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Hyperbolic equations with continuous distributed deviating arguments are studied, and oscilla-
tions of solutions of boundary value problems are investigated. Our approach is to reduce the
multi-dimensional oscillation problems to one-dimensional oscillation problems by employing

some integral means of solutions.
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1. INTRODUCTION

Oscillation properties of hyperbolic equations without functional arguments were studied by Kreith,
Kusano and Yoshida [5], Yoshida [13] by employing the averaging techniques. Parabolic equations
without functional arguments were investigated in the paper Yoshida [14] by making use of the
integral means of solutions.

The oscillation results for hyperbolic equations with delay were first obtained by Mishev and
Bainov [7]. Recently there has been an increasing interest in studying the oscillation of hyperbolic
equations with continuous distributed deviating arguments. We refer the reader to [3, 4, 10, 11] for
linear hyperbolic equations with continuous distributed deviating arguments, and to [2, 6, 9, 12] for
nonlinear hyperbolic equations with continuous distributed deviating arguments. However, all of
them except [9] pertain to the hyperbolic equations of the form

¢
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where h;(t) > 0 and g(z,t,{) > 0. Tanaka and Yoshida [9] have considered the hyperbolic
equation with continuous distributed deviating arguments

0 G, P

= P15 (ule,t)+ [ bt Oula,p(t,)dn(©) ) | - al®)du(a, )

k
- Zb t)Au(z, () — qo(z, t)u(z,t) — Zqi(x,t)u(:v, 7i(t))
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4
- / a(z, £, Q)plu(x, o (t, ) dw(¢) = f(z, 1),

where h(t,£) > 0 and ¢(z,t,¢) > 0, and obtained oscillation results for the above equation. There
appears to be no known oscillation results for the case where h(t,&) < 0 and g(zx,%,{) > 0 (cf.
Shoukaku [8] dealing with parabolic equations).

The objective of this paper is to obtain sufficient conditions for every solution having some kind
of unboundedness of certain boundary value problems for hyperbolic equations with continuous
distributed arguments to be oscillatory in a cylindrical domain.

We are concerned with the oscillatory properties of solutions of the hyperbolic equation with
continuous distributed deviating arguments

2 [02 (st - [ nitonute, ot f))dn(s))] - a(t) Au(, 1

k

= > bi()Au(z, 7i(1)) - qola, t)u Zqz(wt u(, 7i(t)

i=1

)
- / a(a,, Q)p(u(z, 0 t,)))dw(()

= f(.’L‘,t), (.’D,t) €EN=Gx (0, OO), (D
where G is a bounded domain in R™ with piecewise smooth boundary 0G.

Itis assumed that:
(A1) p(¢) € C([0,00); (0, 00)),

a(t) € C([0,0); [0, 0)), bi(t) € C([0, 00);[0,00)) (i = 1,2,...,k),
h(t,€) € C([0,00) x [a, B]; [0,00)), g(z,1,{) € C(Q x [, 4]; [0, 0)),
qi(z,t) € C(;[0,00)) (6 =0,1,...,k) and f(z,t) € C(R) ;

(A2) 7i(t) € C([0,00);R) (i = 1,2,..., k), p(t,€) € C([0, 00) x [a, B; R
o(t,¢) € C([0,00) X [y, d]; R) such that lim 7i(t) = oo,

1 t dl ;
i, ity o0:€) = 000l i o16,) = o
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(A3) n(¢) € C([e, B;R) and w({) € C([, ¢]; R) are increasing functions on [e, 5] and [, §],
respectively, and the integrals appearing in (1) are Stieltjes integrals ;

(Ag) @(s) € C(R;R), p(—s) = —¢(s), p(s) > 0 for s > 0, and (s) is nondecreasing and
convex in (0, 00).

The following two kinds of boundary conditions are considered :

(Bj)u=1v% on 09G x (0,00),

(B2) % —pu=19¢ on 9G x (0,00),
where 9, 1) € C(8G x (0,00);R), p € C(0G x (0,00);[0,00)) and v denotes the unit exterior
normal vegtor to 0G.

Definition 1 — By a solution of equation (1) we mean a function u(z,t) € C?(Gx[t_1,00); R)N
C(G x [t-1,00); R) which satisfies (1), where

mln{O, min, {érz’g n(t)}  in {gg p(t,ﬁ)}},

i, = mln{O, Crerﬁ%]{%rzlgdt,()}}-

Definition 2 — A solution u(z, t) of equation (1) is said to be oscillatory in § if u(z,t) has a
zero in G x (t,00) for any ¢ > 0.

t_y

In Section 2 we reduce the multi-dimensional oscillation problems to one-dimensional oscilla-
tion problems for functional differential inequalities. In Section 3 we derive sufficient conditions for
functional differential inequalities to have no eventually positive unbounded solutions. Oscillation
results for boundary value problems (1), (B;) (i = 1,2) were presented in Section 4.

2. REDUCTION TO ONE-DIMENSIONAL OSCILLATION PROBLEMS

In this section we reduce the multi-dimensional oscillation problems for (1) to the nonexistence of
eventually positive unbounded solutions of functional differential inequalities.

It is known that the first eigenvalue A; of the eigenvalue problem

—-Av = Xv in G,
v = 0 on 9G

is positive and the corresponding eigenfunction ®(z) may be chosen so that ®(z) > 0 in G (see
Courant and Hilbert [1]).
The following notation will be used:

Ft) = ( /G @(m)dw)~1 /G f(z,8)8(z)ds,

U(t) = (/G‘I>(z)d:v) l/aGd)g—i)(m)dS,
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1
0= /G f(z, t)da,

= 1

O = 1G] Jy P95

where |G| = [, dz.

Theorem 1. — Assume that the hypotheses (A1) — (A4) hold, and that the following hypothesis
is satisfied :

(AS) qO(x’t) 2> Ala'(t)a qi(mvt) 2> ’\lbl(t) (7‘ =12,... ak)

If the functional differential inequalities

2 [t (w00 - / "t ul60, )00 |

/ QU (o (t,O)))dw(¢) > £G(1) @

have no eventually positive unbounded solutions, then every solution u of the boundary value prob-
lem (1), (B1) with unbounded U (¢) is oscillatory in §2, where

Q(ta C) = mng(xa t, C)a

T€

k
G(t) = F(t) - a(®)¥(t) - D bi(H)¥(7i(1)),

i=1

Ut) = ( /G @(m)dm)_l /G w(z, £)®(z)dz.

PROOF: Suppose to the contrary that there exists a nonoscillatory solution u of the problem
(1), (By) with the property that U(t) is unbounded. First we assume that u > 0 in G X [0, 00)
for some to > 0. Then there is a number t; > o such that u(z,7;(t)) > 0in G X [tl, 00)
(i=1,2,...,k),u(z,0(t()) > 0in G x [t1, 00) x [, §]. Multiplying (1) by (f & (z)dz) ™" ®(x)
and then integrating over G yields

4o (vo- [ h(t,é)U(p(t,ﬁ))dn(é))]

k
—a(t)Kq,/ Au(z,t)® Eb’ K@/ Au(z, 7;(t))®(z)dz

i=

k
—Kq,/qo(x t)u( z)dr — EK /qz (z, t)u(z, 7:(t)) @ (z)dz

i=

—/6 Q(taC)KQ/ <p(u(a:,a(t, C)))‘I’(Z)dxdw(o 2 F(t)a t 2 t, (3)
¥ G
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where K¢ = ([, ®(z)dz) L. It follows from Green’s formula that

Ko /G Au(z, £)(z)ds = —U(t) — MU(), t>t,

Kq / Au(z,7i(t))@(z)dz = —¥(ri(t)) — MU(n(t)), t=t
G
(see, e.g., [15, p.79]). An application of Jensen’s inequality shows that
Ko [ plulz,o(t.0)B@)s 2 pUEEA), t2h.

Combining (3)—(6) yields
8
% oz (vo - [ reovie.omo)]

—Ka / (g0(z, ) — Ma(t))u(z, t)®(z)dz
G
-ZK@ | @(2.6) = \bse)utz,m(0)8(a)da

- / Qt, Qe(U(o(t,0))dw(¢) 2 G(t), 3 ¢,
Jy

and therefore

2 [ (ver - [ nt.tots.enante))|

/)
- / Q(t, Op(U(o(t,0)dw(¢) > G(t), ¢t
:

295

C))

&)

(6)

It is clear that U(¢) > 0 on [t;,00). Hence, U(t) is an eventually positive unbounded solution of
(2) with +G(t). This contradicts the hypothesis. If u < 0 in G x [tg, 00) for some ¢ > 0, we
observe that V(t) = —U(t) is an eventually positive unbounded solution of (2) with —G(t). This

also contradicts the hypothesis. The proof is complete.

Theorem 2. — Assume that the hypotheses (A;) — (A4) hold. If the functional differential

inequalities

4 [ 04 (u ( / e ot 6))dn(§))]

L (w(o(t,0)))dw(C) > £G(2)

)
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have no eventually positive unbounded solutions, then every solution u of the boundary value prob-
lem (1), (B2) with unbounded U (t) is oscillatory in £, where

G(t) = F(t) + a(t)¥ +Zb(t

() = I'éTI /G u(z, t)do

PROOF: Assume on the contrary that there is a nonoscillatory solution u of the problem (1),
(B,) with the property that U (£) is unbounded. First we assume that u > 0 in G x [to, 00) for some
to > 0. Then there is a number ¢; > tg such that u(z, 7;(t)) > 0in G X [t;,00) (i = 1,2,...,k),
u(z,0(t,¢)) > 0in G X [t1,00) X [v,]. Dividing (1) by |G| and then integrating over G yields

2 oo (v~ [ ’ B8 0 o, )in(e) )]

1 k 1
)G /G Au(ag,t)dgg-;bi(t)ﬁ /G Au(z, 7i(t))dz

1 k 1
_I—éT/GQO(m,t)u(:c,t)dm—-E@/qu(x,t)u(x,n(t))dx

- [tz [ otateottsdot©) 2 Fon o2 ®

The divergence theorem implies that

1 / 1 ou
— | Au(z,t)dz = z,t)dS
Gl Jg ) 1G] /o 3™

= 15 |, (- ute.) + s

2 (), t2h ©)
Analogously we obtain
@i / Au(z, ())de > T(n(), ¢ > b (10)
An application of Jensen’s inequality yields
G L eu@ ot e > w0t ), t2h an

Combining (8)~(11) ‘and taking account of the hypothesis (A;), we have

2 Ppog (00~ [ reovweomo)]
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)
- / QU Op(T(o(t,0)))dw(C) > G(t), > 1. (12)
;

Consequently we observe that U () is an eventually positive unbounded solution of (7) with +G(t).
This contradicts the hypothesis. The case where u < 0 can be treated similarly, and we are led to a
contradiction. The proof is complete.

3. FUNCTIONAL DIFFERENTIAL INEQUALITIES

In this section we derive sufficient conditions for the functional differential inequality

% [p(t)-{-j—t- (y(t) - /j h(t, &)y(p(t, 6))dn(€))]

)
- / Q(t, Oply(o(t, €)))dw(¢) > H(?) (13)
g

to have no eventually positive unbounded solution, where H(t) is a continuous function.
It.is assumed that:

(Ag) p(t) is bounded from above, that is, there exists a positive constant p; such that

0 <p(t) < p1;

(A7) there exists a positive constant hg satisfying

Jé]
/ h(t, €)dn(€) < ho < 1:

(As) p(t,&) <t for (t,£) € (0,00) x [a, 8] ;
(Ag) &(t) = Cnfh% ] o(t,¢) is a nondecreasing C!-function such that
€

’

o(t) 2 1,

L

~t
t) >
502

for some o9 > 0;

(A1o)
© 1
/ ——dv < oo forsomec > 0.
C

¢(v)
Theorem 3 — Assume that the hypotheses (A;) — (A4), (Ag) — (A1g) hold, and that the
following hypothesis is satisfied:

(A1) there is a C2-function 6(t) such that (t) is bounded and

()0’ (1)) = H(t).
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If the following condition is satisfied:

/c - [ /t 7 [ /7 ' Q(s,()dw(()] ds] dt = 0o (14)

for some ¢ > 0, then (13) has no eventually positive unbounded solution.
PROOF: Suppose that (13) has an eventually positive unbounded solution y(t). Letting

B
2(t) = y(t) - / h(t, €)y(o(t, €))dn(€) - 6(2)

and taking into account (A;;), we find that

J
(b7 (1) > / Qt, o (y(o(t:0)))dw(¢)
Y
> 0. (15)

Therefore, p(t)2'(t) > 0 or p(t)2'(t) < 0 eventually. Since p(t) > 0, we see that 2'(t) > 0 or
2'(t) < 0. Hence, z(t) is a monotone function, and z(t) > 0 or 2(t) < 0 eventually. We claim
that tlim 2(t) = oo. Hence, z(t) > 0 eventually. Since y(¢) is unbounded from above, there exists
—00
o o . _ . _ _
a sequence {t,}32, satisfying nlggo tn, = 00, nlg%o y(tn) = oo and torggn y(t) = y(tn). The

hypotheses (A7) and (Ag) imply that

B
2lt) = ylta) - / Bty ©)9/(plts €))dn(€) — B(t)

v

8
y(tn) — y(tn) / B(t, €)dn(€) — 6(tn)

- (1 _ / ’ h(tn,adn(e)) Y(tn) — O(tn)

[o]

2 (1 - hO)y(tn) - G(tn)

for sufficiently large n. Since 6(t) is bounded and nlgxgo (1 = ho)y(tn) = oo, we find that tll’rgo z(tn)
= o0o. This combined with the monotonicity property of z(t) implies that tl_l)l’g) 2(t) = oo. In this
case it is easily seen that 2/(t) > 0. Since 6(t) is bounded and tl_l)rgo z(t) = oo, for any € > 0 there
is a sufficiently large number T such that 8(t) > —ez(t) (¢t > T'). Hence we see that

y(t) 2 2(t) +6(t) 2 (1 —)2(2)

and therefore

y(o(t,¢)) 2 (1 —€)z(a(t, ().
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The inequality (15) implies that

)
(P2 (1) > / QU Q)p((1 = €)2(o(t, ¢)))dw(()
Y

)
> o((1 - e)2(5(1)) / Qt, O)duw(C). (16)
Y

Integrating (16) over [t, &(t)], we obtain

a(t) )
PEW) G0 -0 > [ [so(u—e)z(a(s))) / Q(s,c)dw(o] ds
Y

> pll1-e)s(o ) | 7 [ / ’ Qs 0)d(c)] s

201 o e (5(1))
/ M Q(S’Od“("] IS =260

which yields

Taking into account (Ag), we observe that

S0 | 6 proy (1— )2(3()7 (1)
/ [/7 Q(S’Od“’“)] U S T 1 - 026 0)

Integrating the above inequality over [T, t], we obtain

FUT faromalofe = 22 [ 452000

100 /u—e)z(a(t)) 1
1—¢e Ja-e)zem) W)

o0
< P190 / 1 dv < oo,
1~ € Ja-e)z5(1)) ¢(v)

A

dv

which contradicts the hypothesis (14). The proof is complete.

An important special case of (13) is the second order neutral differential equation
¢ n
(y(t) =Y hilt)y(t — Pi)) —q)p(y(t + o)) = H(t), (17)

where ¢(t) € C([0,00);[0,00)), H(t) € C([0,00);R), 0 < Ele hi(t) < hy < 1 for some
positive constant hg, p; and o are positive constants. As a corollary of Theorem 3 we derive the
following theorem.

Theorem 4 — Assume that the hypotheses (A4), (A1g) hold, and that there is a C2-function
6(t) such that 6(t) is bounded and 8" (¢t) = H (t). If the following condition is satisfied:

/coo [/tt+a q(s)ds] dt = o0
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for some ¢ > 0, then every unbounded solution of (17) is oscillatory at ¢t = co.
We note that Theorem 3 does not apply to the linear case because of the hypothesis (Aqg).

Instead of (A;g) we assume that:

(A12) there is a constant K| such that f—(v—) >Ky>0 forv#0.

v
Theorem 5 — Assume that the hypotheses (A;) — (As), (As) —(Ag), (A11), (A12) hold. If the
following condition is satisfied:

a(t) a(t) 1 ) 1
lim sup / ———-—dr-/ Q(s,{)dw(C)| ds > — (18)
t s ¥ KO

t-—+00 p (1")

then (13) has no eventually positive unbounded solution.
PROOF: Let y(t) be an eventually positive unbounded solution of (13). Proceeding as in the
proof of Theorem 3, we see that the inequality (15) holds, and therefore

)

(12 (1) > Ko / Q(t, Ou(a(t, €)dw(C)

"y
holds. Then, (16) can be reduced to the following

)

(p(1)2' (1)) 2 Ko(1 - €)2(5(2)) / Q(t, Q)dw(¢).
v
Integrating the above inequality over [¢, s] yields

s )
p(8)2(s) — p(t)2'(t) > Ko(1 —¢) / 2(5(r)) / Q(r, O)dw(C)dr
Y

and hence

Integrating the above inequality over [t, 5(t)], we have

z(6(t)) — 2(2)

at) r s é
> Koo [ |- [ (a6 / Q(r,odw(c)dr] ds

a(t) a(t) 1 . é
= Ko(l—¢) /t / Tyl (6(r) L Q(r,C)dw(C)] dr

and hence

1

a(t) a(t) é
z(6(t)) 2 2(t) + Ko(1 - 6)2(5(t))/t [/ mds / Q(’”,C)dw(C)] dr.
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Consequently we obtain

) | ro®) 1 . § z(t)
(1_K0<1-e> / [/ o Q(r,C)dw(C)}dr>Z—Z(a(t))>0

and therefore

_ 5@) [ ro®) 1. b 1
h?—l»igp/t [-/r @ds [y Q(r,()dw(()] dr < Ko(l-¢)’

Letting e — 0, we find that

. a0 [ o) 1 5 1
lim sup /t [/ T [, Q(r,C)dw(C)] ar<

which contradicts the hypothesis (18). The proof is complete.
We consider the linear differential equation of neutral type

¢ n
(mw—}:muwu—mo —q(t)y(t + o) = H(?), (19)
i=1
which is a special case of (13).
Theorem 6 — Assume that there is a C2-function (t) such that 6(t) is bounded and 6" (¢)
= H(t). If the following condition is satisfied:

t+o
lim sup/ (t+o0—8)g(s)ds>1
t

t—o00

then every unbounded solution of (19) is oscillatory at ¢t = ooc.
4. OSCILLATION RESULTS FOR BOUNDARY VALUE PROBLEMS

In this section we present oscillation results for the boundary value problems for (1), (B;) (1 = 1,2)
by combining the results in Sections 2 and 3.

Theorem T — Assume that the hypotheses (A;)— (A1) hold, and that there exists a C2-function
6(t) such that 6(t) is bounded and
(pt)E' (1) = G(t)-
If the condition (14) is satisfied, then every solution u of the boundary value problem (1), (B;)
with unbounded U (t) is oscillatory in €.
PROOF : The conclusion follows by combining Theorem 1 with Theorem 3.

Theorem 8 — Assume that the hypotheses (A1) — (A4), (Ag) — (A1) hold, and that there exists
a C2-function 6(t) such that @(t) is bounded and

()" (1) = G(¢t).
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If the condition (14) is satisfied, then every solution u of the boundary value problem (1), (Bs)
with unbounded U (t) is oscillatory in €.

PROOF : A combination of Theorem 2 and Theorem 3 yields the conclusion.

Theorem 9 — Assume that the hypotheses (A1) — (Ag), (Ai12) hold, and that there exists a
C2-function #(t) such that §(t) is bounded and

(p()8' (1) = G(2).

If the condition (18) is satisfied, then every solution u of the boundary value problem (1), (B;)
with unbounded U (¢) is oscillatory in €.

PROOF : The conclusion follows from Theorem 1 and Theorem 5.

Theorem 10 — Assume that the hypotheses (A1) — (A4), (As) — (Ag), (A12) hold, and that
there exists a C2-function (¢) such that 8(¢) is bounded and

(p(1)8'()" = G(1).

If the condition (18) is satisfied, then every solution « of the boundary value problem (1), (Bz)
with unbounded U (¢) is oscillatory in 2.

PROOF: The conclusion follows by combining Theorem 2 and Theorem 5.

A special case of (1) is the following

8? &
prel (u(m, t) — Z hi(t)u(m,pi(t))) — Au(z, t)

i=1
—qo(t)u(z,t) — q(t)p(u(z,o(t))) = f(z,1), (20)

where hi(t) € C([0,00);[0,00)) (i = 1,2,...,£), qo(t),q(t) € C([0,00);[0,00)), pi(t) €
C([0,00);R) (1 = 1,2,...,£), o(t) € C([0,00);R), limyo0 pi(t) = 00, limy_,00 0(t) = 00,
pi(t) < t, o(t) > t, o'(t) > 1/op for some og > 0,0 < Zle hi(t) < hg < 1 for some hg > 0,
qo(t) > A1 and f(z,t) € C(Q;R).

The following two corollaries are the direct consequences of Theorems 7 and 9, and the proofs
will be omitted.

Corollary 1 — Assume that the hypotheses (A4), (A1o) hold, and that there exists a C2-function
6(t) such that 6(t) is bounded and

8"(t) = G(t).

If the following condition is satisfied:

/coo [/ttr(t) q(s)ds] dt = 00

for some ¢ > 0, then every solution u of the boundary value problem (20), (B;) with unbounded
U (t) is oscillatory in 2.
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Corollary 2 — Assume that the hypotheses (A4), (A12) hold, and that there exists a C2-function
6(t) such that 0(t) is bounded and
6"(t) = G(t).

If the following condition is satisfied:

o(t) 1
limsup/ (o(t) — s)g(s)ds > —
t—00 t KO

then every solution u of the boundary value problem (20), (B;) with unbounded U (¢) is oscillatory
in Q.
Remark : We can establish the analogous oscillation results for the problem (20), (By) if we

delete the hypothesis go(t) > A; and we only replace G(t) by G(t) in Corollaries 1 and 2.
Example — We consider the problem

0| o /2 1
E |:p0-é¥ (U(iﬂ,t) —/0 5 : ’U,(:E,t -+ f)d£>

_e_t%(w, t) - qo(t)u(z,t) — /0" u(@, b+ 27 + ()d¢

= —(sinz)sint, (z,t) € (0,7) x (0, 00), 2D

w(0,8) = u(m,t) =0, ¢>0, (22)

where

-1
oo = (e2ﬂ(e’f+1)) 2" +e™2-1\ " 7" +1) 0
0 2 er 2(2em +em/2 —1) 7

27 (o7 T/
e (62 +1) —poe Z:l 49t S0,

Heren =1, G = (0,7), @ = (0,7) x (0,00), p(t) = po, [0, ] = [0,7/2], h(t,£) = 1/2,
p(tié) =t—-m+ 6’ 77(5) = 5’ bl(t) =0, a’(t) = e_t’ q()(xat) = qO(t)’ qi(xa t) =0, [ 75] = [0, 7"],
q(z,8,¢) = Q(t,¢) = 1, p(s) = 5, Ko =1, 0(t,¢) =t + 27 + (, w(¢) = ¢ and f(z, 1)

= —(sinz)sint. It is easily seen that \; = 1 and ®(z) = sinz. Since

qo(t) =

/2 /2 1 o
/0 h(t,€)dn(€) = /0 sde=T <1,

we can choose ho = m/4, and hence (A7) is satisfied. We easily obtain the inequality go(¢) > et
and therefore (As) holds. It is easy to check that

’

PO =t-m+E<t—mtT=t—T<t,

303
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and hence (Ag) is satisfied. Since

()= min (t+2n+¢)=t+2n >t
¢efo,m]

and 6'(t) = 1, we find that (Ag) holds for oy = 1. An easy computation shows that

G(t) = F(t) = —-Z sint.

Choosing 0(t) = (w/4)sint, we observe that 8”(¢t) = G(t) and 0(t) is bounded. A simple
calculation yields

t+2m
limsup/ (t + 27 — s)wds = limsup 273 = 273 > 1
t

t—o00 t—00

and hence the condition (18) holds. It follows from Theorem 9 that every solution of (21), (22) with
unbounded U (t) is oscillatory in (0, 7) X (0, 00). In fact

u = (sinz)e’ sint
is such a solution.
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