangential bending moments

M, d*w 1dwW
o = (-am? | T wrSr] (16
My 3 d*w o 1 dW
w2~ 7B [“eaﬁ?” RdR an

are computed.

4. NUMERICAL RESULTS

213

Numerical results have been calculated for different values of taper parameter o:(= 0.0; £3), flexibility

parameter Ky(= 0.0, 10, 1029) for forced vibration of polar orthotropic circular plate resting on
elastic foundation of foundation modulus K(= 0.01,0.02,0.03). The natural frequencies for
free vibration are obtained by putting P(r) = 0. In case of forced vibration the non-dimensional
frequency parameter is taken as © = 1o, and if @ < Qg and Q = Qg; + 7(Qoj4+1 — Qo;), Where
J=1,2,3,4,... etc, if Qp; < @ < Qoj41. The normalised deflection and bending moments are
obtained for n = 0.2 and 2 < . The Poisson’s ratio has been fixed as 0.3.

5. DISCUSSION

Forced axi-symmetric response of polar orthotropic circular plates of linearly varying thickness has
been studied for various values of plate parameters. Transverse deflection and bending moments is
obtained for circumferentially stiffened plate i.e. Ey > E,. Bending moments of the plate cannot
be obtained for radially stiffened plate Fy < E,, because infinite stress is developed at the center in
this case (Lekhnitskii [26], pp. 372). Transverse deflection and bending moments are presented for
different types of loadings
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(a) When load is distributed uniformly on the disk extending from Rq = 0.0 and R; = 0.5
(Disk loaded plate)

(b) When load is distributed uniformly on the annular region extending from Ry = 0.3 and
Ry = 0.7 (annular loaded plate)

(c) When load is distributed uniformly on the entire region extending from Ry = 0.0 and
R; = 1.0 (uniform loaded plate)
the total load on the plate being same in all three cases.

Numerical results are presented in graphs (2-19) for Q < Qg and Ey/E, = 5.0. Figure
2 presents the transverse deflection of a polar orthotropic plates along the radius vector R for
taper parameter o = £0.3, foundation parameter Ky = 0.01,0.02, 0.03 for simply supported disk
loaded plate. The transverse deflection is maximum at the center which decreases as the foundation
parameter Ky increases, keeping other plate parameters fixed. Figure shows that the transverse
deflection for taper parameter oo = 0.3 (centrally thicker plate) is greater than that for « = —0.3
(centrally thinner plate). The reason being greater mass attribution at the center in case of centrally
thicker plate. Figure 3 presents that transverse deflection for clamped plate. It has been observed
that the transverse deflection gradually decreases as the flexibility parameter Ky increases. Thus the
transverse deflection for clamped plate is always lesser than that for a simply supported plate. As the
foundation parameter K increases, the transverse deflection at the center decreases more rapidly
for centrally thicker plate than that for centrally thinner plate. Figures 4-5 present the transverse
deflection when load is extending from Ry = 0.3 and R; = 0.7 for SS and C'L plate respectively.
Transverse deflection for annular loaded plate is found to be greater than that for disk loaded plate,
but it is reversed for clamped plate. Transverse deflection for uniformly loaded plate is observed
to be maximum as compared to disk and annular loaded plates as shown in Figures 6-7. Radial
bending moment for disk loaded plate is presented in Figures 8-9. Figures show that radial bending
moment for @« = —0.3 is greater than that for o = 0.3, other plate parameters being fixed. It is
observed that peak of the bending moment decreases as the foundation parameter K increases.
Maximum radial bending moment is found to be at R = 0.35. In case of annular loaded plate peak
of the bending moment occurs at R = 0.5. Peak of the bending moment shifts towards the edge
R = 1.0, when plate is annularly loaded (shown in Figures 10-11). Radial bending moment at
the edge increases as the flexibility parameter Ky increases, thus maximum bending moment at the
edge occurs for CI plate. Radial bending moment for & = —0.3 is greater than that for a = 0.3,
which decreases as the foundation parameter K increases. Maximum bending moment at the edge
occurs when the plate is uniformly loaded Figures (12-13). Tangential bending moments are also
presented in Figures 1419 for three types of loadings. Radial bending moment for orthotropic plate
is zero, but the tangential bending moment is nonzero at the edge. Tangential bending moment at
the edge for S'S plate is greater than that C1 plate for corresponding value of plate parameters.
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Figure 20 and Table 1 compare the transverse deflection and bending moment with the result
of Laura et al. [17] for uniformly loaded isotropic circular plate of constant thickness obtained by
Glarkin’s method. Table 2 compares the deflection and bending moments at the center of the plate
for Q@ < Qg and Qg < R < Qp; for uniform isotropic plate obtained by Laura et al. [18] using
Ritz method. Comparison of results shows an excellent agreement with the result available in the

literature.

TABLE 1: Comparison of displacement W/a*qoD,., for simply supported circular plate of linearly varying
p p g

POLAR ORTHOTROPIC TAPERED CIRCULAR PLATES

thickness for vy = 0.25

TABLE 2: Comparison of amplitude of dimension less displacement and radial bending moment at the centre

« Present
-0.5708 | 0.1817* | 0.1815
0.0 0.06568* | 0.0656
-0.33333 [ 0.1143* | 0.1127

*Values are taken from Ref. Laura et al. [17]

as a function of n(= Q < Q) and (= Qo < < ;) for uniform isotropic plates

219

Q < Qoo Qoo < 0 < Qo1

W/a%qoDro M, /a%qo W/a%qoDyo M, /a*qo
Ky=00 |17 Present Present present Present
Qoo = 0.2 | 0.01630* | 0. 01630 | 0.085* | 0.08524 | 0.001* | 0.01181 | 0.084* | 0.08468
10.2158 | 0.4 | 0.01872* | 0.01872 | 0.099* | 0.09952 | 0.0055* | 0.00553 | 0.051* | 0.05121
Qor = 0.6 | 0.02479* | 0.02479 | 0.135* | 0.13533 | 0.0040* | 0.0040 0.0388 | 0.03840
39.771 0.8 | 0.04461* | 0.04461 | 0.253* | 0.25281 | 0.0044* | 0.00446 | 0.080* | 0.08001
Ky =0 | 02| 0.06640* | 0.06640 | 0.215* | 0.21554 | 0.0226* | 0.02263 | 0.094* | 0.09407
Qoo = 0.4 | 0.07603* | 0.07603 | 0.248* | 0.24874 | 0.0094* | 0.00946 | 0.052* | 0.05224
4.9351 0.6 | 0.10010* | 0.10010 | 0.331* | 0.33179 | 0.0062* | 0.006238 | 0.049* | 0.04948
Qo1 = 0.8 | 0.17875* | 0.17877 | 0.603* | 0.60332 | 0.0063* | 0.006329 | 0.076* | 0.07653
29.721

*Values are taken from Ref. Laura et al. [18]
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