Indian J. pure appl. Math., 37(5): 273-289, October 2006
© Printed in India.

GLOBAL STABILITY OF A DELAYED PREDATOR-PREY MODEL WITH STAGE
STRUCTURE FOR THE PREY!

Rui Xu***, ZHIEN MA**, FEILONG HAO* AND PINGHUA YANG*

*Institute of Applied Mathematics, Shijiazhuang Mechanical Engineering College,
Shijiazhuang 050003, Peoples’ Republic of China
E-mail: rxu88@yahoo.com.cn
**Department of Applied Mathematics, Xi’an Jiaotong University, Xi’an 710049,
Peoples’ Republic of China

(Received 26 September 2003; after final revision 18 May 2006; accepted 12 September 2006

A predator-prey model with stage structure for the prey and time delays due to gestation of the
predators is investigated. By means of appropriate Lyapunov functionals, sufficient conditions
are derived for the global asymptotic stability of each of the nonnegative equilibria of the model.

Numerical simulations are presented to illustrate the main results.
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1. INTRODUCTION

Stage-structured models have received great attention in recent years (see, for example, [1, 2, 3,
4, 6, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]). The pioneering work of Aiello and Preedman [1]
on a single species growth model with stage structure represents a mathematically more careful
and biologically meaningful formulation approach. In [1], a model of single species population
growth incorporating stage structure as a reasonable generalization of the classical logistic model
was derived and investigated. This model assumes an average age to maturity which appears as a
constant time delay reflecting a delayed birth of immatures and a reduced survival of immatures to
their maturity. The model takes the form

zi(t) = oazm(t) —yzi(t) — ae " zy(t — 1),

Im(t) = ae Tan(t—1)—F22(t), t>T, (1.1)
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where x;(t) represents the immature population density, z,,(¢) is the mature population density,
o > 0 represents the birth rate, v > 0 is the immature death rate, 3 > 0 is the mature death and
overcrowding rate, 7 is the time to maturity. The term ae™""z,,(t — 7) represents the immatures
who were born at time ¢t — 7 and survive at time ¢(with the immature death rate -y), and therefore
represents the transformation of immatures to matures.

Standard Lotka-Volterra type predator-prey systems are very important in models of multi-
species population dynamics and have been extensively studied by many authors (see, for example,
[5, 8, 9]). Itis assumed in the classical Lotka-Volterra type predator-prey model that each individual
prey admits the same risk to be attacked by the predator. This assumption is obviously unrealistic
for many animals. In the natural world, there are many species whose individuals have a life history
that take them through two stages, immature and mature. In this paper, we classify individuals of
prey as belonging either to the immature or to the mature and suppose that the immature prey do not
have a risk to be attacked by the predator. This seems reasonable for a number of mammals, where
the immature prey are concealed in a lair and are raised by their parents; the rate they are attacked
by the predators can be ignored.

Motivated by the work of Aiello and Freedman [1], in this paper, we are concerned with the
combined effects of stage structure for the prey and time delays due to gestation and negative feed-
back of the predators on the global dynamics of predator-prey systems. To do so, we discuss the
following delayed differential system

z1(t) = aza(t) —yz1(t) — ae” Myt — 1),
Eo(t) = ae Mzt — 1) — Bri(t) — a12(t)y(t),
y(t) = y(t)(—r + azza(t — 1) — by(2)), (1.2)

where z;(t) and z9(t) represent the densities of immature and mature prey pupulation at time ¢,
respectively; y(t) denotes the density of the predator population at time ¢t. The model is derived
under the following assumptions.

(A1) The prey population: the birth rate is proportional to the existing mature population
with a proportionality constant o > 0; the death rate of the immature population is proportional
to the existing immature population with a proportionality v > 0; the death rate of the mature
population is of a logistic nature, i.e., it is proportional to the square of the population density with
a proportionality 8 > 0;7; > 0 is the time for maturity.

(A2) The predator population: the growth of the species is of a Lotka-Volterra nature. The preda-
tors feed only on the mature prey, r is the death rate of the predator; as/a; is the conversion rate
of nutrients into the reproduction of the predator; 7, > 0 is a nonnegative constant and represents
the delay due to gestation, that is, mature adult predators can only contribute to the reproduction of
predator biomass; b is the intra-specific competition rate of the predator.

The initial conditions for system (1.2) take the form

561(0) = ¢1 (0),152(0),: ¢2(0)ay(0) = %/)(9),9 € [_77 0]
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where 7 = max{r1,72},® = (¢1(0), $2(6),%(8)) € C([~7,0], R3,;), the Banach space of con-
tinuous functions mapping the interval [—7, 0] into R3 ;, where R3 ) = {(z1,%2,%3,) : 7; > 0,
i=1,2,3).

For continuity of initial conditions, we further require

0
z1(0) =/ ae” ¢o(s)ds. (1.4)

-7

It is well known by the fundamental theory of functional differential equations [7] that system
(1.2) has a unique solution X (t) = (z1(t),z2(¢), y(t)) defined on [0, +o0) satisfying the initial
conditions (1.3) and (1.4).

The organization of this paper is as follows. In the next section, we discuss the permanence of
system (1.2) with initial conditions (1.3) and (1.4). In Section 3, by constructing suitable Lyapunov
functionals, a set of easily verifiable sufficient conditions are derived for the global asymptotic
stability of each of the nonnegative equilibria of system (1.2). Numerical simulations are carried
out to illustrate our main results. In Section 4, a brief discussion is given to conclude this work.

2. PERMANENCE

In this section, we are concerned with the permanence of system (1.2) with initial conditions (1.3)
and (1.4).
Definition 2.1 — System (1.2) is said to be permanent if there exists a compact region D C Ri

such that every solution X (t) of (1.2) with initial conditions (1.3) and (1.4) eventually enters and
remains in the region D.

In the following we first show the positivity of solutions to system (1.2) with initial conditions
(1.3) and (1.4).

Lemma 2.1 — Solutions of system (1.2) with initial conditions (1.3) and (1.4) are positive for
allt > 0.

PROOF : Let (z1(t), z2(t), y(t)) be a solution of system (1.2) with initial conditions (1.3) and
(1.4). Let us first consider x(t) for ¢t € [0, 71]. Noting that ¢o(6) > 0 for § € [—71,0], we obtain
from the second equation of system (1.2) that

t(t) = ae M@yt — 1) — Br(t) — arza(t)y(t)
> —Bz3(t) — a1m2(t)y(t).

By comparison, it follows that for ¢ € [0, 7],

> 0.

2(0) exp [—a1 I y(S)dS]
$2(t) > 1 3
1+ Bz2(0) fo exp [—al fo y(u)du] ds



276 RUI XU, ZHIEN MA, FEILONG HAO AND PINGHUA YANG

In a similar way, we treat the intervals [r1, 271], - -, [n71, (n + 1)71],n € N. Thus, zo(t) > 0
forall¢t > 0.
It is readily seen from the third equation of system (1.2) that

t
y(t) = y(0) exp { [+ asmals = m) - by(s)]ds} 50

We derive from the first equation of system (1.2) and (1.4) that

t
z1(t) = / ae"’(t"s)xg(s)ds. 2.1
t

-7

Therefore, the positivity of z;(¢) follows. This completes the proof.
In order to prove the permanence of system (1.2), we need the following result.
Lemma 2.2 — [15] Consider the following equation

i(t) = ax(t — 1) — bz(t) — ca?(t),

where a, b, ¢, 7 > 0,z(t) > 0 for ¢t € [—7,0]. We have

(i) If a > b, then t_l}inoox(t) —(a-b)/c

(i) Ifa < b, then lim z(¢) = 0.

t—+o00

We are now in a position to state our result on the permanence of system (1.2) with initial
conditions (1.3)-(1.4).

Theorem 2.1 — System (1.2) is permanent provided that

(H1) apce™ ™! > Br,

(H2) b3 > aqas.

PROOF : Suppose that (z;(t), z2(t),y(2)) is a solution of system (1.2) with initial conditions

(1.3) and (1.4). Based on the positivity of solutions of system (1.2), it follows from the second
equation of system (1.2) that

dCL‘z (t)
dt
By Lemma 2.2, a standard comparison argument shows that

< ae "Myt — 1) — Baa(t). (2.2)

. ae_'}"rl
lim sup z2(t) <
t—+po B

Hence, for € > 0 sufficiently small, there is a Ty > 0 such that if ¢ > T,

ae -7

B

Accordingly, it follows from the third equation of system (1.2) that for ¢ > Ty + 7,

za(t) < +e:= M. (2.3)

y(t) < y(t)(agMy — 7 — by(t)). (2.4)
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By comparison we derive from (2.4) that

) asMs —r  agae™ " — Br  ag
lim sup y(t) < = 4 “Ze.
1trfl-)+oop y( ) - b bﬁ b

Hence, for ¢ > 0 sufficiently small, there is a T} > Ty + 7 such thatif ¢t > T3,

M, — ~yT _
y(t)sazz .o 200 - ﬂr+a_b2€+6::M3. 2.5)

It then follows from (2.1) and (2.3) that for t > T7,

t M.
z1(t) < / ae~Yt=9) Mods = %(1 —e ") M. (2.6)
t

—-T1

We derive from (2.5) and the second equation of system (1.2) that for ¢t > T3,

Eo(t) > ae™ M xy(t — 1) — Bra(t) — ay Maza(t).
By Lemma 2.2, a comparison argument shows that

L. ae” T — g1 M-
lim inf z9(t) > - 1
t—+4o00 ﬂ

Therefore, for ¢ > 0 sufficiently small, there exists a To > T3 such that if t > T,

YT — g1 M.
2a(t) > ae—ﬁc-“—?’ — &= mo. 2.7

It follows from (2.1) and (2.7) that for t > T + 7,

t
z1(8) = / e~ 1955 (s)ds > @(1 — e =y 2.8)
t

-7

We derive from the third equation of system (1.2) and (2.7) that for ¢t > T + 7,

9(t) > y(t)(—r + azmy — by(t)).

By comparison it follows that

.. agmy —T
lim inf y(t) > 2———
v 27y

We therefore obtain from (2.5), (2.7) and (2.9) that for ¢ > 0 sufficiently small there is a
T > T, + 7suchthatift > T,

(2.9)

agmo — T (ag0e™ ™ — Br)(bB — a1a2)  ajap as ag
> £ 2 T = - (1 —) — =€ —€:=m;3.
( ) Z b € b2,32 b8 + b € b E—¢ ms
(2.10)
We note that if (H1)-(H2) hold, then for ¢ > 0 sufficiently small, m; > 0(: = 1,2, 3). This
completes the proof.
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3. GLOBAL STABILITY

In this section, we discuss the global asymptotic stability of each of the nonnegative equilibria of
system (1.2). The strategy of proofs is to construct suitable Lyapunov functionals.

We note that system (1.2) always has nonnegative equilibria, say, Eq(0,0,0), E; (29,23,0),
where

o a2e (1 —e ) 20— ae” M
1= 2= :
By ’ B

It is easy to verify that Ey(0, 0, 0) is always a saddle point.

z

If agsae™™ > rf, then system (1.2) admits a unique positive equilibrium E* (z7], 23, y*),

where
« azy(l—e™M) . boe™ " 4+ agr « Goae 'L — fr
(L'l = -, $2 = -
g ajas + b@ aias + bB
We are now in a position to state and prove a theorem for the global stability of the positive
equilibrium E* of system (1.2).

We first consider the following subsystem of system (1.2)

Ba(t) = ae oyt - m) — Bri(t) — aza(t)y(),
Y(t) (= + asa(t — 72) — by(t)). G.1)

<.

—
o~

p——
Il

System (3.1) can be rewritten as

t
Za(t) = za(t)(ae™ "™ — Bza(t) — ary(t)) — ae™ ™ / Zo(u)du,

t—71

t
g = y(t)(=r + asma(t) — by(t) — az / o () du). (3.2)

t—7o

On substituting (3.1) into (3.2), we obtain

£2(t) = z2(t)(ce™™ — Bxa(t) — ary(t))

—ae M /t.t. [ae ™" o (u — 1) — Brs(u) — arza(w)y(u)ldy,

9(6) = y()(=r + agza(t) — by(t))

t
—agy(t) /t [ae™ " zo(u — 1) — Brd(u)arzy(u)y(u)]du. (3.3)

—T9

Theorem 3.1 — Let (H1)-(H2) hold. Then the positive equilibrium E* of system (1.2) is
globally stable provided that
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(H3) A1 > 0, Ay >0,
where

A = B- 2_711—04716_7“ (4ae™™ + (a1 + 26) M>)
2
—50172(20e77 + BMs),

1 1
Ay, = b- 5(127'2(26!6_771 + (B + 2a1) My) — %—agaMzne_Wl. 3.4
2

PROOF: Let (z1(t), z2(t),y(t)) be a positive solution of system (1.2) with initial conditions
(1.3) and (1.4).

Noting that E(x3, y*) is a positive equilibrium of system (3.1), system (3.3) can be rewritten as
£a(t) = z2(t)[-B(z2(t) — z3) — ar(y(t) — y")]

— qe~ M ti {046_77-1 [((1)2 (’U. - '7'1) - CC;) - (3;2(“) - l‘;)]

—z2(w)[B(z2(u) — 23) + a1(y(u) — y")]}du,

i = yt)loa(ea(t) - a3 — bly(t) ~ ")
t
—oay(t) | {ee ™ {(aau = m) ) ~ (a2(u) ~ 23)]
—a(u)[(B(z2(w) - 73) + aa(y(w) —y")]}u. 65

Define a Lyapunov function

Vi1(t) = a9 (332 —z5 —z3In %) +aq (y —y*—y*In %) . (3.6)
2

Calculating the derivative of V1, (t) along solutions of system (3.5), it follows that

To(t)

dVi(t) = as(za(t) — x;)?n;(t—)_ +a1(y(t) - y*)~(§

dt
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—(z2(u) — 23)] — za(w)[B(z2(u) — 73) + a1 (y(u) — y*)]}du

t

mar(y(t) - ) / {ae™ ™ (a(u — 71) — 23)

t—1o

—(z2(u) — 73)] — z2(u)[B(22(u) — 23) + a1 (y(uv) — y")}du. (37
By using the inequality a? + b? > 2ab, we derive from (3.7) that

dvi(t)

G S —wBlo() - 3)% — a1b(y(t) — y*)?

ek t
+agae” " % /t_ 20”7 + zo(u)(B + a1)]du

¢
+%a1a2(y(t) - y*)2/ [2ae™ ™ + zo(u)(B + a1))du
t—7o
¢

+a2ae'—’YTI -
2.’1)'2 (t) t—71

{ae " (z2(u — 1) — 23)* + (z2(u) — 23)?]

+ao(u)[B(z2(u) — 23) + a1(y(v) — y*)*]}du

t

+§a1a2 . {ae™ ™ [(zo(u — 1) — x§)2 + (z2(u) — :vg)z]

+22(u)[B(z2(u) — 73)* + a1 (y(u) — y*)*]}du. (3.8)
By Theorem 2.1, we have ma < z9(t) < M>,0 < y(t) < M3 fort > T, where mqy, My, M3
are defined in (2.3), (2.5) and (2.7), respectively. This, together with (3.8) for ¢ > T' + 7, leads to

dVii(t)
dit

< —axfB(z2(t) — 23)° — arb(y(t) — y*)?

1
+5—azame” ™™ (2ae”"" + (a1 + ) My) (@2(t) - 23)*
2

+p010m (2007 + (64 1) M) ((8) — 3

1 t
+agae” T — {ae™ " [(za(u — 1) — 23)?
2m2 t—n

+(z2(u) = 23)*] + Ma[B(22(u) — 23) + a1 (y(w) — y*)*]}du
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1 t . .
+—2-a1a2 {ae™ " (z2(u — 1) — x2)2 + (z2(u) — x2)2]
t—12

+M,[B(z2(u) — 73)? + a1(y(u) — y*)?]}du. (3.9)
Define

1 t t
Vi(t) = Vii(t) + age™ ™ / / {ae™ M [(z2(u — 1) — 13)2
2my t—71 Js

+(z2(u) — 25)%] + Ma[B(z2(u) — 25)% + a1(y(uv) — y*)?]}du ds

¢ ¢
+—;-a1a2/t {ae ™" [(z2(u — 1) — x§)2 + (zo(u) — a:S)Q]

-T2 Js

+Ma[B(22(u) — 23)% + a1(y(u) — y+)*) }du ds

1 t
—|-loze_"”1 (agome_”m — + a1a272> / (z2(s) — z5)%ds (3.10)
2 ma t—71
Then it follows from (3.9) and (3.10) thatfor ¢t > T + 7
dvi(t N *
T < —arblealt) - ) - anblylt) — ')

1
+o—aparie” " (dae” T + (a1 + 25)Ma)(22(t) — z3)*
ma

1
+§ala27'2(26¥6_771 + (B + 2a1) M) (y(t) — y*)?
1 —T1 *\2
+——aia20Mymie” " (y(t) — y¥)
ng

1
-|-§ala272(2ae“7f1 + BMo)(zo(t) — z3)? (3.11)

= —agdy(za(t) — 73)% — a1 Aa(y(t) — ¥*)?,

where A; and A are defined in (3.4). We conclude from the Lyapunov Theorem (see corollary
5.2, Kuang [10]) that the positive equilibrium E(xz%,y*) of system (3.1) is globally asymptotically
stable and thus we have
. o ) .
lim 2a(t) = a3, lim y(t) = y". (3.12)
By L’Hospital’s Rule, it follows directly from (2.1) and (3.12) that
t

lim z1(t) = lim ae Y¢85y (s)ds
t—00 =00 Ji_ 1
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t
o f,_, €°ra(s)ds

= lim
t—o0 6'7t
— o lim eMtzy(t) — eV (t — 1)za(t — 1)
t—oo fye’)’t
= o (3.13)

This completes the proof.

Theorem 3.2 — In addition to (H3), assume further that (H4) agae™™ < rg.

Then the equilibrium Ej (29, 29,0) of system (1.2) is globally asymptotically stable, i.e., the
predator will go to extinction.

PROOF : Let (z1(t), z2(t),y(t)) be a positive solution of system (1.2) with initial conditions
(1.3) and (1.4). We first consider the subsystem (3.1).
Noting that £ (o:g, 0) is an equilibrium of system (3.1), system (3.3) can be rewritten as

$2(t) = @2(t)[—B(z2(t) — 23) — ary(t)]

t

—aqe~ M i {ae™ "M [zy(u — 1) — :vg)
—(z2(u) — 29)] — z2(w)[B(z2(u) — 29) + ary(u)]}du, (3.14)
J(t) = y(t)aezh — r+ az(z2(t) — 29) — by(t)]

t
~azy® [ {ae ™ [(@au—m) -

—(w2(u) — 29)] — 22(w)[B(z2(u) — 23) + ary(u)]}du,

where agz) — r = (azae™ "™ — fr)/B < 0.

Define a Lyapunov function

Vo1(t) = a9 (mg - xg - xg In g%) + a1y. (3.15)
2

Calculating the derivative of V5;(t) along solutions of system (3.14), it follows that

T2l — a@m® -2 +a
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= —apf(x2(t) — 23)* — arby’(t) — a1 (r — agad)y(t)

zo(t) —zf [

.’132(15) t—71

—T1

—as0e {ae™ " [(z2(u — 1) — 333)

—(w2(u) = 23)] = z2(u)[B(z2 () ~ 23) + ary(u)]}du

t

—aiagy(t) . {ae " [(z2(u — 1) — 29)

—(z2(u) — 23)] — z2(w)[B(w2(u) — 2§) +ary(u)]}du. (3.16)

Noting that agz) — r < 0 and using the inequality a® + b? > 2ab, we derive from (3.16) that

dVa (t)
dt

< —apB(za(t) — 23)% — arby®(t) — a1(r — agzd)y(t)
+agae” 1

(z2(t) — 23)? /t
t

522(0) [20¢™7™ + z3(u) (8 + a1)]du

1 om [*
+5a1a2y (t)/ 2ae™ ™™ + zo(u)(B + a1)]du

t—7g

1 4
—YT1 —7 — _ 20)2
+aqce 2520 /t {ae " [(z2(u — 1) — z5)

-7

+(z2(u) — 29)%] + 22(v) [B(z2(u) — 23)* + a1y*(u)]}du

1 t
+=aiay / {ae " (zo(u — 1) — :1:3)2
2 t—79

+(zo(u) — 29)%] + zo(uw)[B(z2(u) — 29)? + a1y%(v)]}du. 3.17)
By Theorem 2.1, we have mg < z2(t) < M>,0 < y(t) < Mj for t > T, where mo, My, M3
are defined in (2.3), (2.5) and (2.7), respectively. This, together with (3.17) for t > T + 7, yields

dVo1(t)
dt

< —aaf(z2(t) — 25)* — arby?(t) ~ a1 (r — azzd)y(t)

1
+%—a2ane""” 20" + My(B + a1)](z2(t) — 23)?
2

1
+3men(2ae™T + Mo(6+an)ly ()
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1 t
——agae” 1! ae " [(zo(u — 1) — 29)?
+2m2 2 /tﬁ{ [(za( 1) — 23)

+(22(u) — 23)°] + Ma[B(z2(w) — 23)” + a1y? (u)]}du

t
+%a1a2 . {ae™ " [(zo(u — 1) — 29)% + (z2(u) — 23)?
+My[B(za(u) — 23)? + a1y?(u)]}du. (3.18)

Define

2m s

Va(t) = Vai(t) + %0206_”1 /tiﬁ /t{ae—m[(w(u - ) - z9)?
+(z2(u) — 29)%) + Ma[B(z2(u) — 29)2 + a1y (u)]}duds
+= alag/t T2/ {ae™ " [zy(u — 11) — 29)2
+(za(u) — 23)%] + Ma[B(za(u) — 23)* + ary*(u)]}duds
-’r-%oze“”1 (agaﬁe“’” mig + alagrz) /t (z2(s) — z5)%ds
t—71

1 t
+§a1ang37'3/ (z2(s) — x§)2ds. (3.19)
t—72

Then it follows from (3.18) and (3.19) that fort > T + 7

d‘gt(” < —aaBlaa(t) — 29)% - arby?(t) — a1 (r — aszd)y(t)
+2La2a7'16_7” 2ae "™ + Ma(B + a1)](z2(t) — 23)2
mo

1
+§a1a212[2ae—7” + M(B + al)]yQ(t)

2 ——azare” " {20 (zq(t) — 23)?
my

+M[B(z2(t) — 29)% + ary?(8)]}
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1
+§a1a272{2ae“'m (zo(t) — ccg)2

+M[B(z2(t) — 29)” + a1y ()]}

< —aA1(z2(t) — 29)? — a1 Asy(t),

where A; and A, are defined in (3.4). We conclude again from the Lyapunov Theorem (see corollary
5.2, Kuang [10]) that the equilibrium E(z3,0) of system (3.1) is globally asymptotically stable and

therefore

proof.

lim z,(t) = 29,

lim y(t) = 0.

t—o00

A similar argument as in the proof of (3.13) shows that tlim z1(t) = 2%. This completes the
—0

We now give some examples to illustrate the main results in Theorems 3.1 and 3.2.

11

=N

'*é(l a 250 aou

amay

F1G. 1. The temporal solution found by numerical integration of system (3.20) with 7y = 1, 7
=0-2, and (¢1(8), $2(8),%(8)) = (0.05(e — 1)(1 — 0.5sin§),0.1e7%5¢ 0.1(1 — 0.5sinH)).

Example 1 — As an example, we consider the following system

0.5z (t) — 0.5z1(t) — 0.5e 05T x5 (t — 71),
0.5 05 1o (t — 1) — 423 (t) — z2(t)y(t),
y(t)(—0.01 + 2z9(t — 72) — 2y(t)). (3.20)
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We first take 71 = 1,75 = 0.2. System (3.20) has a unique positive equilibrium E*((1 —
e~ 95)(1+100e~95) /1000, (1+100e%)/1000, (100e~95 —4)/1000). It is easy to verify that the
coefficients of system (3.20) satisfy (H1)-(H3). By Theorem 3.1 we see that the positive equilibrium
E* of system (3.20) is globally asymptotically stable. Taking (¢1(8), ¢2(0),%(8)) = (0.05(e — 1)
(1-0.5sin6),0.1e7%% 0.1(1—0.5sin )), numerical integration can be carried out using standard
algorithms in MATLAB. As shown in Fig. 1, numerical simulation illustrates our above results.

Example 2 — Consider the following system

£(t) = 0.5z9(t) — 0.5z, (t) — 0.5e~ %5 zy(t — 71),
Zo(t) = 0.5¢70-51 zo(t — 1) — 4(L‘%(t) — z2(t)y(t),
y(t) = y)(=0.3 + 2z2(t — 12) — 2y(2)).

(3.21)

Let 71 = 1. We note that system (3.21) does not have a positive equilibrium. System (3.21) has
a nonnegative equilibrium Ej(e %3(1 — ¢795)/8,¢79-5/8,0). It is easy to show that (H3)-(H4)

hold for system (3.21). By Theorem 3.2 we see that the nonnegative equilibrium F is

¥ JPv -

|
oY ! s?g
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[ S 120 Nﬁ‘ 0 I
FI1G. 2. The temporal solution found by numerical intégfation of system (3.21) with 1, = 1,

72 = 0.2, and (¢1(6), $2(6),%(8)) = (0.5(e — 1)(1 — 0.55in6),e %5 1 — 0.5sing).
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FIG. 3. The temporal solution found by numerical integration of system (3.22) with 7y = 1,
2 = 0.2, and (¢1(8), ¢2(8),%(8)) = (0.5(e — 1)(1 — 0.5sin8),e"%5%, 1 — 0.5sin 4).
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FIG. 4. The temporal solution found by numerical integration of system (3.22) with r; = 1,

9 = 1.9, and (41 (8), $2(8),%(6)) = (0.5(e — 1)(1 — 0.5sin 9),e~%% 1 — 0.55in6).

globally asymptotically stable, and therefore the predator population will go to extinction. Numeri-
cal simulation also illustrates this result (see, Fig. 2).

Example 3 — Mathematically, we consider the following system

(t)

To(t)

y(t)

We take 71 = 1. System (3.22) has a unique positive equilibrium E*(10(1 + 50e~9%)(1 —
e~05)/101, (1450e~%%) /101, (5000e~%5 —1)/1010). It is readily seen that b3 —ajay = —0.99 <
0. Thus, (H2) does not hold. Noting that system (3.22) has two time delays, due to the technique

difficulty, we are unable to show the local asymptotic stability of the positive equilibrium E* by
analyzing the corresponding characteristic equation. Let 75 = 0.2 and 7

5x9(t) — 0.5z1(t) — 5e™ 052y (¢ — 1),
5e~ O My (t — 1) — 0.125(t) — w2 (t)y(t),
y(t)(—0.01 + z(t — 72) — 0.1y(1)).

(3.22)

= 1.9, respectively.
Numerical simulations show that the positive equilibrium E* of system (3.22) is stable when 75 =

0.2 and is unstable when 7 = 1.9. However, it should be biologically reasonable that the gestation
delay T, for the predator is significantly less than the the maturation delay 7, for the prey. We failed
in giving a suitable example to show that for 7y > 79, there is a 7y such that if 7 + 79 < 79, then

the positive equilibrium E* is locally stable; if 71 + 79 > 79, the positive equilibrium E* becomes
unstable. We leave this for future work.
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4. DISCUSSION

In this paper, based on the work of Aiello and Freedman [1] on a single-species population model
with stage structure, we discussed the combined effects of stage structure for the prey and a time
delay due to the maturity of the prey as-well as a time delay due to the gestation of the predator
population based on the dynamics of a Lotka-Volterra type predator-prey model. By comparison
arguments, sufficient conditions were obtained for the permanence of system (1.2). By constructing
suitable Lyapunov functionals, sufficient conditions were derived for the global stability of the non-
negative equilibria of system (1.2). By Theorem 3.1, we see that the positive equilibrium of system
(1.2) is globally asymptotically stable provided that (H1)-(H2) hold and time delays 7; and 7, are
sufficiently small. In this case, both the prey and the predator will be persistent. When the positive
equilibrium E* does not exist, the nonnegative equilibrium E; is globally stable if (H4) holds and
time delays 71 and 7, are sufficiently small. In this case, the prey population will be persistent but
the predator population will go to extinction. Numerical simulations showed that the conditions of
our main results are feasible.
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