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A generalized pseudo-differential operator involving the symbol a(z, £) whose derivatives satisfy
certain growth conditions is studied on Gel’fand-Shilov space Sg:ﬁ. It is shown that the
generalized pseudo-differential operator is a well defined mapping of Sg:f(R) into another
space of the same type on R?. A Sobolev space boundedness result is obtained. The product of

two generalized pseudo-differential operator is shown to be a pseudo-differential operator.
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1. INTRODUCTION

Pseudo-differential operators are linear operators A defined by expression of the type

n

(Af)(z) = Az, D)f(z) = (2m)~"/2 / @ 0a(z, ¢)F(€)de (L1)

where f(¢) is the Fourier transform of f(z) having support in @ C R™. The function a(z, &)
satisfying suitable estimates in (2, x Ry is called the symbol of A.
A linear partial differential operator

A=Y Col@)D? (1.2
la|<m
can be regarded as pseudo-differential operator with symbol

a(z,6) = Y Cala)€™, (1.3)

le|<m
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Theory and properties of classical pseudo-differential operator can be found in Hérmander [2],
Treves [9], Wong [10] and Zaidman [11]. Psuedo-differential operator on certain Gevrey spaces
have been studied by Rodino [6]. For this purpose Rodino introduced the symbol class ST*(2)

(m € R, A, given in definition 1.1 below, 2 an open subset of R™) which consists of a(z, &)
€ C(Q x R™) satisfying the following conditions

DgDJa(z,8)| < CleIHBIH 1811\ (¢) ) 1Al (1.4)

for every @, fand z € K CC §,£ € R" with A({) > B|f|. For a(z,£) € ST(2), the pseudo-
differential operator defined by (1.1) is a continuous linear mapping from C§°(2) to C*°(2), which
can be extended as a continuous linear map from ¢(2) to D’(£2). In this paper we introduce a more
general symbol class S(m, A\, R?") in which the variable z is not restricted to a compact set as
has been taken in the class ST*(2). For the symbol a(z, &) belonging to class S(m, A, R?"), w
study continuity of the pseudo-differential operator defined by (1.1) on Sﬁ ’a and boundedness on
a modified Sobolev space HS(R™ x R™) Moreover, we show that the product of two pseudo-
differential operators is a pseudo-differential operator. Also a boundedness result of the product of
two pseudo-differential operators in H¥(R"™ x R™) is obtained.

Gel’fand-Shilov space Sg,’f (A>0,B>0,a > 0,8 > 0) consists of infinitely differentiate
functions ¢(z)(—o0 < z < 00), which for any § > 0, p > 0 satisfy the inequalities

|z¥ (d/dz)7¢(z)| < Csp(A + 6)*EF*(B + p)iq (1.5)

for each k and ¢ of non-negative integers. In the space sP a, A, let us introduce the system of norms

z*(d/dz)?¢(z)

_ 1
(AT 0)kFa(B + p)igh| <o Ep=1"/2.) (1.6)

[1$llsp = sup

1‘, sq

The space 55 is defined as the inductive limit of the spaces {Sg,’f }A 5 (cf.[1], p.182)

’

It may be noted that Fourier transform is an isomorphism between Sg and .S’g fl.p. 207] and we
have & [Sg] =Sgfora>0,4>0anda+ (> 1.
Thus if ¢ € S5, then ¢ =S¢ € S§ and satisfies the inequalities

|2 (d/dz)1(2)| < Cap(A +8)9g7 (B + p)*k*. (L.7)
According to (1.6) the norms in this space are given by the formula

z*(d/dz)?¢(z)

11
(A1 0)ig (B + p)fks| <0 (0P =1"/2,-.). (1.8)

l#lls, = sup

z,k,q

A definition of 55 on R"™ can be found in [1, p. 238). A C'™ -function ¢ € Sg’/}f (R™) if
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U+ +an ()

k = |t kn

[t (@fda)ipla)] = oy o e e

< CoplAr+61)51 -+ (Ap + ) Fn kf101 . hneon

(B4 p1) -+ (Bn + pr) gl - ginF.

X

Norm of this space is given by

11816
= sup 2t akn (90t 9ol - Dalr) p(a)
z.k,q | (A + 01)k (A + 5 )knkklal ... non (By 4 p1)% - (Bn + Pn)q"q(flﬁl , ,.q%nﬁn
(51, bui 1y pn = 13, ).
The space S8 (R™) is defined as inductive limit of the spaces (Sg’g (R™))a,B, wherea = (a1, -+, on);

B=(Bi-Bn); A= (A1, An) and B = (By, -, Bn).
Definition 1.1—We say that A : R™ — R is a weight function if

IA€) —A(n)| <ClE—-nl  &neR™, (1.9)
(L+¢)° <CAE) €¢€R™ (1.10)

for suitable constants C, § > 0.
It follows from (1.9) that

A€) < C(1+[¢)). (1.11)
This implies that § < 1 in (1.10), and
c(1+1€))° < M) < C(1 + k), (1.12)

where ¢,C > 0 and ¢ < C. This weight function has been used by Rodino [6] in his analysis of
pseudo-differential operators on Geverey spaces.

Definition 1.2—A function a(z, £) : R® xR — C™ is said to belong to the space S(m, A; R?"),
m € R, if and only if a(z, &) € C®(R" x R") and V£ € Ny, o, B € N§, we have

(1+ |2)* | DgDfa(z, )| < CIHHH aigiaag)m1o (1.13)

where the constant Cy > 0 is independent of «, 8 and £.

This permits us to define the Fourier transform with respect to z of a(z, §) by

a(m,€) = (2m) "/ / e Ma(z,€)da (1.14)

< o0
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Definition 1.3 — A tempered distribution ¢ belongs to the Sobolev space H*(R"), s € R, if its
Fourier transform <Z> corresponds to a locally integrable function 43(5 ) over R such that

2\%/2 7 e
loilas = ([ 10+ 16 o) Pde) <o (115

This space is complete with respect to the norm ||¢|| ys. For various properties of this space we
may refer to [4] and [9].

In this paper we define a generalized pseudo-differential operator, denoted by A,, using the
symbol a(z,y). We study its continuity on the Gel’fand-Shilov space Sg:f and boundedness on the
Sobolev space H*(R"™).

2. THE GENERALIZED PSEUDO-DIFFERENTIAL OPERATOR

Let a(z, &) be a symbol in S(m, A\; R?") defined by (1.13); then pseudo-differential operator A4,
defined by

(Aat)(,y) = (2m)"/2 / ¢ a(z, €)d(€)de @.1)

n

exists for ¢ € S(R"), the Schwartz space.
For y = z, it reduces to the classical pseudo-differential operator. It reduces to the wavelet
transform

WG, = [ FOTO -l de.b 0, @2

when a(z, &) = z"|z|~"/2¥(z¢), where ¥ denotes the complex conjugate of W.

To simplify the analysis an interesting property of the operator A, is given in one dimension.

Theorem 2.1 — The operator A, defined by (2.1) with a € S(m,\;R?*),m < —1,is a
continuous map from Sg,’f{(R) into Sfﬁ(RZ), whereo = (1,8+1);7 = (1,a+ 1) and
H=(C,(A+C1/C)(1+ A™));G = (Cy,1+ B) fora>0,8 > 0and o+ S > 1. Moreover,
since S2(R) is the inductive limit of the spaces {Sfj;ﬁ (R)}A 5 while S?(R?) is the inductive limit
of the spaces {S_f,’g(R2)}H,G
is continuous from S2(R) into S (R2).

In the following the constants C' and C} are the same as in (1.11) and (1.13) respectively and

A, B are constants independent of the function ¢.
PROOF: For k, k', q,q' € Ny, we have

3

, hence a locally convex space itself, it follows that the operator A,

oy (9/02)9(3/0)7 (Aak) (2 1)
= o*y¥ (0/02)1(8/0y)7 (2m) /2 / " eivta(s, £)4(6)de

= (2m) " [aghy¥ /_ " 5(6)(8/0u)7 ¥ (8/0) alz, £)de
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= @m) gkt / " 3(6)(i6)7 ¥ (8/0)alz, £)de
= et [ ” d(6)(i6)7 (i) (8/06)F ¢V (8/ ) alz, £)de

= (2m)” /2 (5)7 F o / " ¢73(6)(8/0)"al, €)(0/96)F ¥ de.
Integrating by parts, we get

oFy¥ (0/02)1(8/0y)7 (Aad)(z,y)

= @n R0 ot [ " e (906" (€7 $(¢)(8/02)a(x, €)|de

—00

= (2m)" 2@)7F (—1)¥ /oo s

—0o0

k' ’ ‘ . '
> ( j ) (8/0€)F ~91¢7 $(€))(8/0¢)’ (8/0x)%a(z, €)dE
j=0

= (2m)7 2 (5)7 F (—1)¥ 2k /oo e
LTNLE= vy o ,
S5V (F77) @rer-raeerenre
7=0 r=0

j
(8/02)%(9/9€) alx, £)dE;

X

so that
|2*y¥ (0/82)%(8/0y)? (Aad)(z, y)]
/2 k' k;’—j k_l kl _,7 [e's) K —i 1 ,
< e 3 (5) (777) [ e rie| orseren
x (L +|z[*)*(8/82)(8/0¢) al(z,€)|dE. 2.3)
Using relation (1.13), the right-hand side of equation (2.3) can be estimated as
k' k-3 ’ / . 0
_1 k k'—3 '
e o> (M) (F7) o
Sy () ) L

1(8/08)* I $(O)lla"!/(d' — r)IET ]



228 R. S. PATHAK AND AKHILESH PRASAD

x  CPHIHEHL QIR (€)™ de /(1 + €))7,
12 k' k"-—-j o ¢ q/
< anm S () (V) 25 ()
1€2(0/0€)F 37 d(¢)l[g")/ (g — r)N(L + €T~

X CPHHlgUIRN@I™ de/(1+1€))7. @4

Since ¢ € Sg:f (R), by (1, p. 205), ¢ € SZ"’Q(R). Therefore, using results (1.8) and (1.11) we
can estimate the right-hand side of inequality (2.4) by

eSS () () (0 )

(A+ 377k = j — ) —I=1)2(B 4 p)5%P

¢”6p

xg'\(1 + [€)7 " CT TGO + €)™ Ide /(1 + €))7

/ kl_j

w325 () () ()

¢ICmICTI R QU4 + §)F ~I7T (K — j — r) /=T -)a

(B +p)°s*

8,2 [ aerariey

— 2(2n)" /2 Hq‘suap MOtk GIKI(A + §)F

, K=j 0 .
Z(k>c JcJ (A+5)—j2(k J)qll
j=0 J r=0 r

I

x (A+8)"(k'—j —r)K=i= r)a[1/|m+ 1|]Z( I) (B +r)*8%#
s=0

= 2(2m)" /2 Hé“ap CmOTHETL KA + 6)F KN[L + C1/C(A + 6) ¥ (K)¥ ")

x [1+(A+68&) ¥ Q/Im+1))(1 + B+ p)? (¢")77. (2.5)
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Set Cy = 2(m)~/2C™Cy(1/|m + 1|). Then the right-hand side of equation (2.5) can be esti-
mated by

Cs ||q"s|]6p CIGICERNA + CL/C + 6)F [1 + (A + 6)"F K'I(K)¥'

x(1+ B+ p)?q'l(¢)7? (2.6)

< C3CH(A+C /)1 + AYH) + 8% CY(1 + B) + o7
xkE(R')F @D ga(g ) 00 g @7
p

Therefore, from.(2.7), we get

lAallsy = sup | zhy¥ (9/02)9(8/0y)7 (Aad)(z,Y)
W = kkag (C1+OF(A+Ci/C)I+ A7)+ 8 (Cy + €)1+ B) + p)IY
1
R (@D ga g7 |

< i,

X

Hence Aq¢ € ST (R?), where 0 = (1,8 + 1); 7 = (1, + 1) and H = (C1, (A + C1/C)
(1+ A71);G = (C1,1 + B). Moreover, if {¢,} € Sg:ﬁ(R) converges to zero in Sg:ﬁ(R),
then {¢,} converges to zero in Sg”g(R). Hence from (2.8) it follows that {A,¢,} converges in

S7 '@ (R?). Thus A, is a continuous linear mapping from Sg:ﬁ (R) into S:g (R2).

3. A BOUNDEDNESS PROPERTY OF A,

We have already defined the Sobolev space H*(R") by (1.15). In the following we shall make use
of a variant of this, denoted by H*(R"™ x R"), where s € R, defined as follows : A tempered
distribution ¢ € S(R?") is said to belong to H*(R" x R"), if #(&,7) is locally integrable on R™
and ((1 + |€[2)(1 + |n]2))*/2¢(£,n) € L2(R™). A norm in this space is defined by

. i 2 a
s = ([ [ [-+162)75 + o)t aan)
< 00,6 € S(R™ x R™). 3.1)

Lemma 3.1—For £ > n + 1, there exists a positive constant C’ such that

la(€, M < C' D™+ €375, (32)

where a € S(m, \; R?™).
PROOF: We know that

a(€,n) = (2m)~"? / =€) a(z, ) d;

n
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so that
(1+ €% *a(g,n) = (2m) ™"/ / e €%)(1 - A,) a(z,n)dz (3.3)
vé&,neR"and£ € Nand A, = Y | 62/822.
Now,
e
(1-Aa(e,y) = 3 ( ) )" (6%/02% + 82/6a% + - - + 62/022)" a(z,n)
r=0

L
) Z( )ZAsn ) (& /0}) (8%/0a3)™ -+ (6%/023) ™ ala, ),

r=0 |s|=n

where A(s,n) are certain constants depending on s and n.

Hence
£

- afae i <3 (£) 3 It mID alarn)

r=0 |s]=n

Using the property (1.13), then we get

£
(1 - Ag)a(z,m) < 3 (‘ )
|A(s,n)|C T sy e A (L + |2) 8 (34)

Hence by (3.3) and (3.4), we have

I ¢
a+lePraenl < @0 Y 3 (1)

r=0 |s|=n
A(s,n)|CTITH s 1A ()] /R (14 o)~ da.

Since the z-integral is convergent for large £, there exists a constant C' depending on £ and n
such that

(1 + &%) a(g, n)l < C'IAM™;
so that

la(é,ml < C'mI™ I + %)~

Theorem 3.2 — For any symbol a € S(m, A\; R?"), the associated operator (A, ¢)(z,y) admits
the representation

(Aad)ary) = @n) ™2 [ [ ceOnsnae, ndn)dgan, (.5

where ¢ € S(R").
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PROOF : From (2.1) we know that

(ap)(@y) = @)™ [ Oalan)dm) dn
— -n/2 i(y,n) L i(z,€) A 2
n 2 [ et (@it [ cteOag,nyat ) dnyan

= o [ [ deorioma nidgan

The last integral exists because () € S(R™) and &(¢, n) satisfies the inequality (3.2).
Corollary 3.3 — For any symbol a € S(m, A\; R?*), we have

"

S [Aadl(€,m) = a(€,m)(n) (3.6)

where the Fourier transform is taken with respect to all the variables z and y.

PROOF: The result follows from (3.5) by the definition of the Fourier transform.

Theorem 3.4 — Let a € S(m, \;R?"), and (A,¢)(z,y) be the associated operator. Then there
exists D,, > 0 such that form € R,

N Aa®ll s (rrxRr) < D, Ollre+rm(rny Vo € S(R?), (3.7

where 7,, = max(m, dm) with § given by (1.12).
PROOF: From Corollary 3.3 we see that (A, $)(z, y) has the Fourier transform equal to $(¢, ) d(n).
Therefore,

ladlirs(rmnrey = ||+ 16721+ nl?) /2 (Aad)(€,m)

L2(R™xR™)
24 2.8 N 2 1/a
= (/,,/Rnl(”'ﬂ )21+ |nl?) /za(g,n)¢(n)| d¢ dn) .(3.8)
Now using inequality (3.2) and relation (3.8), we get
| Aadll o (Rn x R)
s s o2 /2
< (/R /R |+ 1)1+ o) 2O ™ (1 + €1%)~43(n)| dgdn)

Next, using inequality (1.12), we get

”Aa¢"H-’(R"xRﬂ)
. /2
o' ([ [ [r+1epria+myizoma + iy + 6Py tom] dedn) m 20
R* JR»

(o

A

IN

. 'z
L+ [€P)"/2 (0 + In) 2em(1 + )1+ Ie) 48 0n)| dédn> ,m <0.
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‘We note that
L +n)™ <221+ nH)™2,  m>0 (3.9)

and
L+ )™ <@+ ™, m<o, (3.10)

so that from (3.9) and (3.10), we have
AM]™ < D (1 + |nf?)™/2 (3.11)

where D, = max(c™, (v2C)™) and 7,, = max(m, ém), m € R.
Therefore,

| Aadll s (Rn x RP)

1

<0, [([ [ mpxemmmfan) ([ avienysa)] ",

where D) is a certain constant. The £-integral is convergent as £ can be chosen large enough; so
that

1
" .2 /2
Aalrs iy < Do ([ [0+ 0047230 an)
< Dy, || @l ers+rm (Rr).
4, PRODUCT OF TWO PSEUDO-DIFFERENTIAL OPERATORS

In this section we shall assume that the symbol a(z,£) € C®(R™ x R"™) and it satisfies the
following more general condition instead of (1.13).

(1 + [21%)%|(8/02)%(8/8€)) a(2, )| < Cayp el MEI™ P, (CRY

The class of all such symbols is denoted by G(m, A; R?").

Definition 4.1 — Let o(x,£) € G(my, \;R?™) and 7(y, £) € G(ma, A; R?"), then the product
of two generalized pseudo-differential operators B, and A, associated with symbols 7(y, £) and
o(z, &) respectively is defined by

n

(B,As$)(z,y) = (2m)™"/s / £ (y, €)(As ) (€, 1) de, 42)

provided that the integral is convergent.

Theorem 4.2 — Let o(z,£) € G(my, A\;R?") and 7(z,£) € G(ma, \; R?"). Then the prod-
uct of two generalized pseudo-differential operators B, and A, is again a generalized pseudo-
differential operator whose symbol is in G(m; + ma, A\; R??).

PROOF: Let ¢ € S(R™). Then from Definition 4.1, we have

(BrAsd)(z,y) = (2m) "2 / @0 r(y,£)(A5¢) (€, y)de.

n
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In view of (3.6)
(A69)(&,y) = By, )B(£);
so that

(BrAod)(z,y) = (2m)~"/2 [ =07 (y, €)6(y, €)$(€)de. 4.3)

n

This shows that 7(z, £)6 (y, £) is the symbol of the product B, A,.
Now, we show that this symbol is in G(m; + ma, A; R?").
For £/ € Ny, o/, ' € N , we have

(L+ 1) |(0/6u)* (0/06) r(3,£)0(y,©)|

<ot T (2) S (7)) [eran @)
r<a/

s<p

(a/ay)f(a/aosa(y,s)j 4.4)

Using inequality (4.1), the right-hand side can be bounded by

0+ X (4) (7)) Carmnpeari@m o0+ iy

r<a’ s<p’
‘(8/3y)’(8/3€)3&(y,£)l . @)
Since

5(y,€) = (2m) /2 / W) (2, €)de,

Rn

we have
(9]0 (0/06)°6(4,6) = (2m) " [ (—ia) e 82)(0/06)"0 ().

An application of inequality (4.1) yields

|(8/8y)™(8/0¢)°6(y, &)l < (2m)~"/2 /Rn Co e ME™ PN|z"|(1 + |2f?)~*da

IN

0 CLNOIH [ 1|1+ 1) do.
Rn
The z-integral being convergent for large ¢, we have

|(8/8y)" (8/8€)*5(y, €)| < Cj 4, [AEI™ 15, (4.6)
In view of (4.4), (4.5) and (4.6) we have

(1+1w)* |(8/0y)* (8/08) 7(y,

)01
<a+uP ¥ (%)

r<a’ s<g’

.6)]
(f) Ca'_r,ﬁr_s’gC:’e’T A(E)]™ +ma—|B]
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Since (1 + |y|2)¢~¢ < 1, for £ > £ we see that the symbol of the product B, A, is in

G(my + ma, A\; R?™). This completes the proof of the theorem.
Theorem 4.3 — Let o(z,£) € G(mi1);R?™) and 7(y, £) € G(mg, A\;R?™),my,ms € R.
Then for certain D” > 0, and 7 = max[m; + mg, §(m; +m2)] with § given by (1.12), we have

1(Br 4 )(, y) | o (rrxc i) < D"l Bllmssr(rny Vb € S(R™). @7

PROOF : By Definition 4.1, we have

(BrAsd)(z,y) = (2m)"/2 / =1y, €)(A5) (€, y)dé.

n

From (4.3) it follows that (B, Ay¢)(z, y) has the Fourier transform equal to 7(y, £)& (y, £)$(£).
Therefore

| (BrAs®)(z,Y)| s (R x R7)
= @ +1g®y @+ w2 (B 406 )

- ()

L2(Rmx Rn)

h s
(1+ )1+ ) (w0 06|y e
(4.8)

Since from (4.1)
7(y, @) < CAOT™ (1 + |y~

and from (3.2)
|6:(y, )1 < CHMET™ (1 + [yl*) 74,

we have
||(BTA0¢)||H‘(Rann)
. /2
< ([ [ Ja+ierria+priociverma-+ uiye)] ae)

Using inequality (1.12), we have

(Br A )| rre (Rn x RP)
/2 . /2
<o ([ a+ritrta) ([ Ja+ienrinermde)a)
R Rn
From (3.11), we have [A(€)]™+™2 < D(1 + |£|2)7/2, where

D= max(cm1+m2’ (\/ic)m1+m2)
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T = max{my + mg, §(my + ma)],m; + my € R.

Therefore, there exists a positive constant D’ such that

The

12

18- Aoty < D' ([ 14 2y~

(/R @+ ey 2g0e) ds) b

y-integral can be made convergent by choosing ¢ sufficiently large, so that

IA

A e
B At monrey < D" ([ |+l 2d0)]" ac)

D"|| @l gs+r(rry s

IA

where D" is a positive constant.

10

11
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