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Examples and counter examples to distinguish various types of Banach frames have been given.
It has been proved that if a Banach space has a Banach frame, then it also has a normalized tight
as well as a normalized tight and exact Banach frame. In particular, it has been proved that a
Banach space with a weak* separable dual has a normalized tight and exact Banach frame. A
condition for the stability of a Banach frame has been given. Finally, we consider finite sum
of Banach frames and give a condition under which finite sum of Banach frames is a Banach

frame.

Key Words: Banach frames; frames; stability

1. INTRODUCTION

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [5] in 1952, while addressing
some difficult problems from the theory of non-harmonic Fourier series. Infact they abstracted
Gabor’s method to define a frame for a Hilbert space. Later, in 1986, Daubechies, Grossmann and
Meyer [4] found a fundamental new application to wavelet and Gabor transforms in which frames
continue to play an important role.

In 1991, Grochenig [8] generalized frames for Banach spaces and called them atomic decom-
positions. He also introduced a more general concept for Banach spaces called a Banach frame.
Banach frames were further studied in [1-3, 7].
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In the present paper, our aim is to provide examples and counter examples for various types of
Banach frames (§3). In Section 4, a necessary and sufficient condition for a Banach frame to be
an exact Banach frame has been given; it has been proved that if E is a Banach space such that
E* is weak*-separable, then E has a normalized tight and exact Banach frame. Conditions for the
stability of Banach frames have been given in Section 5. Finally, in Section 6, a condition under
which finite sum of Banach frames is a Banach frame has been given.

2. BASIC NOTATIONS AND DEFINITIONS

Throughout the paper E will denote an infinite dimensional Banach space over the scalar field
K(R or C), E* and E**, respectively, the first and second conjugate spaces of E, L(E, E) the
Banach space of all continuous linear mappings of E into E, E4 an associated Banach space of
scalar valued sequences indexed by N, [f,] the closed linear span of { f, } and [’f\n/] the closed linear
span of {f,} in the o(E*, E)-topology.

A sequence {f,} C E* is said to be complete if [f,] = E* and rotal if {z € E : fo(z) =
0,n € N} = {0}. Forz = {zn}, vy = {yn} in E and @ € K, we define z + y = {z, &+ yn} and
az = {azp}.

Definition — (Grochenig [8]). Let E be a Banach space and E; be an associated Banach space
of scalar valued sequences, indexed by N. Let {f,} C E* and S : E; — E be given. The pair
({fn},S) is called a Banach frame for E with respect to Eq, if

(i) {fn(z)} € E4,foreachz € E

(ii) there exist constants A and B with 0 < A < B < oo such that

Allzlle < I{fa(@)}Es < Blizlle, z€E @1

(iii) S is a bounded linear operator such that

S{fn(@)}) ==, z€E.

The positive constants A and B, respectively, are called lower and uppér frame bounds of the
Banach frame ({f,}, S). The operator S : E; — E is called the reconstruction operator (or, the
pre-frame operator). The inequality (2.1) is called the frame inequality.

The Banach frame ({f,}, S) is called tight if it is possible to choose A, B satisfying (2.1) with
A = B and is normalized tight if A = B = 1. The Banach frame ({f,}, S) is said to be exact if
there exists no reconstruction operator Sy such that ({ fn }ni, So) (¢ € N) is a Banach frame for E.

3. EXAMPLES
Let E = ¢g and let {f,,} be the sequence of elements in E* defined by

fa(@) =&, neN z={{}€E.
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Then, by Remark 7.1 in [9], there exists an associated Banach space By = {{fn(z)} : z € E}
of scalar-valued sequences with norm given by

I{fn(@)}I|E, = llzllz, z€E.

Define S : Eq —» Eby S({fn(z)}) =2,z € E.

1. Tight and Exact. The pair ({f,}, S) is a Banach frame for E with respect to Eq4 and with
bounds A = B = 1. Also, there exists no reconstruction operator Sy such that ({fn}n;,S0)
(5 € N) is Banach frame for E.

2. Non-tight and Exact. Let {a,} C R be the sequence of scalars defined by

% ifn=1
Qp =
1, fn>1,neN

Put ¢, = apfn,n € N. Then {¢n(z)} € E4, z € E and

%”w”E S IH{on(@)}H e, < llzlle, z€E.

Let T : E — E; be the coefficient mapping given by T'(z) = {fn(z)}, z € E. Then,
U =T"': E; — Eis abounded linear operator such that ({¢, }, U) is a Banach frame for E with
respect to E4 and with bounds A = 3, B = 1. Exactness of ({¢»}, U) is obvious.

3. Tight and Non-exact. Define the sequence {g,} C E* by g1 = fi, gn = fn-1, 7 > 2.
Then, there exists a reconstruction operator Sy : Eg, = {{gn(z)} : z € E} such that ({g»}, So)
is a Banach frame for E with respect to E4 and with bounds A = B = 1. Also, note that {g, }n21
is total over E, therefore, there exists an associated Banach space Eg;, = {{gn(z)}nz1 : ¢ € E}
and a reconstruction operator S : Eg, — E such that ({gn }n+1, S1) is Banach frame for E with
respect to Ey, . Hence ({gn}, So) is tight and non-exact Banach frame for E.

4. Non-tight and Non-exact. Let {a,} C R be the sequence defined by

{L ifneN, n#3
Qn =

5 ifn=3

Put ¢1 = alflv ¢n = anfn—l, n 2> 2.
Then, {¢,(z)} € E4,z € E and

1
slizlle < [Hén(@)}HlE, < llolle, @€ E.

Therefore, one may find a reconstruction operator Sy : Eg; — E such that ({¢,},S)) is a Ba-
nach frame for E' with respect to E;. Further, there exists a reconstruction operator S : Ey, =
{{¢n(z)}n1 : ¢ € E} such that ({¢n}nx1,51) is a Banach frame for E with respect to E;;,.
Hence ({¢n}, So) is non-tight and non-exact Banach frame for E with respect to E,;.

5. Not a Banach frame. Let {g,} € E* be the sequence defined by g1 = fa, gn = fn.n > 2.
Then there exists no reconstruction operator .S such that ({g, }, S) is a Banach frame for E.
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Regarding existence of Banach frames, we observe that there exist Banach spaces which do not
have Banach frames. Infact, the Banach space £°°/cy has no Banach frame.

Remark 3.1 : Let ({fn},5) ({fn} C E*,S : E; — E) be a Banach frame for E with respect
to E; and with frame bounds A and B. Then, it is easy to observe that the coefficient mapping
T : E — E4 defined by T'(z) = {fn(z)},z € E is a topological isomorphism onto a closed
subspace of Ey4. In this case ||T || < B. Further note that 7! exists on the range of T (i.e. R(T))
and ||T]| < &

Moreover, we observe that for a sequence {f,} C E*, if the coefficient mapping T' : E — E,
defined by T'(z) = {fn(z)}, z € E is a topological isomorphism onto E, then there exists a
reconstruction operator S : Eq — E such that ({f,}, S) is a Banach frame for £ and with frame
bounds ||771||~! and ||T||. Indeed, for each z € E

{fn (@)} B = IT@)E, < ITI ]2

and

lzlle = 1T {fal@Dlle < NT7H {Fa(2)} Iz,

Put § = T~!. Then ({fn}, S) is a Banach frame for E.
4. EXISTENCE OF BANACH FRAMES

Lemma 4.1. — Let ({fn},S) ({fn} C E*,S : E; = E) be a Banach frame for E with respect to
E,. Then ({fn}, S) is exact if and only if f,, ¢ E]i;én, for all n.

PROOF: Suppose first that the Banach frame ({f,},S) is exact. Then, there exists no re-
construction operator Sy such that ({f;}ixn,So) (n € N) is a Banach frame for E. Therefore,
[fl]l;ﬁn # E*. Hence f, ¢ [fz]#n Conversely, let f, ¢ [fllz#n’ forall n € N, and let ({f},S5)
be not exact. Then there exists a positive integer m and a reconstruction operator S; defined by
S1({fi(z )}#m =z, z € E such that ({ f,}#m, S1) is a Banach frame for E. Therefore, by frame
inequality, [ filim, = E*. This gives fm € [ filizm» Which is a contradiction. O

Theorem 4.2. — Let E be a Banach space having a Banach frame. Then E has a normalized -
tight Banach frame as well as a normalized tight and exact Banach frame.

PROOF: Let ({fn},S) ({fn} C E*,S : E; — E) be a Banach frame for E with respect to
E4. Then, by frame inequality, {f,} is total over E. Therefore, by Remark 7.1 in [9], there exists
an associated Banach space {{fn(z)} : z € E} with norm given by ||{fn(z)}|| = ||z||g, z € E.
Define Sy : {{fn(z)} : £ € E} = Eby So({fn(z)}) = z, z € E. Then, Sy is a bounded linear
operator such that ({ f,}, So) is a normalized tight Banach frame.

Further, we may assume, without loss of generality that {f,} is finitely linearly independent.
(In case {fy} is not finitely linearly independent, we can derive a subsequence {g;} C {f»} which
is finitely linearly independent and total over E). Then, for each n € N, there exists an z,, € E
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such that fij(z,) =0,7=1,2,...,n — 1 and fp(z,) = 1. Define {h,} C E* by

n—1

hi=fi. hn=fo=) fal@dhi, n=23,....
i=1

Then {h,} is total over E such that h;(z;) = 6;5,1%,j € N. Therefore, there exists an associated
Banach space Eg, = {{hn(z)} : z € E} equipped with norm ||{hn(z)}||5,, = ||z||E, z € E and
a bounded linear operator U : E4, — F defined by U({hn(z)}) = z,z € E such that ({h,},U)
is a normalized tight Banach frame for E. Further, h, ¢ [,f;;]#n, foralln € N.

Hence, by Lemma 4.1, ({h, }, U) is an exact Banach frame for E. a

Corollary 4.3 — If E is a Banach space such that E* is weak* separable, then E has a normal-
ized tight and exact Banach frame. In particular, every separable Banach space has a normalized
tight and exact Banach frame.

Remark 4.4 ;. The result in the corollary improves considerably Proposition 2.4 in [2].

Theorem 4.5 — A Banach frame ({f,},S) ({fn} C E*, S : E; — E) is exact if there exists a
sequence {zn} C E such that

Mn

lm S alVfi=f = lim o =f(z), GeN).
i=1

PROOF: Note that, by assumption, {f,,} is finitely linearly independent. Define

¥; <Z aifi) = aj, <Z o fi € Span{fn}> , J=12,...,n
=1 i

=1
Then, for each j, 1; is a well defined continuous linear functional on span{f,,}. Since f € [fn]
m
: X (n) _ 1 ) _ :
has the form f = nlggo i; agn fi, one can extend v; to [ fn] by ¢;(f) = nll)néo a‘(; = f(z;),j e N

Thus {¢n} C [fn]* is a_sequence such that ¢;(f;) = fi(z;) = 65, (4,5 = 1,2,...). Therefore
fn & [filizn, for each n. Hence, by Lemma 4.1 again, ({fr}, ) is exact. O

5. A STABILITY RESULT

Stability theorems for Banach frames were studied by Christensen [3]. We shall now prove a stabil-
ity theorem for Banach frames which in some sense is more general than a similar result given by
Christensen in [3].

Theorem 5.1 — Let ({f»},S), ({fn} C E*,S : E; — E) be a Banach frame for E with
respect to E4. Let {g,} C E* be such that {gn(z)} € E4, 2z € Eandlet V : E — E, be the

coefficient mapping given by V(z) = {gn(z)}, = € E. If there exist constants «, 3,y > 0 such

that
: || U] +B81IVI+y
6] max{ ER ,ﬂ} <1,

and
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(D) |{(fn = gn)(@)}|E, < all{fn(@)}|E, + Bl{gn(2)}|E, +llzl|2,

then there is a reconstruction operator T’ : E; — E such that ({gn},T) is a Banach frame for
E with respect to E; and with frame bounds ((“S ”)—11" JEZHU”‘H)) and (UEUﬂIE_HZ,HIJﬂZ), where
U : E — E, is the coefficient mapping given by Uz = {f,(z)}, z € E.

PROOF : Note that U : E — Ej is bounded and SU : E — E is the identity mapping on E.
Therefore

llzlle = 15U (@)lle < IS I{fa(2)}|E,, z€E.
Thus
(1SN~ Mzlle < {fa(@)}IE, < Ul llzllz, z€E. (5.1
Now, for each z € F, {gn(z)} € E4 and

I{gn(2)}|£, I{(fn = (fn = gn)) (@)} |4

< A{fn(@)HIEs + [{(fn = gn)(2)} £,
< |{fa(@)}HIEs + all{fa(2)}|Es + Bl{gn(2)}HIE, +llzll2-

Therefore, by (5.1), we have

= B)ll{gn(@)}Hes < (A +)IUI +)l|zl|2, z € E.

Similarly, we obtain
(1 +B)H{gn(@)} I, 2 ((ISINT = (@llUll +)) llzllz, z€E.
Since SU = I, by hypotheses

I =SV

IN

ISIHIU = V]
IS (d|UI+ BlIIVII+7) < 1.

IN

Thus SV is invertible. Put T = (SV)~1S. Then T : E; — E is a bounded linear operator such

that T({g(z)}) = z,z € E. Hence ({gn},T) is a Banach frame for E with respect to E; and with
desired frame bounds. a

Note. In the particular case when 3 = 0, Theorem 5.1 reduces to Theorem 2.2 in [3].
6. FINITE SUM OF BANACH FRAMES

Let ({fin}, S1) and ({fo,n}, S2), where {f1,} C E* and fo1 = —f11, fa2 = —(f1,1 + f1,2) and
forn = fin, Vn > 3 be Banach frames for E. Then there exists, in general, no resconstruction

2
operator U such that ({ z fi,n} U ) is a Banach frame for E. So it is natural to ask the question

i=1
that under what conditions this finite sum of Banach frames is a Banach frame.
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The following Theorem gives a condition under which the finite sum of Banach frames is again
a Banach frame.

Theorem 6.1 — Let ({fin},S:) ({fin} C E*, Si: Eq = E),i € {1,2,...,k}, be Banach
k
frames for E w.r.t. to E4. Then there exists a reconstruction operator U such that ({ > fi,n} , U)
i=1

is a tight Banach frame for F, provided

(1)

PROOF : By hypothesis

{fjn(z)HIE, < , € E, forsome j €.{1,2,...,k}.

Eq

lelle = IS;{fin@)DllE,
< IS fin (@) H By
k
< IS5l {(Zf) (x)} , z€EE.
i=1

Eq

k
Thus { (Z fi,n) } is total over E. Therefore, by Remark 7.1 in [9], there exists an associated
i=1

1(Zs) e,

k
||z||g, z € E and a bounded linear operator U : E4, — E defined by U ({ (E fi,n) (m)}) =z,
=1

k
Banach space Ey4, = {{ (Z f,-,n) (m)} 1T € E} equipped with norm
i=1

k
z € E such that ({ > fi,n} , U) is a tight Banach frame for E with respect to E, . 0
i=1

k
Towards the converse, we observe that if ({ > fi,n} U ) (U : Eq — E) is a Banach frame
i=1

for E with respect to E4, where {f;n} C E* (i = 1,2,...,k), then there exists, in general, no
reconstruction operator S;, for i = 1,2,...,n, such that ({f; »}, S;) is a Banach frame for. E.

Example 6.2 —Let E = P (1 < p < o0). Define {fi1n}, {f2,n} in E* by
fii@) =03 fin(z)=&,n>1 z={F€EE
fo1(z) =&;  fan(z)=0,n>1; z={}€E.

2
Then there exists a reconstruction operator U : E; = {{(Z fi,n)(x)} :x € E } — FE such that
i=1

2
({ Y fing, U ) is a Banach frame for IV with respect to Ey, but there exist no reconstruction
i=1

operators S1, Sy such that ({f1,,},51) and ({f2,n}, S2) are Banach frames for E.
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