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The non-linear stability of the equilibrium point of the Robe’s [12] restricted circular three body
problem has been studied when the density paraniéter zero. By applying Kolmogorov-
Arnold-Moser (KAM) theory. It has been found that the equilibrium point is stable for all mass
ratiosy in the range% < p < 1, of linear stability except for five mass ratips

=0.93711086. .., uy = 0.9672922. .., u3 = 0.9459503 . .., g = 0.9660792. .., s

= 0.893981 ..., where the theory is not applicable.
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1. INTRODUCTION

Robe [12] has considered a new kind of restricted three body problem in which one of the primaries
is a rigid spherical shelin; filled with a homogeneous incompressible fluid of dengity The
second primary is a mass point, outside the shell and the third bodys is a small solid sphere

of densityps, inside the shell, with the assumption that the mass and radiug afe infinitesimal.

He has shown the existence of an equilibrium point with at the center of the shell, whiles
describes a Keplerian orbit around it. Further, he has discussed the linear stability of the equilibrium
point. Hallan and Rana [7] have also discussed Robe’s restricted problem. They have found
that there are infinite number of equilibrium points by considering different values of the density
parameter, eccentricity parameter and mass parametgr They have shown that the center of

the first primary is always an equilibrium point. Shrivastava and Garain [13], Plastino and Plastino
[11], Giordanocet al. [6] have also discussed Robe’s problem. But all of them have discussed the
linear stability of the equilibrium points.
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In the present study we wish to discuss the non linear stability of equilibrium point in the
Robe’s restricted circular three body problem by taking the density paramfietes zero by ap-
plying Moser’s version of the Arnold theorem (KAM theory) and following the procedure as that
adopted by Bhatnagar and Hallan [4].

Moser’s version [10] of Arnold theorem [2] states that:

If

1
H = w1 + woly + ws3ls + 3 (alf + bI3 + clf + 2f I3 + 291311 + 2hI1 1)
is the normalized Hamiltonian with, I, I3 as the action momenta coordinates andws, w3 are
the basic frequencies for the linear dynamical system, then on each energy mahifsld: in
the neighborhood of an equilibrium point, there exist invariant tori of quasi-periodic motions which
divide the manifold and consequently the equilibrium point is stable provided
(i) kw1 + kowo + ksws # 0 for all triplets (k1, k2, k3) of rational integers such that
k1| + |ko| + [ks| < 4,

(i) determinantD # 0,

D = det.(bi]‘) (i,j:1,2,3,4),

0*H
bi' = 1712172737 ;
J <8]z’, 5Ij)]i:1j:o (6.7 )
OH
bi4 - b4i - < ) (Z = 17 27 3)7
ol L,=1;=0
bg = O.

Applying Arnold’s theorem, Leontovich [8] proved that the triangular equilibrium points in the
restricted three body problem are stable for all permissible mass ratios except for a set of measure
zero. Deprit and Deprit [5] discussed non linear stability of the triangular equilibrium points of
the restricted three body problem by applying Moser’s theorem. Bhatnagar and Hallan [3] also
discussed the non linear stability of the triangular equilibrium points in the same problem after
considering perturbations in Coriolis and Centrifugal forces. In another paper, Bhatnagar and Hallan
[4] discussed the non linear stability of a cluster of stars sharing galactic rotation.

By applying the Lyapunov theorem [9] to the linear stability result obtained by Robe [12], we
can say that the equilibrium point, the center of the first primary, is unstable in the non linear sense
also for0 < pu < g Therefore we shall study the non-linear stability of the equilibrium point for
S<p<l.
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2. FIRST ORDER NORMALIZATION

Using non-dimensional variables and a synodic system of coordifatgsz), the equations of
motion of the Robe’s restricted problem when density parani€ter 0, and eccentricity = 0 ,
are

(1= p—2)? +y?+ 22327
j+2t—y = —Hy

(1= p— ) + 92 + 22327

—puz
[(1—p— )2+ y?2 + 22327

(Hallan and Rana, 7)

where

p = s (0 < p < 1), my = mass of the second primary

mj = mass of the first primary along with the mass of the fluid inside it.
LagrangianL of the problem is

1o o
L = S@*+9"+2%) +ay—yi

L

L) -
(1= p— ) +y? + 2212

2

In Robe’s restricted problem, wheii = 0, e = 0, there is only one equilibrium point namely

(_:u’ 07 0)
Shifting the origin to(—p, 0, 0), the Lagrangian can be written as

1 1
L= @49 +2) +aj—yi+ 5(2* +y7)
2

. H H
—yp — T+ — +
z [

1— 1;)2 +y2 +22}1/2'

Expanding in power series af y, z, &, v, 2, we find
L=Lo+ 11+ Lo+ Lg+Ls+---,

where

2
+ 2 .
Ly = a 5 M7 Ly = —py,

1. 9 . : . 1
Ly = 2(x2+y2+z2)+xy—y:c+x2<u+2>
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1—p pz?
o () -5

3 SK o BH o

Ly = Ml’—?yl'—72$,
3 3 3
Ly = u:c4 =+ %y‘* + %z‘l - 3um2y2 — 3um2z2 + Z’quzQ .

To the first order, Lagrange’s equations of motion are

-2 —x(1+2u) =0,
j+22—y(l—p)=0,

Z=—uz.
The characteristic equation of the first two equations is
X = N = 2) + (1 +2p)(1 — p) = 0. 1)
And the characteristic equation of the third is
M4+ u=0. 2)
Equation (1) has pure imaginary roots if
S < u<1. (Hallan and Rana, 7)

If +4iw1, Liwy are the roots, then

witws = 2—u>0,
wiwy = (1+2p)(1—p)>0. 3

From equation (2), it is obvious that its roots are pure imaginary. Suppaseare the roots,
then

W=, @

From equations (3) and (4), we see that

1>w3>we>w; >0,

wherew, ws, w3 represent the basic frequencies of the linear dynamical system.
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Following the method given in Whittaker [14], we use the canonical transformation from the
phase spacéz,y, z, p., py, p-) into the phase space produgti, ¢2, 3, I1, 2, I3) of the angle
coordinatesyy, ¢2, w3 and action momenta,, 1o, Is given by

X = AT, (5)
where
x Q1
Q2
z Q3
X = ;o A=(ajh<ij<e, T= ;
Pz P
Dy Py
Pz P3
2Iz 1/2 . 1/2 .
Qi = — sin ¢; , P, = (2Liw;) “cosg;, (1=1,2,3),
Wi
agz; = a4i:07 (i:3747576)7 ali:a5i:07 (i:1727376)7
azy; = ag =0, (i=1,2,4,5), azz = ags = 0,
aly = 2hily, a5 = 2hals, ag1 = —4wihy, asn = —4hows,
azs = 2wshs, ag =—2hwim, agg = —2hawims, azs = —2hiny,
as, = —2h2n2 ag3y — —2,[1,(4)3]13 h2 = 1 (Z =1 2)
’ ’ ' 4&)22 (&mz + 2711) ’ ’ ’
Bo— L Gi=wl—p+1, (i=1,2)
3 4MW§ 9 7 7 9 9 )
m; = wi—p—1, (i=1,2), ni=w?+p—1, (i=12).

The transformation changes the second order part of the Hamiltonian into the normal form
Ho = w1 + wols + w3l .
The general solution of the corresponding equations of motion are

I; = const., (i=1,2,3),

vi = wit+const., (i=1,23).
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3. SECOND ORDER NORMALIZATION

We wish to perform Birkhoff's normalization for which the coordinatesy, ~) are to be expanded
in double D’Alenbert’s series:

1,0,0 _ 0,1,0 _ 0,0,1
x:E B, y—g By, Z—E B,

n>1 n>1 n>1

where the homogeneous componeBfd®, BYY| B2%! of degreen are of the form

Z Ifl/Z)(n—é—m)I§1/2)ZI§1/2)m
0<l,m<n

XY [Comtmm g C08(ip1 + jipa + kips)
4,5,k

+ Sn—é—m,(,m,i,j,k Sin(upl + jQDZ + kgp3)] .

The double summation over the indiceg andk is such that (aJ runs over those integers in the
interval0 < i < n — ¢ — m that have the same parity as- ¢ — m, (b) j runs over those integers
in the intervals—¢ < j < /£ that have the same parity 4s(c) k£ runs over those integers in the
interval —m < k < m that have the same parity as I, I and/3 are to be regarded as constants
of integration ando1, w2 and¢ps are to be determined as linear functions of time such that

o1 = w1+Zf2n(11,12,13)’

n>1

P2 = wot Y gan(l1, I, T5),
n>1

p3 = ws+ Y hon(D, Iz, I3), (6)

n>1

wherefa,, gon, ho, are of the form

—L—m 7/

fon = Z Jon—20—om20om Iy "5,
0<tl,m<n

- Infﬂfmlﬁlm

9on = 92n—20—2m,2¢,2m1q PRI
0<tm<n

hon = h D £ i

2n = 2n—20—2m,2¢,2m1L 243 -
0<tm<n

As in Bhatnagar and Hallan [4], the first order componeBls®, BY'* and B{"""' are the
values ofz, y andz given by equations (5)8,", BY''* and BY"! are the solutions of the partial
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differential equations

AlAzB;’O’O = &,
A1A2BS’1’0 = Uy,
A3BYYY = 7, (7)

where

A, = D*4+w?, (1=1,2,3),
®y = (D?*—1+pu)Xy+2DYs,

Uy = (D?—1-2u)Y; —2DXs,

D—(wa—i-wa—i—wa)
"1 e e

. 0Ls OLs OL . I ,
andXs, Ys, Z- are obtained from——2, —2 =3 respectively by substituting the first order com-
Yy

oxr 0 0z
ponents forx, y, .
Equation (7) can be solved fat, ™", BY'?, BY*! by using the formulae

) i cos(bp1 + mps + nps3) i ) cos(bp1 + mps + nws)
or = or ,
AlAQ . AZ,m,n .
| sin(lp1 + mps + nes) | sin(lp1 + mpa + neps)
) i cos(lp1 + mpa + nps) i )
As _ o - w2 — (bw1 + mws + nws)?
| sin(lp1 + mpa +nws) |

cos(lp1 + mps + nps)
X or

sin(fp1 + mpa + nes)
where
Apmn = [wF — (bw1 + mwa + nws3)?|[ws — (bwr + mws + nws)?] .

The second order componer$”?, By and B! are as follows:

B21’0’0 = 1111 +rols + r3l3 + ryly cos 2¢p1 + 1512 cos 29
+rgl3 cos2p3 + 7"7([1[2)1/2 cos(p1 + 2)
+7s(1112)"? cos(p1 — ¢2)

By = i1 sin2p1 + salysin 200 + 5313 5in 2003
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where

T

3

T3+i

T6

r7

T8

Si

83

S4

S5
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+ 54(I112)" % sin(p1 4 ) + s5(1112) "% sin(p1 — ¢2)

Bg’o’l = tl(I1I3)1/2 cos(p1 + ¢3) + tQ(I1I3)1/2 cos(p1 — ¥3)

+t3(Io13) "2 cos(pg + 3) + ta(Iol3)"/? cos(pg — p3)

1203 (w3 — 1)(02 — 2w?)h2w;

2 2 )
wiwy

(1=1,2),

—6uwi(ws — 1)h3

wiws ’
4w2h?
30 - [3wi2€l2 + ﬁg’ + waL — Gwiz&] , (1=1,2),
wiri
w§—4w%, Tézw%—llwg,

—6wi(wi — 1)h3
(wf — dwi)(wF — dwf)

24&)% hl h2

(w1w2) /2 (2w1 + wa) (2wa + w1) (162 + 2wiw2){(wi — &1) — (w1 +w2)?}

+2(w1 + wa)(wile + waty)],

24&)%}11}12
(W1WQ)1/2(20L)1 — wg)(QWQ — wl)

[(£162 — 2wiwa){(wWF — £1) — (w1 — w2)*}

+2(w1 — wg)(w1€2 — w2€1)] :

—8w§ h?

/
T

[—4w?l; + 202 +40? — (1 +2p)0], (i=1,2),

—24wSh?
(wf — dwg)(w] —dw3)

24w§h1 ho

—(wif ¢ 24149
(wiw2)1/2(2w1 +w2)(2w2+w1)[ (wile + waly){(w1 +wa)” + 1+ 2u}

—|—2(w1 + w2)(€1£2 + 2&.}1&.}2)] ,

24w§h1h2
(W1QJ2)1/2(2W1 — WQ)(QLUQ — wl)

[ (wifs — waly){(w1 — w2)® + 14 2u}
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+2(W1 — wg)(€1€2 — 2&)1&)2)] s

. 12h1h3€1w§/2 . 12h1h3€1’w;/2
bh = ———75, R VR
(w1 + 2w3)w; (w1 — 2w3)w;
12hohslawy > 12hohslows>
t3 = —/ ) 4 = —/ :

1/2 1/2
(w2 + 2w3)w, (w2 — 2w3)w,

We have checked that,= B;"*? + By;??,y = BV + B0 > = BYO! 4 BYO! transform
H3, the third order part of the Hamiltonian to zero.

4. SECOND ORDER COEFFICIENT IN THE FREQUENCIES

Proceeding as in Bhatnagar and Hallan [4], the third order compo@r?tg, Bg’l’o anng’O’1 in
the coordinates, y, z and the second order polynomigls g2 andhs in the frequencieg, ¢ and
3 satisfy the partial differential equations

A ABy"Y = (D? =1+ p) X%+ 2DYS,
A ABYYY = (D? —1—2u)Y] — 2DX},
AsBY™ = 7, (8)
where
2B1,0,0 8231’0’0 830’1’0 630’1’0
X = Xs—2wifo——15— —2wago——1o— + 2fo—t— 4+ 2gs—1—,
5 dp? 03 dp Do
2B0’1’0 2BO’1’0 631’0’0 0B1’0’0
Yy = Y3—2wago—— 15— —2wifo L 2 —2f
5 93 Op? O dp1
aQBO,O,l
Z/ = Zg - 2&)3]1271
3 8(,0%

. .0
and X3, Y3, Z5 are the homogeneous components of order 3 obtained respectlvel)gﬁrom
X

d 0 _—
(L3 + Ly), 8—y(L3 + Ly), a(Lg + L4) by substituting

1,0,0 1,0,0 _ p0,1,0 0,1,0 _ 50,0,1 0,0,1
r=DB7"" 4+ By, y=B]" +By"", z=DB]""" +By .

The component, ™", By and By™' are not required to be found out. We find the coef-
ficients ofcos ¢;, sinp; (i = 1,2,3) on the right hand side of equations (8). They are the critical
terms as

A100 = Ao,1,0 = Ag,1 = 0.
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We eliminate these terms by choosing properly the coefficients in the polynomials

fo = foo0l1 + fo20l2 + fo0.213,
92 = 92001+ go2,0l2 + 90,0213,
he = haooli + hog20l2 + hoo213.

We find that
F _ hiwi (a1 + by) Joz0 — haws(az + b2)
2,0,0 (2W1)1/2 ; 0,2,0 (2&)2)1/2 3
hlwl(ag + bg) —C1
Jo2,0 92,00 (21172 2,00 = fo,02 2o
—C2 —C3
ho20o = gop2= ) ho,o,2 = ,
2wy 2w3y
where
2
S a1a
a1 = 3uly (—2r1a1 —ra0q + Ll L_ a“z’ + =2 21) )
2 w1
2
s asa
ay = 3,&52 (—27“2&2 — s + @ — Oé% + 222) ,
2 w2
2 2
ag = 3ply | —2reoy —r7og — ryan + Pasa _ [ass _ 20501 + % ;
2 2 w9
_ 387 . o
by = 3Bwip | —aist —261r1 + Bira + o 2a74w1 0 )
_ 305 . o
by = Bwop | —asy — 201 + Pors + o 2a75w232 |
36103
bs = 3wip <a284 — 985 — 2P1re + 1782 — 1832 + 5 2 daiswi ),
3paty 3pats 3ua§17 9
= —3ury — - —6
1 Hr1Yy 5 5 + 901 HYa14W1
3uasts  3uasty  3padyy 9
— _3 _ _ 6
Cc2 HUT27Y 9 5 + 2o HYA15W2
3ur 9u~y?
c3 = —3uyrs — K 674-&’
2 8
o = (2w)Y?a, ag = (2ws)%ass,

9\ 1/2 9\ 1/2
B = <> asi , B2 = <) as , v = (2w3)2az .
w1 w2
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If the normalized Hamiltonian is written as
1
H =wilh +wals +wsl3 + 5(aJl? + bI2 + cI? + 2f I I3 + 29131, + 2hI115),

then, from Hamilton’s equations of motion

0H
;= ,=1,2,3
©i 812- (Z y &y )
and the equation (6), we find that
a = f200;, b=g020 c=hoo2 f=go02="ho20;
g = fo02="h200 h=9200=fo20-
5. STABILITY

Now we apply Moser’'s modified form of Arnold’s theorem [2] to discuss the non linear stability.
We have

1>w3>we>w; >0.

The condition (i) of the theorem is satisfied provided the basic frequencies do not satisfy the
equations

() wo = 2wy,

() we = 3w,

() w3 = 2ws,

(|V) w3 = 3(4)2,
(V) w3 = 2w,
(V) wg = 3w,

VIl) —w1 + 2we — w3 =0,

(V) wy + 2wy — w3 =0,

(IX) —w3 + w2 + 2w =0,

X) wz —w1 —we =0.

Out of these ten (I to X) equations in, w-, w3, equations (1X) and (X) along with equations
(3) and (4) do not give the values pfin the interval8/9 < 1 < 1. The remaining eight (I to VIII)
eqguations are the resonance cases. Taking any of the equations (I to VIII) and eliminatingus
from that equation and the equations (3) and (4), the eliminant is an equatiornSalving those
equations, we get only five roots in the rar@& i < 1. They are

1 = 0.93711086..., o =0.9672922..., pg = 0.9459503. ..
0.9660792..., 5= 0.893981... .

M4

For these values qf, the condition (i) of the theorem does not hold.
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The determinanD occurring in the condition (ii) of the theorem is
D = —[Alw% + Blw% + C’lwg + 2F1w2w3 + 2G1w3w1 + QHILUWJQ],
whereA!, B1,C', F', G', H' are the cofactors af, b, c, f, g, h respectively in the determinant
a h g
h b f
g | c
D =# 0 if the value ofy, in the rangeg < u < 1, does not satisfy the equation obtained by
eliminatingwy, wo, w3 from the equation
Alwf + Blwg + C’lwg + 2F wows + 2G wswy + 2H 'wiws = 0

and the equations (3) and (4).
Using Mathematica 5.1, the eliminant , wWhere
? fa(n)

F(p) = 9(1166400 — 4195800u — 1209851282
4795095931 1% + 1392485938
—24307151051° + 443097239204°
+197172775589u" — 8519566849905
+3875261402871° + 3651296279676:°
—7972159671396 4 2690851941504 12
+129699396669601 % — 23537135400768,1
+187352358480001'° — 7546662494208 .16
+125382662553617),
E(p) = 64(u—1)(1+2u)*(1 — T+ 18p%)* (54p% — 41 — 9)* (9 — 8)%.

So condition (ii) of the theorem is not satisfied for those valugswhich satisfy the equation

F(p)=0 )
and also for the valug = p; = 0.93711086, whereE(u) = 0, F(1) # 0 and consequently
is not defined. The roots of the equatibify) = 0 are seventeen in number, out of which nine are
real and they are

w = {-0.522377, —0.393899, —0.296358, —0.221747, —0.0991954, 0.153075,
0.350508, 0.540579, 0.857062}.
None of these values ¢f lies in the intervaB/9 < p < 1. The result is verified graphically

also. The graphs of the functidfi(u) in the range% < p < land.93 < p < .95 are shown in
Figure 1 and Figure 2.
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140000 F
120000 E
100000 f
80000
60000
40000 ;

zoooo |

0.9 0.92 0.94 0.96 0.98

FiG. 1. Graph of the functiod (1) in the intervaly < p < 1.

The graph of the functiod’'(x) for 1 very near to .94.93 < u < .95) is shown in Figure 2.

12000
10000
8000
&000
4000

2000

0.935 0.94 0.945 0.385

FIG. 2. Graph of the functiod’(1) in the interval.93 < p < .95.

From the graphs in Figure 1 and Figure 2 we see that there is no valuie dhie rangeg
< p < 1, forwhich F'(u) = 0.

Hence the equilibrium point—, 0, 0) is stable in the non-linear sense in the range of linear
stability§ < p < 1 for all values ofu exceptus, ua, 13, ia, 15, Wwhere the KAM theory is not
applicable and consequently no conclusion about stability can be drawn for the five mass ratios.
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