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By constructing only a lower solution, this paper present a kind of sufficient and necessary
condition of unique positive solution to Sturm-Liouville singular boundary value problem.
Meanwhile, two examples are worked out to demonstrate the main results.
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1. INTRODUCTION

Singular boundary value problem (SBVP, for short) arises in many applied fields such as gas
dynamics, nuclear physics, chemical reactions, studies of atomic structures and atomic calculations
[1]. Therefore, it has been studied extensively in recent years, see, for instance, [2-10] and references
therein. However, most of the published articles in this area concentrate on the solvability of SBVP.
To our knowledge, few papers have investigated the uniqueness of SBVP’s positive solution. The
objective of the present paper is to search for sufficient and necessary conditions which guarantee
the existence and uniqueness of positive solution for SBVP. As we known, the Lipschitz condition
is often used to guarantee the uniqueness of solution. But, in SBVP, the singularity makes this
condition invalid. So in order to gain the existence and unigueness of SBVP’s positive solution we
must search for other conditions.

In this paper, we consider Sturm—Liouville SBVP:

1The Project Supported by the National Natural Science Foundation of P.R. China (10571111) and Natural Science
Foundation of Shandong Province (Y2006A22).
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—(Lu)(t) = f(t,u(t)), te(0,1);
Ry(u) = oqu(0) + B1u/(0) = 0; 1)
Ro(u) =: aqu(l) + Bou/(1) = 0,
where(Lu)(t) = (p(t)u/(t)) + q(t)u(t), f(t,u) : (0,1) x (0,00) — [0,400) is continuous and
may be singular at= 0,t = 1, andu = 0.
Throughout this paper, we always suppose the following condition is satisfied.
(Hy) p(t) € C[0,1], p(t) > 0, q(t) € C[0,1], q(t) < 0,; > 0(i = 1,2), 81 <0, B2 > 0, and
aias + a1 — Bras > 0 such that homogeneous boundary value problem

{ —(Lu)(t) =0, te(0,1); .
Ri(u) = Ro(u) =0, (P)
has only the trivial solution.
Gatica, Oliker, and Waltman [9] have studied the following SBVP:
{ u"(t) + f(t,u) =0, te(0,1); P
Rl(u) = RQ(U) =0

and get a sufficient condition which guarantee the uniqueness of positive solution to problem (P) by
assuming the monotonicity ¢f(¢, ») in w. Liu and Yu [10] get two sufficient uniqueness conditions

by adding f(¢,u) some monotone conditions for a more general problem (1). In this paper, as
before, we assumg(t, u) have a monotone conditioninfor eacht, and this time we get a sufficient

and necessary condition for problem (1).

The approaches used in this paper are maximal principle and Schauder’s fixed point theorem.
The organization of this paper is as follows. In the rest of this section, some preliminaries and
lemmas are introduced. Next, in section 2, the main results will be stated and proved. In section 3,
some examples are worked out to demonstrate our main results.

A mapu € C%(0,1)NC[0,1] (u € C?(0,1) N C[0,1]) is said to be & (C*) positive solution
to SBVP (1) if it satisfies Eq.(1) anlt) > 0 fort € (0,1).

In this placeC positive solution includes the following four cases:

1)if 31 < 0,5 > 0, thenu € C%(0,1) N C*[0, 1];

2)if 81 = 0, 82 > 0, thenu € C?(0,1) N C*(0,1] N C[0, 1];
3)if /1 < 0,82 =0, thenu € C?(0,1) N C[0,1) N C[0, 1];
4)if gy = B2 = 0, thenu € C%(0,1) N C0, 1].

u € C%(0,1) N C[0,1] (u(t) > 0,t € (0,1)) is said to be a positive lower solution of (1) if it
satisfies
—(Lu)(t) < f(t,u(t)),  te(0,1);
Ri(u) =: aqu(0) + B1u/(0)
)

< 0;
Ro(u) =: agu(l) 4 B2u’(1) <O0.
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Similarly,v € C2(0,1) N C[0,1] (v(t) > 0, € (0,1)) is said to be a positive upper solution of
(1) if it satisfies the reverses of the above inequalities.

DefineE = C?(0,1) N CY0,1],if 81 < 0,8, > 0; E = C?(0,1) n C*0,1] n C[0,1], if
B =0,8>0; E=C%0,1)nC0,1)NC[0,1],if 1 < 0,68, =0; E = C?*0,1)NnC|0,1],if
(1 = B2 = 0. And we state the following results which will be used in section 2.

Lemmal.l —[11, Lemma 3.1.1-3.1.4] Suppo&H) is satisfied. Then the Green’s function
of homogeneous BVP (2) is

Low(s), 0<i<s<u
p

G(t,s) =
ll)x(s)y(t), 0<s<t<l,

andG(t, s) possesses the following properties:
(?) G(t, s) is continuous and symmetrical ¢ 1] x [0, 1];
(1) 0 < G(t,s) < G(s,s), Vt,sel0,1];
(4ii) = € C?[0, 1] is an increasing function with(¢) > 0 for ¢ € (0, 1];
(iv) y € C?[0,1] is a decreasing function witiat) > 0 for t € [0,1);
(v) (Lz)(t) =0, x(0) =—p1, 2'(0) = au;
(vi) (Ly)(t) =0, y(1) =B, ¢'(1) = —ay;
(vid) p > 0is a constant.

(viii) SetM = max{||z||, [y}, e(t) = A}Zmin{x(t), y(t)} for t € [0, 1]. Then

G(t,s) > e(t)G(r,s), Vt,s, T €[0,1], (3)

e(t)>0 for t€[0,1], and, 0<e(t) <1 for ¢e(0,1), 4)
172

Glt,1) = a(t)ylt) < = (). (5)

Lemmal.2 — [12] (Maximal Principle) Assume thaif|) holds, andy satisfies the differen-
tial inequality

(L) (t) = (p()¢' (1)) + a(t)p(t) = 0, t € (0,1).

If ©(t) attains the nonnegative maximum at an interior point of [0,1], theén = constant for
te(0,1).
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2. MAIN RESULTS

First we give a sufficient condition to guarantee the existence and uniquengsmsitive solution
to SBVP(1).

For convenience, we list the following hypothesis.

(H2) f #00n(0,1) x [1,400) and for eacht € (0,1), f(¢,u) is non-increasing with respect
tou € (0, 400).

(Hs) There exist constants, M, N, u(—oo < A, u < 0,M > 1,0 < N < 1) such that for
vVt € (0,1),Vu € (0, +00),

ftu) > 1 f(tu), if 1>M;  f(tlu) <I*f(t,u), if 0<1<N.
Theorem2.1— Suppos€ H,), (H2), and(Hs) are satisfied. In addition, if

1
/O £(5)y(5) £ (5. e(5))ds < oo,

then SBVP(1) has only on€' positive solution, where:(s), y(s), ande(s) are the same as in
Lemma 1.1.

Before proving Theorem 2.1, we first prove the following Lemma:

Lemma2.1 — Assume thatH,) and (H2) are satisfiedp(t) andp(t¢) are the positive lower
and positive upper solutions of (1) respectively. Thgt) < ¢(¢) forall ¢t € [0, 1].

PROOF— ForVe > 0, letp.(t) = ¢(t) + €. Then

—(Lpe)(t) = f(t,0(t) —q(t)e = f(t,p(t) = f(t, ¢e(t)), Vte (0,1),
and
a10:(0) + B1pL(0) > aye;
a2 (1) + Bagpl(1) > aze.

This means thap. is also a positive upper solution of (1).
If we setw(t) = ¢-(t) — ¢(t) for t € [0,1], then

a1w(0) + 1w’ (0) > arg;

asw(1l) 4+ Baw'(1) > age.
For the sake of proving(t) > 0 for ¢ € [0, 1], we should consider the following eight cases.
Case(i)— 1 = P2 =0,a1 > 0,9 > 0.
In this cases, the boundary conditiondg0) > 0 andw(1) > 0.

If there existsly € (0,1) with w(tg) < 0, then we can gefa, b] C (0, 1) such thatw(t) < 0
fort € (a,b) andw(a) = w(b) = 0. Obviously, there exist; € (a,b) such thatw(t;) < 0 and
w(ty) < w(t)fort € [a,b]. Noticing

—(Lw)(t) = f(t, (b)) = f(t, (1)) 20, € [a,b], (6)
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Lemmal.2 — guarantees that(t) = w(a) = w(b) = 0fort € [a, b].

This is a contradiction and we can draw the conclusiondf{at > 0 for ¢ € [0, 1].
Case (ii) — a1 = 2 = 0,9 > 0, 31 < 0.

In this case, the boundary condition$(0) = 0 andw(1) > 0.

If w(0) < 0, then we can choosg € (0,1) andt; € (0,ty) such thatw(tg) = 0,w’(t1) > 0,
andw(t) < 0 fort € [0,%y). Notice that

(Lw)(t) = (p(t)w' (1)) + a(t)w(t) < f(t, (1)) — f(t,0:(t) <0, t€[0,t]. (7)

Integrate (7) from O t@; to obtain

p(ty)w' (1) + /0 1 q(s)w(s)ds < 0. (8)

This is in contraction with

t1

p(t)w' (1) +/ q(s)w(s)ds > 0.

0

Thereforew(0) > 0 follows. The rest is very similar to the case (i) and we camgg) > 0
fort € [0, 1].

Case (iii) —ay = 1 = 0,1 > 0,52 > 0.

In this case, the boundary conditioruig0) > 0 andw’(1) = 0. Similar to case (ii), we can get
w(t) > 0fort € [0,1].

Case (iv) —a3 = 0,2 > 0,02 > 0,5, <O0.

In this case, the boundary condition can be divided into the following three states.
(@w'(0) =0,w(l) > 0,w'(1) > 0;
(b) w'(0) = 0,w(1) > 0,w'(1) < 0;
() w'(0) =0,w(1) < 0,w'(1) > 0.

Similar to the proof of case (ii), we can ge(t) > 0 for ¢t € [0, 1] under the circumstance (a)
and (b). Now we consider the cagg0) = 0, w(1) < 0,w’(1) > 0.
If w(t) <0fort e [0,1], then

(Lw)(t) = (p(t)w' (1)) + q()w(t) < f(t, ¢(t)) — f(t, ¢e(t)) <0, te€[0,1],
that is,
(p(t)w'(t)) < —q(t)w(t) <0, t€0,1]. 9)

Consequentlyp(t)w’(t) is decreasing in [0,1]. Noticing(0)w’(0) = 0 and combining with
(9), we havep(1)w'(1) < 0. This is in contradiction withv’(1) > 0.
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If w(0) < 0 and there existy € (0, 1) with w(ty) > 0, then we can find two points andt,
such thatw(t;) = w(te) = 0 andw(t) < 0fort € [0,¢1) U (t2, 1]. Since

t—t1— t—1t
and
w(t) — w(ts)

<0,

wi(t2) = tli’?;‘l* t—19

as above, we can get a contradiction when [t2, 1]. Astot € [0,;), it is easy to se@’(t) = 0

for ¢t € [0,t1], thatis,w(t) = w(t1) = 0 for ¢t € [0, 1], which is in contradiction withv(0) < 0.
Thereforeuw(0) > 0. Consequently, there exists € [0, 1) such thatw(t3) = 0 andw(t) < 0 for

t € (ts, 1]. Similar to the above proof, a contradiction follows. So we can draw the conclusion that
w(t) > 0fort e [0,1].

Case (v) —ag =0,a0 > 0,01 < 0,62 >0
The discussion is similar to the case (iv).
Case (vi) — 1 = 0, ag, a1, f2 > 0.
In this case, the boundary condition can be divided into the following three states.
(@w(0) > 0,w(1) > 0,w'(1) > 0;
(b) w(0) > 0,w(1) > 0,w'(1) < 0;
() w(0) > 0,w(1) < 0,w'(1) > 0.
The discussion of (a) and (b) are the same as that of case (i), and (c) is similar to the case (iv).
Case (vii) — 2 = 0,020 > 0,1 > 0,01 <O.
This case is similar to case (vi).
Case (viii) — aq > 0,9 > 0,01 < 0,52 > 0.

In this case, the boundary condition is one of the following forms:

(a) and (b) have been discussed, as to (c) and (d), they can be proved similar to case (iv).
To sum up, we can get(t) > 0 for ¢ € [0, 1]. Then, the arbitrary of guarantee the conclusion
of Lemma 2.1 holdsO

PROOF OF THEOREM 2.1— Sincef # 0on(0, 1) x [1, +00), there exist constantg € (0, 1)
andug € [1,+o00) such thatf (¢, ug) # 0. Let
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1
W) = /0 Gt 5) [ (5, u0)ds

_ @ t @ 1
=, /Ox(s)f(s,uo)ds+ P /ty(s)f(s,uo)ds, vt € [0,1].

Since
y’(t) t 1
P l‘(S)f(S, UO)dS + y(S)f(S7 UO)dSa
0 t
thenh(t) € C?(0,1)NCY0,1],]|h|| # 0, andh(t) > e(t)| | forallt € (0,1). Letc; be a constant
satisfyingc, ||| > M. Suppose

B (t) =

2'(t)
p

k = min{ciuo, |h| ¢} and m(t) = kh(t) for t € (0,1).

Then,
kh
(o) = f (b vl ) = A (e o).t € 0.1), (10)
Noticing the definition of:, we get
—(Lm)(t) = kf(t,u0) < e[|l f (¢, uo)- (11)
This together with
arm(0) + Bim/(0) = 0;  asm(1l) + Bom/(1) =0 (12)

guarantees that(t) is a positive lower solution of SBVP(1).
Define

ftu) uw=m(t);
ENES 13
g(tu) { Ft,m() w < ml). (13)
Consider the following SBVP:
—(Lu)(t) = g(t,u) Vte (0,1);
a1u(0) + 1/ (0) = 0; (14)
asu(l) + fou/ (1) =0

and its corresponding integral equation

1
u(t) = /O G(t, 5)g(s, u(s))ds, (15)

Define an operatoA as follows:
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1
(Au)(t) :/0 G(t,s)g(s,u(s))ds, Vte[0,1].

- 1 M
Noticing (13), we can choosg > max {N’ |||} Then forvu € C|0, 1],
m

1 1
0<(Au)(t) = /OG(t,s)g(s,u(s))ds§/0 G(t,s)f(s,m(s))ds

1
< / G(t,s)f (s,e(s)”chz> ds (16)
0 c2
1 1
< ch“/ x(s)y(s)f(s,e(s))ds < oo, te€[0,1].
0
Noticing Lemma 1.1, obviously, € F is a solution of (14) if and only if. € E is a solution of
(15).
Let

1
D={ueE: 0<u(t) < /0 G(t,s)f(s,m(s))ds}.

From (16) we cansed : D — D andD is a bounded set. The compactnessgiafan be easily
seen from Lemmas 2.1 and 2.2 of [13], however, now we also give a direct way to prove it.
In fact, notice that

(Au)(t) = [/ /0 £()9(5, u(s))ds

1
—i—a:’(t)/t y(s)g(s,u(s))ds], te][0,1].

Let

M) = :y() /0 £(5)9(s, u(s))ds

1
—|—1:’(t)/t y(s)g(s,u(s))ds, te€]|0,1].

Then,

/OlM(t)dt _ /Uly’(t)/Otﬂf(s)g(&U(s))dsdt

1 1
—i—/o x’(t)/t y(8)g(s,u(s))dsdt
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1
_ /0 2(s)g(s,u(s)) (y(1) — y(s))ds

1
4 /0 y(5)9(s,u(s)) (2(s) — 2(0))ds.

Combining above equality with Lemma 1.1, we get

1 1
/ M(ldt < / £(5)F(5,m(3)) (u(s) — Ba)ds
0 0
1
T / y(5) (5, m(s))(w(s) + Br)ds
1
< 2 / 2(5)y(s) f(5,m(s))ds

1
< 202_“/0 z(8)y(s)f(s,e(s))ds < .

This together with the absolute continuity of integrable function guarantee§Ahat v € D}
is an equicontinuous family on [0,1]. Therefore, by Arzela-Ascoli theorem, welgstrelatively
compact.

Supposé|u, — u|| — 0 asn — oo(un,u € D). Noticing (16), Lebesgue’s dominated conver-
gence theorem guarantees that

|Aun(t) — Au(t)|| = 0 (n — o0), Vte][0,1]. 17)

In the following we provd|Au,, — Au|| — 0 (n — o0). If this is not true, then there exist a
positive numbee, and a subsequende,,, } C {u,} such that

|Aup, — Aul| >e9 (1=1,2,3...). (18)

Since{ Au,, } is relatively compact, there is a subsequencgAi,,, } which converges to some
y € D. No loss of generality, we may assume that.,,, } itself converges tg, that is,

|Aun, —y|| =0 as i — oo. (19)

By virtue of (17) and (19), we have = Aw. This is a contradiction. HendeAw,, — Au|| —
0 (n — +o00) and the continuity ofd is proved.

By using Schauder’s fixed point theorem, there existe D such thatu* = Au*.

Similar to the proof of Lemma 2.1, we can get(¢t) > m(t) for ¢ € [0,1]. Noticingm(t) >
e(t)|lm| ande(t) > 0 fort € (0, 1), we can see that* is a positive solution of (1).

Finally we prove the uniqueness. Suppose, on the contrary, (1) has two positive salytions
andus(t). Since the solution of SBVP (1) is also an upper solution and a lower solution at the same
time, by Lemma 2.1, we get; = uy on|[0, 1].
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To sum up, we complete the proof of Theorem 2.1. O

In the following, we only consider the conditigh < 0, 32 > 0 and introduce a sufficient and
necessary condition which guarantees that (1) has only one positive solu@dfoir].

Theorem2.2— Assume(H ), (Hs), and(H3) are satisfied. Then SBVP(1) has an unigife
positive solution if and only if

1
0< /0 f(s,e(s))ds < o0,

wheree(t) is the same as in Lemma 1.1.

Before proving Theorem 2.2, we first consider the following lemma:

Lemma2.2 — Assumeu(t) € C%(0,1) N C[0, 1] is a positive solution of (1). Then there exist
two constants andb with 0 < a < b such thate(t) < u(t) < be(t) for ¢t € [0, 1], wheree(t) is
the same as in Lemma 1.1.

PROOF Sinceu(t) € C%(0,1)NC1[0, 1] is a positive solution of (1), them (0) > 0,4/(1) < 0,
andu(t) > 0forall ¢t € (0,1). Therefore,

1 1 1
/0 ftu()d = — / [p(t)ed (0)) dt — / g(t)u(t)dt
1
= —p()u(1) + p(0)'(0) - / g(t)u(t)dt

= N< —+00.

Obviously, 0 is not the solution of SBVP(1). $a|| > 0. Consider the following integral equation

u(t) = /G(t,s)f(s,u(s))ds. (20)

By (3) and (20), we can easily get thgt) > e(¢)||u| for ¢ € [0, 1]. On the other hand, noticing
(5) we obtain

1 Mz 1 ]T/pﬁ
u(t>g/0 G(t,t)f(s,u(s))dsgpe(t)/o s, u(s))ds = “—e(t).t € 0,1

Seta = ||u|| andb = ﬁ;ﬁ. Then the proof of Lemma 2.2 is completed.
THE PROOF OF THEOREM 2.2 — Sufficiency The proof of existence and uniqueness of
positive solution is very similar to that of Theorem 2.1, so we omit it.
Necessity Suppose SBVP(1) has a positive solutigift) € C2(0,1) N C*[0,1]. Then by
Lemma 2.2, we can find two constantindb with 0 < a < b such thatee(t) < u*(t) < be(t).
Noticing (Hs), letcs be a constant satisfying > M andé < N. Therefore,

Ft e(t) < f (t, v <t>3> <f (t, “*@)

ng
b Fegt f(t,ut(t)), te(0,1). (21)

o
IA

IN
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Integrate (21) from O to 1 to get

1 1
0 < /Of(s,e(s))dsgcg“b_’“/o f(s,u*(s))ds

1
— gt /O (p()a ()Y + qls)u(s))ds

1

= —c3"07M[p(1)u™'(1) — p(0)u™(0) +/ q(s)u”(s)ds] < oo

0

1 1
Now we need only to provyf f(s,e(s))ds > 0. Suppose, on the contrarJyf, f(s,e(s))ds =

0 0
0. Then it is easy to seg(s,e(s)) = 0 for s € (0,1). Choosec, such thate||u*|| > M and
i < N. we have

[[w*lea

Cq

0< f(s,u"(s)) < f (s,e(s)

Thenu*(t) = 0 fort € [0, 1]. This is a contradiction and the conclusion of Theorem 2.2 follaws.

) <O Mf(s,e(s)) =0, Vse(0,1).

Remarkl : If we changg H3) into (Hj3):
(H3) f is semi-homogeneous, that is, there exist constant N, M(—oco < A < 0 < p
< 1,0 < N <1< M) suchthatfor € (0,1) andu € (0, +00),
Vf(tu) < ftlu) <P f(tu), 0<T<N;
Pf(tu) < F(Tu) S PF(Eu), 1> M.

Then we have the following corollary from Theorem 2.2.
Corollary 2.1 Suppos€H, ), (Hs), and(H}) hold. Then SBVP(1) has uniqu&' positive so-
lution if and only if0 < [} f(s, e(s))ds < +o0.

Remark2 : Wheng; < 0,82 > 0, we can see thal < folx(s)y(s)f(s,e(s))ds < o0 is
equivalent td) < folf(s, e(s))ds < oo by lemma 1.1. Then we have:

Theorem2.3— Suppose€ H,), (Hz), and(Hs) are satisfied. Then SBVP(1}y( < 0, 52 > 0)
has an uniqué€’! positive solution if and only if

1
0< [ a(s)us) (ssels))ds < o,
0
wheree(t) is the same as in Lemma 1.1.
3. SOME EXAMPLES

Examplel — Consider the following singular boundary value problem:

{ <> <u<>> t € (0,1); 22)
u(0)
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where
1

t - -
f(t,u) o= P
a,B,7r > 0,0 < max{a,B} + 7 < 2. Then f(¢t,u) is singular att = 0,t = 1, andu = 0.

Obviously,
Gt 5) s(1—t), 0<s<t<;
yS) =
t(1—s), 0<t<s<l.

is the Green'’s function of
u’(t) =0,t € (0,1);
u(0) =u(1) =0.

It is easy to see that the conditions of Theorem 2.1 are satisfied if we choose

zt)=t, yt)=1-t,  et)= { i’_ f : Efoel[/f/]Q 1.

Consequently, SBVP (22) has only ofigpositive solution.

By Theorem 2.2, we can see that SBVP(22) has unique positive soltitierC?(0, 1)NC* [0, 1]
if and only if 0 < max{a, 8} +r < 1, wherea, 3, r > 0.

Example2 — Consider the following SBVP:

_u//(t) = f(tvu(t))> te (O> 1)5
Ry (u) = aqu(0) 4+ B1u/(0) = 0; (23)
Ro(u) = apu(l) + fou/(1) =0,

~— ~—

wherea; > 0, 51 <0, az >0, B2 > 0, andaag + a1 32 — Braz > 0,

M
(it — Br)P(ag + B2 — aat)du”’

f(t7u) =

M is a nonnegative constant,q,” > 0 and0 < max{p,q} + r < 2. Then, SBVP(23) has an

unigueC' positive solution.
To see this, notice that =(¢), andy(t) in Theorem 2.1 are as follows:

p = oo + Oélﬁg — ﬁlag > 0, $(t) = oyt — 61, y(t) = Q9 + 52 —agt, t€ (0, 1)

Obviously, f(t,u) satisfie§ Hy), (Hz), and(Hs). Therefore the conclusion follows.

Remark3 : If f(t,u) = AP (p < 0, A is a nonnegative constant), then (23) reduce to the well
known Emden-Fowler SBVP with negative exponent. We can easily get (23) has an unique positive
solution inC'[0, 1] if and only if =1 < p < 0.
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