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The non-linear stability of the equilibrium point of the Robe’s [12] restricted circular three body

problem has been studied when the density parameterK is zero. By applying Kolmogorov-

Arnold-Moser (KAM) theory. It has been found that the equilibrium point is stable for all mass

ratiosµ in the range,89 < µ < 1, of linear stability except for five mass ratiosµ1

= 0.93711086 . . . , µ2 = 0.9672922 . . . , µ3 = 0.9459503 . . . , µ4 = 0.9660792 . . . , µ5

= 0.893981 . . ., where the theory is not applicable.
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1. INTRODUCTION

Robe [12] has considered a new kind of restricted three body problem in which one of the primaries

is a rigid spherical shellm1 filled with a homogeneous incompressible fluid of densityρ1. The

second primary is a mass pointm2 outside the shell and the third bodym3 is a small solid sphere

of densityρ3, inside the shell, with the assumption that the mass and radius ofm3 are infinitesimal.

He has shown the existence of an equilibrium point withm3 at the center of the shell, whilem2

describes a Keplerian orbit around it. Further, he has discussed the linear stability of the equilibrium

point. Hallan and Rana [7] have also discussed Robe’s restricted problem. They have found

that there are infinite number of equilibrium points by considering different values of the density

parameterK, eccentricity parametere and mass parameterµ. They have shown that the center of

the first primary is always an equilibrium point. Shrivastava and Garain [13], Plastino and Plastino

[11], Giordanoet al. [6] have also discussed Robe’s problem. But all of them have discussed the

linear stability of the equilibrium points.
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In the present study we wish to discuss the non linear stability of equilibrium point in the

Robe’s restricted circular three body problem by taking the density parameterK as zero by ap-

plying Moser’s version of the Arnold theorem (KAM theory) and following the procedure as that

adopted by Bhatnagar and Hallan [4].

Moser’s version [10] of Arnold theorem [2] states that:

If

H = ω1I1 + ω2I2 + ω3I3 +
1
2

(
aI2

1 + bI2
2 + cI2

3 + 2fI2I3 + 2gI3I1 + 2hI1I2

)

is the normalized Hamiltonian withI1, I2, I3 as the action momenta coordinates andω1, ω2, ω3 are

the basic frequencies for the linear dynamical system, then on each energy manifoldH = } in

the neighborhood of an equilibrium point, there exist invariant tori of quasi-periodic motions which

divide the manifold and consequently the equilibrium point is stable provided

(i) k1ω1 + k2ω2 + k3ω3 6= 0 for all triplets(k1, k2, k3) of rational integers such that

|k1|+ |k2|+ |k3| ≤ 4 ,

(ii) determinantD 6= 0,

D = det .(bij) (i, j = 1, 2, 3, 4) ,

bij =
(

∂2H

∂Ii, ∂Ij

)

Ii=Ij=0

(i, j = 1, 2, 3, ),

bi4 = b4i =
(

∂H

∂Ii

)

Ii=Ij=0

(i = 1, 2, 3),

b44 = 0.

Applying Arnold’s theorem, Leontovich [8] proved that the triangular equilibrium points in the

restricted three body problem are stable for all permissible mass ratios except for a set of measure

zero. Deprit and Deprit [5] discussed non linear stability of the triangular equilibrium points of

the restricted three body problem by applying Moser’s theorem. Bhatnagar and Hallan [3] also

discussed the non linear stability of the triangular equilibrium points in the same problem after

considering perturbations in Coriolis and Centrifugal forces. In another paper, Bhatnagar and Hallan

[4] discussed the non linear stability of a cluster of stars sharing galactic rotation.

By applying the Lyapunov theorem [9] to the linear stability result obtained by Robe [12], we

can say that the equilibrium point, the center of the first primary, is unstable in the non linear sense

also for0 < µ ≤ 8
9 . Therefore we shall study the non-linear stability of the equilibrium point for

8
9 < µ < 1.
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2. FIRST ORDER NORMALIZATION

Using non-dimensional variables and a synodic system of coordinates(x, y, z), the equations of

motion of the Robe’s restricted problem when density parameterK = 0, and eccentricitye = 0 ,

are

ẍ− 2ẏ − x =
µ(1− µ− x)

[(1− µ− x)2 + y2 + z2]3/2
,

ÿ + 2ẋ− y =
−µy

[(1− µ− x)2 + y2 + z2]3/2
,

z̈ =
−µz

[(1− µ− x)2 + y2 + z2]3/2
,

(Hallan and Rana, 7)

where

µ = m2
m∗

1+m2
(0 < µ < 1),m2 = mass of the second primary

m∗
1 = mass of the first primary along with the mass of the fluid inside it.

LagrangianL of the problem is

L =
1
2
(ẋ2 + ẏ2 + ż2) + xẏ − yẋ

+
1
2
(x2 + y2) +

µ

[(1− µ− x)2 + y2 + z2]1/2
.

In Robe’s restricted problem, whenK = 0, e = 0, there is only one equilibrium point namely

(−µ, 0, 0).
Shifting the origin to(−µ, 0, 0), the Lagrangian can be written as

L =
1
2
(ẋ2 + ẏ2 + ż2) + xẏ − yẋ +

1
2
(x2 + y2)

−ẏµ− xµ +
µ2

2
+

µ

[(1− x)2 + y2 + z2]1/2
.

Expanding in power series ofx, y, z, ẋ, ẏ, ż, we find

L = L0 + L1 + L2 + L3 + L4 + · · · ,

where

L0 =
µ2 + 2µ

2
, L1 = −µẏ,

L2 =
1
2
(ẋ2 + ẏ2 + ż2) + xẏ − yẋ + x2

(
µ +

1
2

)
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+ y2

(
1− µ

2

)
− µz2

2
,

L3 = µx3 − 3µ

2
y2x− 3µ

2
z2x ,

L4 = µx4 +
3µ

8
y4 +

3µ

8
z4 − 3µx2y2 − 3µx2z2 +

3µ

4
y2z2 .

To the first order, Lagrange’s equations of motion are

ẍ− 2ẏ − x(1 + 2µ) = 0 ,

ÿ + 2ẋ− y(1− µ) = 0 ,

z̈ = −µz .

The characteristic equation of the first two equations is

λ4 − λ2(µ− 2) + (1 + 2µ)(1− µ) = 0. (1)

And the characteristic equation of the third is

λ2 + µ = 0 . (2)

Equation (1) has pure imaginary roots if

8
9

< µ < 1 . (Hallan and Rana, 7)

If ±iω1,±iω2 are the roots, then

ω2
1 + ω2

2 = 2− µ > 0 ,

ω2
1ω

2
2 = (1 + 2µ)(1− µ) > 0 . (3)

From equation (2), it is obvious that its roots are pure imaginary. Suppose±iω3 are the roots,

then

ω2
3 = µ . (4)

From equations (3) and (4), we see that

1 > ω3 > ω2 > ω1 > 0 ,

whereω1, ω2, ω3 represent the basic frequencies of the linear dynamical system.
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Following the method given in Whittaker [14], we use the canonical transformation from the

phase space(x, y, z, px, py, pz) into the phase space product(ϕ1, ϕ2, ϕ3, I1, I2, I3) of the angle

coordinatesϕ1, ϕ2, ϕ3 and action momentaI1, I2, I3 given by

X = AT, (5)

where

X =




x

y

z

px

py

pz




, A = (aij)1≤i, j≤6 , T =




Q1

Q2

Q3

P1

P2

P3




,

Qi =
(

2Ii

ωi

)1/2

sinϕi , Pi = (2Iiωi)1/2 cosϕi , (i = 1, 2, 3) ,

a2i = a4i = 0 , (i = 3, 4, 5, 6) , a1i = a5i = 0 , (i = 1, 2, 3, 6) ,

a3i = a6i = 0 , (i = 1, 2, 4, 5) , a33 = a66 = 0 ,

a14 = 2h1`1 , a15 = 2h2`2 , a21 = −4ω2
1h1 , a22 = −4h2ω

2
2 ,

a36 = 2ω3h3 , a41 = −2h1ω
2
1m1 , a42 = −2h2ω

2
2m2 , a54 = −2h1n1,

a55 = −2h2n2 , a63 = −2µω3h3 , h2
i =

1
4ω2

i (`imi + 2ni)
, (i = 1, 2) ,

h2
3 =

1
4µω2

3

, `i = ω2
i − µ + 1 , (i = 1, 2) ,

mi = ω2
i − µ− 1 , (i = 1, 2) , ni = ω2

i + µ− 1 , (i = 1, 2) .

The transformation changes the second order part of the Hamiltonian into the normal form

H2 = ω1I1 + ω2I2 + ω3I3 .

The general solution of the corresponding equations of motion are

Ii = const. , (i = 1, 2, 3) ,

ϕi = ωit + const. , (i = 1, 2, 3) .
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3. SECOND ORDER NORMALIZATION

We wish to perform Birkhoff’s normalization for which the coordinates(x, y, z) are to be expanded

in double D’Alenbert’s series:

x =
∑

n≥1

B1,0,0
n , y =

∑

n≥1

B0,1,0
n , z =

∑

n≥1

B0,0,1
n ,

where the homogeneous componentsB1,0,0
n , B0,1,0

n , B0,0,1
n of degreen are of the form

∑

0<`,m<n

I
(1/2)(n−`−m)
1 I

(1/2)`
2 I

(1/2)m
3

×
∑

i,j,k

[Cn−`−m,`,m,i,j,k cos(iϕ1 + jϕ2 + kϕ3)

+Sn−`−m,`,m,i,j,k sin(iϕ1 + jϕ2 + kϕ3)] .

The double summation over the indicesi, j andk is such that (a)i runs over those integers in the

interval0 ≤ i ≤ n − ` −m that have the same parity asn − ` −m, (b) j runs over those integers

in the intervals−` ≤ j ≤ ` that have the same parity as`, (c) k runs over those integers in the

interval−m ≤ k ≤ m that have the same parity asm. I1, I2 andI3 are to be regarded as constants

of integration andϕ1, ϕ2 andϕ3 are to be determined as linear functions of time such that

ϕ̇1 = ω1 +
∑

n≥1

f2n(I1, I2, I3) ,

ϕ̇2 = ω2 +
∑

n≥1

g2n(I1, I2, I3) ,

ϕ̇3 = ω3 +
∑

n≥1

h2n(I1, I2, I3) , (6)

wheref2n, g2n, h2n are of the form

f2n =
∑

0≤`,m<n

f2n−2`−2m,2`,2mIn−`−m
1 I`

2I
m
3 ,

g2n =
∑

0≤`,m≤n

g2n−2`−2m,2`,2mIn−`−m
1 I`

2I
m
3 ,

h2n =
∑

0≤`,m≤n

h2n−2`−2m,2`,2mIn−`−m
1 I`

2I
m
3 .

As in Bhatnagar and Hallan [4], the first order componentsB1,0,0
1 , B0,1,0

1 andB0,0,1
1 are the

values ofx, y andz given by equations (5).B1,0,0
2 , B0,1,0

2 andB0,0,1
2 are the solutions of the partial
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differential equations

∆1∆2B
1,0,0
2 = Φ2 ,

∆1∆2B
0,1,0
2 = Ψ2 ,

∆3B
0,0,1
2 = Z2 , (7)

where

∆i = D2 + ω2
i , (i = 1, 2, 3) ,

Φ2 = (D2 − 1 + µ)X2 + 2DY2 ,

Ψ2 = (D2 − 1− 2µ)Y2 − 2DX2 ,

D =
(

ω1
∂

∂ϕ1
+ ω2

∂

∂ϕ2
+ ω3

∂

∂ϕ3

)

andX2, Y2, Z2 are obtained from
∂L3

∂x
,
∂L3

∂y
,
∂L3

∂z
respectively by substituting the first order com-

ponents forx, y, z.

Equation (7) can be solved forB1,0,0
2 , B0,1,0

2 , B0,0,1
2 by using the formulae

1
∆1∆2




cos(`ϕ1 + mϕ2 + nϕ3)
or

sin(`ϕ1 + mϕ2 + nϕ3)


 =

1
∆`,m,n




cos(`ϕ1 + mϕ2 + nϕ3)
or

sin(`ϕ1 + mϕ2 + nϕ3)


 ,

1
∆3




cos(`ϕ1 + mϕ2 + nϕ3)
or

sin(`ϕ1 + mϕ2 + nϕ3)


 =

1
ω2

3 − (`ω1 + mω2 + nω3)2

×




cos(`ϕ1 + mϕ2 + nϕ3)
or

sin(`ϕ1 + mϕ2 + nϕ3)




where

∆`,m,n = [ω2
1 − (`ω1 + mω2 + nω3)2][ω2

2 − (`ω1 + mω2 + nω3)2] .

The second order componentsB1,0,0
2 , B0,1,0

2 andB0,0,1
2 are as follows:

B1,0,0
2 = r1I1 + r2I2 + r3I3 + r4I1 cos 2ϕ1 + r5I2 cos 2ϕ2

+ r6I3 cos 2ϕ3 + r7(I1I2)1/2 cos(ϕ1 + ϕ2)

+ r8(I1I2)1/2 cos(ϕ1 − ϕ2) ,

B0,1,0
2 = s1I1 sin 2ϕ1 + s2I2 sin 2ϕ2 + s3I3 sin 2ϕ3
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+ s4(I1I2)1/2 sin(ϕ1 + ϕ2) + s5(I1I2)1/2 sin(ϕ1 − ϕ2) ,

B0,0,1
2 = t1(I1I3)1/2 cos(ϕ1 + ϕ3) + t2(I1I3)1/2 cos(ϕ1 − ϕ3)

+ t3(I2I3)1/2 cos(ϕ2 + ϕ3) + t4(I2I3)1/2 cos(ϕ2 − ϕ3) ,

where

ri =
12ω2

3(w
2
3 − 1)(`2

i − 2ω2
i )h

2
i ωi

ω2
1ω

2
2

, (i = 1, 2),

r3 =
−6ω5

3(w
2
3 − 1)h2

3

ω2
1ω

2
2

,

r3+i =
4ω2

3h
2
i

ωir′i
[3ω2

i `
2
i + `3

i + 6ω4
i − 6ω2

i `i] , (i = 1, 2),

r′1 = ω2
2 − 4ω2

1 , r′2 = ω2
1 − 4ω2

2 ,

r6 =
−6ω2

3(ω
2
3 − 1)h2

3

(ω2
1 − 4ω2

3)(ω
2
2 − 4ω2

3)
,

r7 =
24ω2

3h1h2

(ω1ω2)1/2(2ω1 + ω2)(2ω2 + ω1)
[(`1`2 + 2ω1ω2){(ω2

1 − `1)− (ω1 + ω2)2}

+2(ω1 + ω2)(ω1`2 + ω2`1)] ,

r8 =
24ω2

3h1h2

(ω1ω2)1/2(2ω1 − ω2)(2ω2 − ω1)
[(`1`2 − 2ω1ω2){(ω2

1 − `1)− (ω1 − ω2)2}

+2(ω1 − ω2)(ω1`2 − ω2`1)] ,

si =
−8ω2

3h
2
i

r′i
[−4ω2

i `i + 2`2
i + 4ω2

i − (1 + 2µ)`i], (i = 1, 2),

s3 =
−24ω6

3h
2
3

(ω2
1 − 4ω2

3)(ω
2
2 − 4ω2

3)
,

s4 =
24ω2

3h1h2

(ω1ω2)1/2(2ω1 + ω2)(2ω2 + ω1)
[−(ω1`2 + ω2`1){(ω1 + ω2)2 + 1 + 2µ}

+2(ω1 + ω2)(`1`2 + 2ω1ω2)] ,

s5 =
24ω2

3h1h2

(ω1ω2)1/2(2ω1 − ω2)(2ω2 − ω1)
[−(ω1`2 − ω2`1){(ω1 − ω2)2 + 1 + 2µ}
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+2(ω1 − ω2)(`1`2 − 2ω1ω2)] ,

t1 =
12h1h3`1w

7/2
3

(ω1 + 2ω3)ω
1/2
1

, t2 =
12h1h3`1w

7/2
3

(ω1 − 2ω3)ω
1/2
1

,

t3 =
12h2h3`2w

7/2
3

(ω2 + 2ω3)ω
1/2
2

, t4 =
12h2h3`2w

7/2
3

(ω2 − 2ω3)ω
1/2
2

.

We have checked that,x = B1,0,0
1 + B1,0,0

2 , y = B0,1,0
1 + B0,1,0

2 , z = B0,0,1
1 + B0,0,1

2 transform

H3, the third order part of the Hamiltonian to zero.

4. SECOND ORDER COEFFICIENT IN THE FREQUENCIES

Proceeding as in Bhatnagar and Hallan [4], the third order componentsB1,0,0
3 , B0,1,0

3 andB0,0,1
3 in

the coordinatesx, y, z and the second order polynomialsf2, g2 andh2 in the frequencieṡϕ1, ϕ̇2 and

ϕ̇3 satisfy the partial differential equations

∆1∆2B
1,0,0
3 = (D2 − 1 + µ)X ′

3 + 2DY ′
3 ,

∆1∆2B
0,1,0
3 = (D2 − 1− 2µ)Y ′

3 − 2DX ′
3 ,

∆3B
0,0,1
3 = Z ′3 , (8)

where

X ′
3 = X3 − 2ω1f2

∂2B1,0,0
1

∂ϕ2
1

− 2ω2g2
∂2B1,0,0

1

∂ϕ2
2

+ 2f2
∂B0,1,0

1

∂ϕ1
+ 2g2

∂B0,1,0
1

∂ϕ2
,

Y ′
3 = Y3 − 2ω2g2

∂2B0,1,0
1

∂ϕ2
2

− 2ω1f2
∂2B0,1,0

1

∂ϕ2
1

− 2g2
∂B1,0,0

1

∂ϕ2
− 2f2

∂B1,0,0
1

∂ϕ1
,

Z ′3 = Z3 − 2ω3h2
∂2B0,0,1

1

∂ϕ2
3

andX3, Y3, Z3 are the homogeneous components of order 3 obtained respectively from
∂

∂x

(L3 + L4),
∂

∂y
(L3 + L4),

∂

∂z
(L3 + L4) by substituting

x = B1,0,0
1 + B1,0,0

2 , y = B0,1,0
1 + B0,1,0

2 , z = B0,0,1
1 + B0,0,1

2 .

The componentsB1,0,0
3 , B0,1,0

3 andB0,0,1
3 are not required to be found out. We find the coef-

ficients ofcosϕi, sinϕi (i = 1, 2, 3) on the right hand side of equations (8). They are the critical

terms as

∆1,0,0 = ∆0,1,0 = ∆0,0,1 = 0.
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We eliminate these terms by choosing properly the coefficients in the polynomials

f2 = f2,0,0I1 + f0,2,0I2 + f0,0,2I3 ,

g2 = g2,0,0I1 + g0,2,0I2 + g0,0,2I3 ,

h2 = h2,0,0I1 + h0,2,0I2 + h0,0,2I3 .

We find that

f2,0,0 =
h1ω1(a1 + b1)

(2ω1)1/2
, g0,2,0 =

h2ω2(a2 + b2)
(2ω2)1/2

,

f0,2,0 = g2,0,0 =
h1ω1(a3 + b3)

(2ω1)1/2
, h2,0,0 = f0,0,2 =

−c1

2ω3γ
,

h0,2,0 = g0,0,2 =
−c2

2ω3γ
, h0,0,2 =

−c3

2ω3γ
,

where

a1 = 3µ`1

(
−2r1α1 − r4α1 +

β1s1

2
− α3

1 +
α1a

2
21

ω1

)
,

a2 = 3µ`2

(
−2r2α2 − r5α2 +

β2s2

2
− α3

2 +
α2a

2
22

ω2

)
,

a3 = 3µ`1

(
−2r2α1 − r7α2 − r8α2 +

β2s4

2
− β2s5

2
− 2α2

2α1 +
2α1a

2
22

ω2

)
,

b1 = 3ω1µ

(
−α1s1 − 2β1r1 + β1r4 +

3β3
1

4
− 2a2

14ω1β1

)
,

b2 = 3ω2µ

(
−α2s2 − 2β2r2 + β2r5 +

3β3
2

4
− 2a2

15ω2β2

)
,

b3 = 3ω1µ

(
−α2s4 − α2s5 − 2β1r2 + r7β2 − r8β2 +

3β1β
2
2

2
− 4a2

15ω1β1

)
,

c1 = −3µr1γ − 3µα1t1
2

− 3µα1t2
2

+
3µa2

21γ

2ω1
− 6µγa2

14ω1 ,

c2 = −3µr2γ − 3µα2t3
2

− 3µα2t4
2

+
3µa2

22γ

2ω2
− 6µγa2

15ω2 ,

c3 = −3µγr3 − 3µr6γ

2
+

9µγ3

8
,

α1 = (2ω1)1/2a14 , α2 = (2ω2)1/2a15 ,

β1 =
(

2
ω1

)1/2

a21 , β2 =
(

2
ω2

)1/2

a22 , γ = (2ω3)1/2a36 .



EQUILIBRIUM POINT IN RESTRICTED CIRCULAR THREE BODY PROBLEM 27

If the normalized Hamiltonian is written as

H = ω1I1 + ω2I2 + ω3I3 +
1
2
(aI2

1 + bI2
2 + cI2

3 + 2fI2I3 + 2gI3I1 + 2hI1I2),

then, from Hamilton’s equations of motion

ϕi =
∂H

∂Ii
(i = 1, 2, 3)

and the equation (6), we find that

a = f2,0,0; b = g0,2,0; c = h0,0,2; f = g0,0,2 = h0,2,0;

g = f0,0,2 = h2,0,0; h = g2,0,0 = f0,2,0 .

5. STABILITY

Now we apply Moser’s modified form of Arnold’s theorem [2] to discuss the non linear stability.

We have

1 > ω3 > ω2 > ω1 > 0 .

The condition (i) of the theorem is satisfied provided the basic frequencies do not satisfy the

equations

(I) ω2 = 2ω1,

(II) ω2 = 3ω1,

(III) ω3 = 2ω2,

(IV) ω3 = 3ω2,

(V) ω3 = 2ω1,

(VI) ω3 = 3ω1,

(VII) −ω1 + 2ω2 − ω3 = 0,

(VIII) ω1 + 2ω2 − ω3 = 0,

(IX) −ω3 + ω2 + 2ω1 = 0,

(X) ω3 − ω1 − ω2 = 0.

Out of these ten (I to X) equations inω1, ω2, ω3, equations (IX) and (X) along with equations

(3) and (4) do not give the values ofµ in the interval8/9 < µ < 1. The remaining eight (I to VIII)

equations are the resonance cases. Taking any of the equations (I to VIII) and eliminatingω1, ω2, ω3

from that equation and the equations (3) and (4), the eliminant is an equation inµ. Solving those

equations, we get only five roots in the range8
9 < µ < 1. They are

µ1 = 0.93711086 . . . , µ2 = 0.9672922 . . . , µ3 = 0.9459503 . . .

µ4 = 0.9660792 . . . , µ5 = 0.893981 . . . .

For these values ofµ, the condition (i) of the theorem does not hold.
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The determinantD occurring in the condition (ii) of the theorem is

D = −[A1ω2
1 + B1ω2

2 + C1ω2
3 + 2F 1ω2ω3 + 2G1ω3ω1 + 2H1ω1ω2],

whereA1, B1, C1, F 1, G1,H1 are the cofactors ofa, b, c, f, g, h respectively in the determinant
∣∣∣∣∣∣∣

a h g

h b f

g f c

∣∣∣∣∣∣∣
.

D 6= 0 if the value ofµ, in the range8
9 < µ < 1, does not satisfy the equation obtained by

eliminatingω1, ω2, ω3 from the equation

A1ω2
1 + B1ω2

2 + C1ω2
3 + 2F 1ω2ω3 + 2G1ω3ω1 + 2H1ω1ω2 = 0

and the equations (3) and (4).

Using Mathematica 5.1, the eliminant is
F (µ)
E(µ)

, where

F (µ) = 9(1166400− 4195800µ− 120985128µ2

+795095931µ3 + 1392485938µ4

−24307151051µ5 + 44309723920µ6

+197172775589µ7 − 851956684990µ8

+387526140287µ9 + 3651296279676µ10

−7972159671396µ11 + 2690851941504µ12

+12969939666960µ13 − 23537135400768µ14

+18735235848000µ15 − 7546662494208µ16

+1253826625536µ17),

E(µ) = 64(µ− 1)(1 + 2µ)3(1− 7µ + 18µ2)2(54µ2 − 41µ− 9)2(9µ− 8)2.

So condition (ii) of the theorem is not satisfied for those values ofµ which satisfy the equation

F (µ) = 0 (9)

and also for the valueµ = µ1 = 0.93711086, whereE(µ) = 0, F (µ) 6= 0 and consequentlyD

is not defined. The roots of the equationF (µ) = 0 are seventeen in number, out of which nine are

real and they are

µ = {−0.522377, −0.393899, −0.296358, −0.221747, −0.0991954, 0.153075,

0.350508, 0.540579, 0.857062}.

None of these values ofµ lies in the interval8/9 < µ < 1. The result is verified graphically

also. The graphs of the functionF (µ) in the range8
9 < µ < 1 and.93 < µ < .95 are shown in

Figure 1 and Figure 2.
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FIG. 1. Graph of the functionF (µ) in the interval89 < µ < 1.

The graph of the functionF (µ) for µ very near to .94(.93 < µ < .95) is shown in Figure 2.

FIG. 2. Graph of the functionF (µ) in the interval.93 < µ < .95.

From the graphs in Figure 1 and Figure 2 we see that there is no value ofµ in the range
8
9

< µ < 1, for whichF (µ) = 0.

Hence the equilibrium point(−µ, 0, 0) is stable in the non-linear sense in the range of linear

stability
8
9

< µ < 1 for all values ofµ exceptµ1, µ2, µ3, µ4, µ5,where the KAM theory is not

applicable and consequently no conclusion about stability can be drawn for the five mass ratios.
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