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In this paper, using the boundary properties of the analytic functions we investigate the structure
of the discrete spectrum of the boundary value problem

—y" +[V(@)+2\U(z) = NJy+ F = 0, z€ Ry =[0,00)
ay'(0) + By(0) 0,

where U,V and F are complex valued functions and a, 8 € C with |a| + |3] # 0.
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1. INTRODUCTION

The spectral analysis of a non-selfadjoint Sturm-Liouville equation (SLE) with continuons and dis-
crete spectrum was investigated by Naimark [13]. He proved the existence of the spectral singu-
larities in the continuous spectrum of SLE. Lyance showed that the spectral singularities play an
important role in the spectral theory of SLE [12]). He also studied the effect of the spectral sin-
gularities in the spectral expansion of SLE in terms of the principal functions. Some problems
of the spectral analysis of a non-selfadjoint Schrédinger, Dirac and Klein-Gordon differential and
difference equations with spectral singularities were studied in [1, 4, 5, 7-10].
Let us consider the boundary value problem (BVP)

-y +[V(z) + 2 U(z) = Xy = 0, z € Ry = [0, 00), (L.
y(0) = 0, (1.2)
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where U and V are complex valued functions and A is a spectral parameter. The eq. (1.1) is called
a Quadratic Pencil of Schrodinger equation. In [2] and [6] the dependence of the structure of the
eigenvalues and the spectral singularities of the BVP ( 1.1)-(1.2) on the behaviour of U and V at
infinity has been considered. An eigenfunction expansion for the BVP (1.1)—(1.2) with spectral
singularities has been investigated in [3].

Now let us consider the following BVP

—" +[V(z) +2\U(z) = NJy+ F = 0, z €Ry, (1.3)
o/ (0) + By(0) = 0, (1.4)

where U,V and F are complex valued functions and U is absolutely continuous in each finite
subinterval of R and o, 8 € C with |a| + |8] # 0.

In this paper using the boundary properties of the analytic functions we studied the structure of
the eigenvalues and the spectral singularities of the BVP (1.3)—( 1.4).

2. THE SOLUTION OF (1.3)~(1.4)

Let f*(z, ) and f~(z, \) denote the solutious of (1.1) satisfying
lim f*(z,)\)e™® =1, e Cy,
T—r0o0

where C1 = {): X € C,£Im) > 0}.

The solutions f*(z, A) and f~(x, \) are called the Jost solutions of (1.1).
Let us suppose that the functions U and V satisfy

/ \U(2)]dz < oo, / 2|V (@) + U (2)[]dz < co. @
0 0

Jaulent and Jean have obtained [11]: Under the condition (2.1) the Jost solutions of (1.1) has the
representation

o0
fE(z,\) = eFw@EAz | /A:t(a:,t)eﬂ)‘tdt, M eCy, 2.2)
T

oo
where w(z) = [ U(t)dt and the kernels A*(z, t) are expressed in terms of U and V. A*(z, t) are

T
continuously differentiable with respect to their arguments and

a2w) < Op () exvlte)] 3

4 @ollaze 0l < ofpErh vo(TE)] 4
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where

o0

Juver+w e,

T

=
8
I

(o0}

az) = / 1V (6)] + 21U (1) Jdt,

o@) = FIVE@I+IV@PE+IV' @),

and C' > 0 is a constant. Therefore f*(z, \) are analytic with respect to A in C1 := {A : )\ €
C,+Im\ > 0} and continuous on the real axis. The solution f*(z, \) also satisfy

fE(z,\) = eF*[14+0(1)], AeCy, z = oo, (2.5)

fEz,)) = eF[xid+0(1)), A eC;, = co. (2.6)
Let f*‘(a:, A) and f‘ (z, A) denote the solutions of (1.1), subject to the condition
: o +idz __ ral
zl_l-{{.lof (z,Ne =1xeCs,.

The solutions f"‘(x, A) and f‘ (z, A) are analytic with respect to X in C and C_ respectively, and
continuous on the real axis and

fi(a:, A) = en’\z[l +0(1)],A € C4,z = o0, 2.7

FE(z,A) = eFM[FiA+o0(1)],A € Cx,z — 00. 2.8)
According to (2.5)—( 2.8), the Wronskian of the solutions f+ (z,) and f- (z,A) is
W(f*(z, A), fE(z,A)] = F2i\, A € Cx \ {0}. (2.9)

So f*(x,\) and f*(z, \) provide the fundamental solutions of (1.1) for A € Cx \ {0}. Using
(2.9) we find that the functions

B @) = Foxl@N) [ FOPe - P [FOrte e,

—~HEO) fE(z,)) = HE(V) f*(2, )}, X € T+\{0} 2.10)
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are the solutions of the BVP (1.3)-(1.4), where

(e o)

HE()) = / F(2)f*(z, Nde + af(0, X) + B%(0, ),

0

HE(\) = /F(x)fi(m, Ndz + afZ(0,A) + BF(0, A). 2.11)
0

3. EIGENVALUES AND SPECTRAL SINGULARITIES OF (1.3)—(1.4)

We also denote the sets of eigenvalues and spectral singularities of the BVP (1.3)—(1.4) by o4 and
o, respectively.
Lemma 3.1 —If (2.1) and

sup {|F(z)|exp(ez't%)} < 00,6 > 0,6 > 0 3.1
z€R 4
hold, then
oa={\: Ae€Cy, H'(N)=0}U{X: X eC_, H () =0}, (3.2)

where the functions H are defined by (2.11).
PROOF: Let A\g € C... From (2.5) we get that f*(z, \g) € Lo(R) and F+(z, M) ¢ Lo(Ry).

Since
o0

F*(z, M) / F@)f*(t,do)dt = O(e™ 3™, & = o0

and

*(z, Ao) /F *(t, Xo)d O(e"%zH‘a), T — 00,

it follows from (2.10) that E*(z, \o) belong to L (R, ) if and only if H+()g) = 0. [ ]
Analogously to the BVP (1.3)—(1.4), we have

O ={A:AER, HY(A)=0}U{X: AeR", H-()) =0}, (3.3)

(12D.

To investigate the quantitative properties of the eigenvalues and the spectral singularities of the
BVP (1.3)-( 1.4) we need to discuss the quantitative properties of the zeros of H+ and H~in C,
and C_, respectively.For the sake of simplicity, we will consider only the zeros of H+ in C..
Similar procedure may also be employed for the zeros of H~in C_.

Let us define

Nf={\: AeCyq, H*(\) =0}, Nf ={\: AeR, H*(\) =0}.
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Lemma 3.2 — If (2.1) and (3.1) hold, then

(i) The set Ni is bounded and has at most a countable number of elements, and the limit points
can lie only in a bounded subinterval of the real axis.

(i) The set N5 is compact and pu(Ng") = 0, where u(N5") denotes the linear Lebesgue measure
of N

PROOF: Using (2.2) and (2.3) we get the function H™ is analytic in C , continuous in C,., and

o0
HYA) =k+p\+ / o(t)ertdt, (3.4)
0
where
k = —ialU(0)e?©® — aA*(0,0) + B,
p = iaeiw(@)
and
t
o) = AT (0,8) + BA*(0,1) + €“O F(2) + / F(&)A* (¢, 8)d (3.5)
0

Since ¢ € L1(R4) by (3.5), consequently (3.4) implies that
HY*A)=k+pr+o(1), AeCy, |\ = . (3.6)

Equation (3.11) shows the boundedness of the sets Nf’ and N; . From the analyticity of the function
H* in C; we get that Nj© has at most a countable number of elements and its limit points can lie
only in a bounded subinterval of the real axis. By the boundary value uniqueness theorem of analytic
functions we obtain that the set N3 is closed and pu(N;F) = 0. n

From (3.2), (3.3) and Lemma 3.2 we get the following

Theorem 3.1 — Under conditions (2.1) and (3.1)

(i) The set of eigenvalues of the BVP (1.3) —(1.4) is bounded, is no more than countable and its
limit points can lie only in a bounded subinterval of the real axis.

(ii) The set of spectral singularities of the BVP (1.3)—(1.4) is bounded and its linear Lebesgue
measure is zero.

Definition 3.1 — ([14]) The multiplicity of zero of the function H* (or H~) in T, (or C_) is
defined as the multiplicity of the corresponding eigenvalue or spectral singularity of the BVP (1.3)
—(1.4).

Now, let us assume that

lim U(z) = 0, sup [|V(z)| + |U (z)|] exp(ez)) < 00, > 0. B.7)
L->00 zeR4
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Theorem 3.2 — Under conditions (3.1) and (3.7) the BVP (1.3)—(1.4) has a finite number of
eigenvalues and spectral singularities and each of them is of a finite multiplicity.
PROOF: From (2.3)—(2.4) we find that

|A* (0,9, 14 (0,8)] < Cexp (—t) (3.8)
t

[ IF@Ia* e < Cexp (~51), (3.9

0

where C' > 0 is a constant. (3.5), (3.8) and (3.9) imply that

lo(£)] < Cexp (—%t) . (3.10)

It follows from (3.4) and (3.10) that the function H™ has an analytic continuation from the real
axis to the half plane Im A > —£. So the limit points of the sets N1+ and N, can not lie in R,
i.e., the bounded sets N. 1‘" and N;r have no limit points (see Lemma 3.2). Therefore, we have the
finiteness of the zeros of H* in C,.. Moreover all zeros of H* in C has a finite multiplicity. Using
(3.2) and (3.3) we obtain that the BVP (1.3) —(1.4) has a finite number of eigenvalues and spectral
singularities and each of them is of a finite multiplicity. |

It is clear that the conditions (3.1) and ( 3.7) guarantees of the analytic continuation of the func-
tions H+and H~ from the real axis to lower and upper half-planes, respectively. So the finiteness of
eigenvalues and spectral singularities of the BVP (1.3)—( 1.4) are obtained as a result of this analytic
continuation.

Now let us suppose that, for some ¢ > 0 and % <<,

lim U(z) =0, sup [|V(z)| + |U (z)|] exp(ez")] < o0, (3.11)
r—00 m€R+

holds. Note that the condition (3.11) is weaker than (3.7). It is obvious that under conditions (3.1)
and (3.7), the function H is analytic in C, and infinitely many differentiable on the real axis. But
H™ does not have an analytic continuation from the real axis to lower half-plane. Similarly, H~
does not have an analytic continuation from the real axis to the upper half-plane. Consequently,
under conditions (3.1) and (3.11) the finiteness of eigenvalues and spectral singularities of the BVP
(1.3)—(1.4) can not be shown in a similar to Theorem 3.2.

Let us denote the sets of all limit points of N;* and N3 by N and N, respectively, the set of
all zeros of H* with infinite multiplicity in C; by N3 Analogously define the sets N3 , N, and
Ny .

It is evident from the boundary uniqueness theorem of analytic functions that
NFNN§ =¢, Nf C N, Nf c Nf NfCNf

and
u(NF) = u (N§F) = w(Ng) = 0.
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Since all derivatives of the H™ and H ™~ are continuous up to the real axis, we get
Nf c Nf, Nj c N (3.12)

We will use the following uniqueness theorem for the analytic functions on the upper half-plane,
to prove the next result.

Theorem 3.3 — ([2]). Let us assume that the function f is analytic in C,, all of its derivatives
are continuous up to the real axis and there exists T' > 0 such that

7™ ()| < Cp, n=0,1,..., A € Cy, |2 < 2T, (3.13)
and
1 (@) T s (@)
n X
00 T

If the set () with linear Lebesgue measure zero, is the set of all zeros of the function f with infinite
multiplicity and if

a
[ 16(6)du(@) =~
0
then f(z) = 0, where G(s) = i%f ng—", n=0,1,...,u(Q;) is the linear Lebesgue measure of
s-neighborhood of ¢} and a is an arbitrary positive constant.

Lemma 3.3 —If (3.1) and (3.11) hold, then N = Ny = ¢.
PROOF: We prove that N;m = ¢. The case Ng = ¢ is similar. It follows from (3.4) — (3.5)
that the function H™ is analytic in C, and all of its derivatives are continuous up to the real axis.

Moreover, by Lemma 3.2 for sufficiently large 7' > 0 we have

-T 00

In|H*())] In|H*())|
[e%s) T i
From (3.4) we obtain that
|H*(X\) —i)] < o0, A€ Cy, (3.16)
and
d" oy el
WH M| <Bp, X eCy,n=1,2,..., 3.17)
where
o0 [o o]
B; = 1+/t|go(t)|dt, B, = /t"|<p(t)|dt, n=23,... . (3.18)
0 0

Using (2.3) and (2.4) we find that

|AT (z,8)], | A7 (z,t)| < Cexp [_%(“’ '2”)7] ,
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and consequently

e t
o) < Cexp |57 .19
by (3.5), where C > 0 is a constant. From (3.16)—(3.19) we have that
’Wfﬁ < Kp, n=0,1,..., AeCq, |\ < 2T, (3.20)
where
o0
e (t\”
K, =C/t"exp - | = dt. (3.21)
2\ 2
0

It is easy to see from (3.15) and (3.20) that H™ satisfies (3.13) and (3.14). Since the function H+
is not equal to zero identically, then by Theorem 3.3, N, 5+ satisfies

a
/ In G(s)du(Ng,) > —oo, (3.22)
where G(s) = inf Kfﬁi p(NZ,) is the linear Lebesgue measure of s-neighborhood of N, and the
n : ’

constant K, is defined by (3.21).
Now we will obtain the following estimates for K,

K, < Dd*nln™ 7, (3.23)
where D and d are constants depending on C, € and . Substituting (3.23) in the definition of G(s)
we arrive at
— 1
G(s) SDexp{-— 76—1—_7(1‘1—"_73—?‘1‘7}. (3.24)
(3.22) and (3.24) imply that
a
/ s T du(Ng,) < oo, (3.25)
0
Since 2= > 1, (3.25) holds for arbitrary s if and only if u(Ng,) =0or Nj = ¢. n

Theorem 3.4 — Under conditions (3.1) and (3.11) the BVP (1.3)—(1.4) has a finite number of
eigenvalues and spectral singularities, and each of them is of a finite multiplicity.

PROOF: To prove the theorem we have to show that the function H* and H~ have a finite
number of zeros with a finite multiplicities in C,. and C_, respectively. From (3.12) and Lemma
3.3 we get that Nf = Nif = ¢. So the bounded sets N and N have no limit points, i.e.,
the function H* and H~ have only a finite number of zeros in C.. and C_, respectively. Since
Ngt = ¢, these zeros are of finite multiplicity. |

From Theorem 3.4 it is seen that the weakest conditions which guaranties the finiteness of
eigenvalues and spectral singularities of the BVP (1.3) —(1.4) are

hm U(z) =0, sup [[|V(z)| + U (z)]] exp(ez*\?)] < oo, sup [|F(z)|exp(ez™?) )] < o0,
.’ZJE]R+

z€R4
(3.26)
for some e > 0,6 > 0.
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