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By constructing only a lower solution, this paper present a kind of sufficient and necessary

condition of unique positive solution to Sturm–Liouville singular boundary value problem.

Meanwhile, two examples are worked out to demonstrate the main results.
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1. INTRODUCTION

Singular boundary value problem (SBVP, for short) arises in many applied fields such as gas

dynamics, nuclear physics, chemical reactions, studies of atomic structures and atomic calculations

[1]. Therefore, it has been studied extensively in recent years, see, for instance, [2-10] and references

therein. However, most of the published articles in this area concentrate on the solvability of SBVP.

To our knowledge, few papers have investigated the uniqueness of SBVP’s positive solution. The

objective of the present paper is to search for sufficient and necessary conditions which guarantee

the existence and uniqueness of positive solution for SBVP. As we known, the Lipschitz condition

is often used to guarantee the uniqueness of solution. But, in SBVP, the singularity makes this

condition invalid. So in order to gain the existence and uniqueness of SBVP’s positive solution we

must search for other conditions.

In this paper, we consider Sturm–Liouville SBVP:

1The Project Supported by the National Natural Science Foundation of P.R. China (10571111) and Natural Science

Foundation of Shandong Province (Y2006A22).
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



−(Lu)(t) = f(t, u(t)), t ∈ (0, 1);
R1(u) =: α1u(0) + β1u

′(0) = 0;
R2(u) =: α2u(1) + β2u

′(1) = 0,

(1)

where(Lu)(t) = (p(t)u′(t))′ + q(t)u(t), f(t, u) : (0, 1) × (0,∞) → [0, +∞) is continuous and

may be singular att = 0, t = 1, andu = 0.

Throughout this paper, we always suppose the following condition is satisfied.

(H1) p(t) ∈ C1[0, 1], p(t) > 0, q(t) ∈ C[0, 1], q(t) ≤ 0, αi ≥ 0(i = 1, 2), β1 ≤ 0, β2 ≥ 0, and

α1α2 + α1β2 − β1α2 > 0 such that homogeneous boundary value problem

{
−(Lu)(t) = 0, t ∈ (0, 1);
R1(u) = R2(u) = 0, (P )

(2)

has only the trivial solution.

Gatica, Oliker, and Waltman [9] have studied the following SBVP:
{

u′′(t) + f(t, u) = 0, t ∈ (0, 1);
R1(u) = R2(u) = 0

(P )

and get a sufficient condition which guarantee the uniqueness of positive solution to problem (P) by

assuming the monotonicity off(t, u) in u. Liu and Yu [10] get two sufficient uniqueness conditions

by addingf(t, u) some monotone conditions for a more general problem (1). In this paper, as

before, we assumef(t, u) have a monotone condition inu for eacht, and this time we get a sufficient

and necessary condition for problem (1).

The approaches used in this paper are maximal principle and Schauder’s fixed point theorem.

The organization of this paper is as follows. In the rest of this section, some preliminaries and

lemmas are introduced. Next, in section 2, the main results will be stated and proved. In section 3,

some examples are worked out to demonstrate our main results.

A mapu ∈ C2(0, 1)∩C[0, 1] (u ∈ C2(0, 1)∩C1[0, 1]) is said to be aC (C1) positive solution

to SBVP (1) if it satisfies Eq.(1) andu(t) > 0 for t ∈ (0, 1).
In this place,C positive solution includes the following four cases:

1) if β1 < 0, β2 > 0, thenu ∈ C2(0, 1) ∩ C1[0, 1];

2) if β1 = 0, β2 > 0, thenu ∈ C2(0, 1) ∩ C1(0, 1] ∩ C[0, 1];

3) if β1 < 0, β2 = 0, thenu ∈ C2(0, 1) ∩ C1[0, 1) ∩ C[0, 1];

4) if β1 = β2 = 0, thenu ∈ C2(0, 1) ∩ C[0, 1].

u ∈ C2(0, 1) ∩ C[0, 1] (u(t) > 0, t ∈ (0, 1)) is said to be a positive lower solution of (1) if it

satisfies 



−(Lu)(t) ≤ f(t, u(t)), t ∈ (0, 1);
R1(u) =: α1u(0) + β1u

′(0) ≤ 0;
R2(u) =: α2u(1) + β2u

′(1) ≤ 0.
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Similarly, v ∈ C2(0, 1)∩C[0, 1] (v(t) > 0, t ∈ (0, 1)) is said to be a positive upper solution of

(1) if it satisfies the reverses of the above inequalities.

DefineE = C2(0, 1) ∩ C1[0, 1], if β1 < 0, β2 > 0; E = C2(0, 1) ∩ C1(0, 1] ∩ C[0, 1], if

β1 = 0, β2 > 0; E = C2(0, 1)∩C1[0, 1)∩C[0, 1], if β1 < 0, β2 = 0; E = C2(0, 1)∩C[0, 1],if
β1 = β2 = 0. And we state the following results which will be used in section 2.

Lemma1.1 — [11, Lemma 3.1.1-3.1.4] Suppose(H1) is satisfied. Then the Green’s function

of homogeneous BVP (2) is

G(t, s) =





1
ρ
x(t)y(s), 0 ≤ t ≤ s ≤ 1;

1
ρ
x(s)y(t), 0 ≤ s ≤ t ≤ 1,

andG(t, s) possesses the following properties:

(i) G(t, s) is continuous and symmetrical on[0, 1]× [0, 1];

(ii) 0 ≤ G(t, s) ≤ G(s, s), ∀t, s ∈ [0, 1];

(iii) x ∈ C2[0, 1] is an increasing function withx(t) > 0 for t ∈ (0, 1];

(iv) y ∈ C2[0, 1] is a decreasing function withy(t) > 0 for t ∈ [0, 1);

(v) (Lx)(t) ≡ 0, x(0) = −β1, x′(0) = α1;

(vi) (Ly)(t) ≡ 0, y(1) = β2, y′(1) = −α2;

(vii) ρ > 0 is a constant.

(viii) SetM̃ = max{‖x‖, ‖y‖}, e(t) =
1

M̃
min{x(t), y(t)} for t ∈ [0, 1]. Then

G(t, s) ≥ e(t)G(τ, s), ∀t, s, τ ∈ [0, 1], (3)

e(t) ≥ 0 for t ∈ [0, 1], and, 0 < e(t) ≤ 1 for t ∈ (0, 1), (4)

G(t, t) =
1
ρ
x(t)y(t) ≤ M̃2

ρ
e(t). (5)

Lemma1.2 — [12] (Maximal Principle) Assume that (H1) holds, andϕ satisfies the differen-

tial inequality

(Lϕ)(t) = (p(t)ϕ′(t))′ + q(t)ϕ(t) ≥ 0, t ∈ (0, 1).

If ϕ(t) attains the nonnegative maximum at an interior point of [0,1], thenϕ(t) ≡ constant for

t ∈ (0, 1).
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2. MAIN RESULTS

First we give a sufficient condition to guarantee the existence and uniqueness ofC positive solution

to SBVP(1).

For convenience, we list the following hypothesis.

(H2) f 6≡ 0 on (0, 1) × [1, +∞) and for eacht ∈ (0, 1), f(t, u) is non-increasing with respect

to u ∈ (0, +∞).
(H3) There exist constantsλ,M,N, µ(−∞ < λ, µ < 0,M ≥ 1, 0 < N ≤ 1) such that for

∀t ∈ (0, 1), ∀u ∈ (0,+∞),

f(t, lu) ≥ lλf(t, u), if l ≥ M ; f(t, lu) ≤ lµf(t, u), if 0 ≤ l ≤ N.

Theorem2.1— Suppose(H1), (H2), and(H3) are satisfied. In addition, if
∫ 1

0
x(s)y(s)f(s, e(s))ds < ∞,

then SBVP(1) has only oneC positive solution, wherex(s), y(s), ande(s) are the same as in

Lemma 1.1.

Before proving Theorem 2.1, we first prove the following Lemma:

Lemma2.1 — Assume that(H1) and(H2) are satisfied,φ(t) andϕ(t) are the positive lower

and positive upper solutions of (1) respectively. Thenφ(t) ≤ ϕ(t) for all t ∈ [0, 1].
PROOF— For∀ε > 0, let ϕε(t) = ϕ(t) + ε. Then

−(Lϕε)(t) ≥ f(t, ϕ(t))− q(t)ε ≥ f(t, ϕ(t)) ≥ f(t, ϕε(t)), ∀t ∈ (0, 1),

and

α1ϕε(0) + β1ϕ
′
ε(0) ≥ α1ε;

α2ϕε(1) + β2ϕ
′
ε(1) ≥ α2ε.

This means thatϕε is also a positive upper solution of (1).

If we setw(t) = ϕε(t)− φ(t) for t ∈ [0, 1], then

α1w(0) + β1w
′(0) ≥ α1ε;

α2w(1) + β2w
′(1) ≥ α2ε.

For the sake of provingw(t) ≥ 0 for t ∈ [0, 1], we should consider the following eight cases.

Case(i) — β1 = β2 = 0, α1 > 0, α2 > 0.

In this cases, the boundary condition isw(0) > 0 andw(1) > 0.

If there existst0 ∈ (0, 1) with w(t0) < 0, then we can get[a, b] ⊂ (0, 1) such thatw(t) < 0
for t ∈ (a, b) andw(a) = w(b) = 0. Obviously, there existt1 ∈ (a, b) such thatw(t1) < 0 and

w(t1) ≤ w(t) for t ∈ [a, b]. Noticing

−(Lw)(t) ≥ f(t, ϕε(t))− f(t, φ(t)) ≥ 0, t ∈ [a, b], (6)
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Lemma1.2 — guarantees thatw(t) ≡ w(a) = w(b) = 0 for t ∈ [a, b].

This is a contradiction and we can draw the conclusion thatw(t) ≥ 0 for t ∈ [0, 1].

Case (ii) — α1 = β2 = 0, α2 > 0, β1 < 0.

In this case, the boundary condition isw′(0) = 0 andw(1) > 0.

If w(0) < 0, then we can chooset0 ∈ (0, 1) andt1 ∈ (0, t0) such thatw(t0) = 0, w′(t1) > 0,

andw(t) < 0 for t ∈ [0, t0). Notice that

(Lw)(t) = (p(t)w′(t))′ + q(t)w(t) ≤ f(t, φ(t))− f(t, ϕε(t)) ≤ 0, t ∈ [0, t0]. (7)

Integrate (7) from 0 tot1 to obtain

p(t1)w′(t1) +
∫ t1

0
q(s)w(s)ds ≤ 0. (8)

This is in contraction with

p(t1)w′(t1) +
∫ t1

0
q(s)w(s)ds > 0.

Therefore,w(0) ≥ 0 follows. The rest is very similar to the case (i) and we can getw(t) ≥ 0
for t ∈ [0, 1].

Case (iii) — α2 = β1 = 0, α1 > 0, β2 > 0.

In this case, the boundary condition isw(0) > 0 andw′(1) = 0. Similar to case (ii), we can get

w(t) ≥ 0 for t ∈ [0, 1].

Case (iv) — α1 = 0, α2 > 0, β2 > 0, β1 < 0.

In this case, the boundary condition can be divided into the following three states.

(a)w′(0) = 0, w(1) ≥ 0, w′(1) > 0;

(b) w′(0) = 0, w(1) > 0, w′(1) ≤ 0;

(c) w′(0) = 0, w(1) < 0, w′(1) > 0.

Similar to the proof of case (ii), we can getw(t) ≥ 0 for t ∈ [0, 1] under the circumstance (a)

and (b). Now we consider the casew′(0) = 0, w(1) < 0, w′(1) > 0.

If w(t) < 0 for t ∈ [0, 1], then

(Lw)(t) = (p(t)w′(t))′ + q(t)w(t) ≤ f(t, φ(t))− f(t, ϕε(t)) ≤ 0, t ∈ [0, 1],

that is,

(p(t)w′(t))′ ≤ −q(t)w(t) ≤ 0, t ∈ [0, 1]. (9)

Consequently,p(t)w′(t) is decreasing in [0,1]. Noticingp(0)w′(0) = 0 and combining with

(9), we havep(1)w′(1) ≤ 0. This is in contradiction withw′(1) > 0.
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If w(0) < 0 and there existt0 ∈ (0, 1) with w(t0) > 0, then we can find two pointst1 andt2

such thatw(t1) = w(t2) = 0 andw(t) < 0 for t ∈ [0, t1) ∪ (t2, 1]. Since

w′−(t1) = lim
t→t1−

w(t)− w(t1)
t− t1

≥ 0,

and

w′+(t2) = lim
t→t2+

w(t)− w(t2)
t− t2

≤ 0,

as above, we can get a contradiction whent ∈ [t2, 1]. As to t ∈ [0, t1), it is easy to seew′(t) ≡ 0
for t ∈ [0, t1], that is,w(t) ≡ w(t1) = 0 for t ∈ [0, t1], which is in contradiction withw(0) < 0.

Therefore,w(0) ≥ 0. Consequently, there existst3 ∈ [0, 1) such thatw(t3) = 0 andw(t) < 0 for

t ∈ (t3, 1]. Similar to the above proof, a contradiction follows. So we can draw the conclusion that

w(t) ≥ 0 for t ∈ [0, 1].

Case (v) — α2 = 0, α1 > 0, β1 < 0, β2 > 0

The discussion is similar to the case (iv).

Case (vi) — β1 = 0, α2, α1, β2 > 0.

In this case, the boundary condition can be divided into the following three states.

(a)w(0) > 0, w(1) ≥ 0, w′(1) > 0;

(b) w(0) > 0, w(1) > 0, w′(1) ≤ 0;

(c) w(0) > 0, w(1) < 0, w′(1) > 0.

The discussion of (a) and (b) are the same as that of case (i), and (c) is similar to the case (iv).

Case (vii) — β2 = 0, α2 > 0, α1 > 0, β1 < 0.

This case is similar to case (vi).

Case (viii) — α1 > 0, α2 > 0, β1 < 0, β2 > 0.

In this case, the boundary condition is one of the following forms:

(a)w(0) ≥ 0, w(1) ≥ 0;

(b) w(0) > 0, w(1) < 0, w′(1) > 0;

(c) w(0) < 0, w′(0) < 0, w(1) < 0, w′(1) > 0; or

(d) w(0) < 0, w′(0) < 0, w(1) > 0.

(a) and (b) have been discussed, as to (c) and (d), they can be proved similar to case (iv).

To sum up, we can getw(t) ≥ 0 for t ∈ [0, 1]. Then, the arbitrary ofε guarantee the conclusion

of Lemma 2.1 holds.2

PROOF OF THEOREM 2.1— Sincef 6≡ 0 on(0, 1)×[1,+∞), there exist constantst0 ∈ (0, 1)
andu0 ∈ [1, +∞) such thatf(t0, u0) 6= 0. Let
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h(t) =
∫ 1

0
G(t, s)f(s, u0)ds

=
y(t)
ρ

∫ t

0
x(s)f(s, u0)ds +

x(t)
ρ

∫ 1

t
y(s)f(s, u0)ds, ∀t ∈ [0, 1].

Since

h′(t) =
y′(t)

ρ

∫ t

0
x(s)f(s, u0)ds +

x′(t)
ρ

∫ 1

t
y(s)f(s, u0)ds,

thenh(t) ∈ C2(0, 1)∩C1[0, 1], ‖h‖ 6= 0, andh(t) ≥ e(t)‖h‖ for all t ∈ (0, 1). Let c1 be a constant

satisfyingc1‖h‖ ≥ M . Suppose

k = min{c1u0, ‖h‖λcλ
1} and m(t) = kh(t) for t ∈ (0, 1).

Then,

f(t,m(t)) = f

(
t,

kh(t)
c1u0‖h‖c1u0‖h‖

)
≥ cλ

1‖h‖λf(t, u0), t ∈ (0, 1). (10)

Noticing the definition ofk, we get

−(Lm)(t) = kf(t, u0) ≤ cλ
1‖h‖λf(t, u0). (11)

This together with

α1m(0) + β1m
′(0) = 0; α2m(1) + β2m

′(1) = 0 (12)

guarantees thatm(t) is a positive lower solution of SBVP(1).

Define

g(t, u) =

{
f(t, u) u ≥ m(t);
f(t,m(t)) u < m(t).

(13)

Consider the following SBVP:





−(Lu)(t) = g(t, u) ∀t ∈ (0, 1);
α1u(0) + β1u

′(0) = 0;
α2u(1) + β2u

′(1) = 0,

(14)

and its corresponding integral equation

u(t) =
∫ 1

0
G(t, s)g(s, u(s))ds, (15)

Define an operatorA as follows:
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(Au)(t) =
∫ 1

0
G(t, s)g(s, u(s))ds, ∀t ∈ [0, 1].

Noticing (13), we can choosec2 ≥ max
{

1
N

,
M

‖m‖
}

. Then for∀u ∈ C[0, 1],

0 ≤ (Au)(t) =
∫ 1

0
G(t, s)g(s, u(s))ds ≤

∫ 1

0
G(t, s)f(s, m(s))ds

≤
∫ 1

0
G(t, s)f

(
s, e(s)

‖m‖
c2

c2

)
ds

≤ 1
ρ
c−µ
2

∫ 1

0
x(s)y(s)f(s, e(s))ds < ∞, t ∈ [0, 1].

(16)

Noticing Lemma 1.1, obviously,u ∈ E is a solution of (14) if and only ifu ∈ E is a solution of

(15).

Let

D = {u ∈ E : 0 ≤ u(t) ≤
∫ 1

0
G(t, s)f(s,m(s))ds}.

From (16) we can seeA : D → D andD is a bounded set. The compactness ofA can be easily

seen from Lemmas 2.1 and 2.2 of [13], however, now we also give a direct way to prove it.

In fact, notice that

(Au)′(t) =
1
ρ
[y′(t)

∫ t

0
x(s)g(s, u(s))ds

+x′(t)
∫ 1

t
y(s)g(s, u(s))ds], t ∈ [0, 1].

Let

M(t) = : y′(t)
∫ t

0
x(s)g(s, u(s))ds

+x′(t)
∫ 1

t
y(s)g(s, u(s))ds, t ∈ [0, 1].

Then,

∫ 1

0
M(t)dt =

∫ 1

0
y′(t)

∫ t

0
x(s)g(s, u(s))dsdt

+
∫ 1

0
x′(t)

∫ 1

t
y(s)g(s, u(s))dsdt
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=
∫ 1

0
x(s)g(s, u(s))(y(1)− y(s))ds

+
∫ 1

0
y(s)g(s, u(s))(x(s)− x(0))ds.

Combining above equality with Lemma 1.1, we get

∫ 1

0
|M(t)|dt ≤

∫ 1

0
x(s)f(s,m(s))(y(s)− β2)ds

+
∫ 1

0
y(s)f(s,m(s))(x(s) + β1)ds

≤ 2
∫ 1

0
x(s)y(s)f(s,m(s))ds

≤ 2c−µ
2

∫ 1

0
x(s)y(s)f(s, e(s))ds < ∞.

This together with the absolute continuity of integrable function guarantees that{Au : u ∈ D}
is an equicontinuous family on [0,1]. Therefore, by Arzela-Ascoli theorem, we getA is relatively

compact.

Suppose‖un − u‖ → 0 asn → ∞(un, u ∈ D). Noticing (16), Lebesgue’s dominated conver-

gence theorem guarantees that

‖Aun(t)−Au(t)‖ → 0 (n →∞), ∀t ∈ [0, 1]. (17)

In the following we prove‖Aun − Au‖ → 0 (n → ∞). If this is not true, then there exist a

positive numberε0 and a subsequence{uni} ⊂ {un} such that

‖Auni −Au‖ ≥ ε0 (i = 1, 2, 3 . . .). (18)

Since{Aun} is relatively compact, there is a subsequence of{Auni} which converges to some

y ∈ D. No loss of generality, we may assume that{Auni} itself converges toy, that is,

‖Auni − y‖ → 0 as i →∞. (19)

By virtue of (17) and (19), we havey = Au. This is a contradiction. Hence‖Aun − Au‖ →
0 (n → +∞) and the continuity ofA is proved.

By using Schauder’s fixed point theorem, there existsu∗ ∈ D such thatu∗ = Au∗.
Similar to the proof of Lemma 2.1, we can getu∗(t) ≥ m(t) for t ∈ [0, 1]. Noticing m(t) ≥

e(t)‖m‖ ande(t) > 0 for t ∈ (0, 1), we can see thatu∗ is a positive solution of (1).

Finally we prove the uniqueness. Suppose, on the contrary, (1) has two positive solutionsu1(t)
andu2(t). Since the solution of SBVP (1) is also an upper solution and a lower solution at the same

time, by Lemma 2.1, we getu1 ≡ u2 on [0, 1].
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To sum up, we complete the proof of Theorem 2.1. 2

In the following, we only consider the conditionβ1 < 0, β2 > 0 and introduce a sufficient and

necessary condition which guarantees that (1) has only one positive solution inC1[0, 1].
Theorem2.2— Assume(H1), (H2), and(H3) are satisfied. Then SBVP(1) has an uniqueC1

positive solution if and only if

0 <

∫ 1

0
f(s, e(s))ds < ∞,

wheree(t) is the same as in Lemma 1.1.

Before proving Theorem 2.2, we first consider the following lemma:

Lemma2.2 — Assumeu(t) ∈ C2(0, 1) ∩ C1[0, 1] is a positive solution of (1). Then there exist

two constantsa andb with 0 < a < b such thatae(t) ≤ u(t) ≤ be(t) for t ∈ [0, 1], wheree(t) is

the same as in Lemma 1.1.

PROOF: Sinceu(t) ∈ C2(0, 1)∩C1[0, 1] is a positive solution of (1), thenu′(0) ≥ 0, u′(1) ≤ 0,

andu(t) > 0 for all t ∈ (0, 1). Therefore,
∫ 1

0
f(t, u(t))dt = −

∫ 1

0
[p(t)u′(t)]′dt−

∫ 1

0
q(t)u(t)dt

= −p(1)u′(1) + p(0)u′(0)−
∫ 1

0
q(t)u(t)dt

:= Ñ < +∞.

Obviously, 0 is not the solution of SBVP(1). So‖u‖ > 0. Consider the following integral equation

u(t) =
∫

G(t, s)f(s, u(s))ds. (20)

By (3) and (20), we can easily get thatu(t) ≥ e(t)‖u‖ for t ∈ [0, 1]. On the other hand, noticing

(5) we obtain

u(t) ≤
∫ 1

0
G(t, t)f(s, u(s))ds ≤ M̃2

ρ
e(t)

∫ 1

0
f(s, u(s))ds =

M̃2Ñ

ρ
e(t), t ∈ [0, 1].

Seta = ‖u‖ andb = fM2 eN
ρ . Then the proof of Lemma 2.2 is completed.2

THE PROOF OF THEOREM 2.2 — Sufficiency. The proof of existence and uniqueness of

positive solution is very similar to that of Theorem 2.1, so we omit it.

Necessity. Suppose SBVP(1) has a positive solutionu∗(t) ∈ C2(0, 1) ∩ C1[0, 1]. Then by

Lemma 2.2, we can find two constanta andb with 0 < a < b such thatae(t) < u∗(t) < be(t).
Noticing (H3), let c3 be a constant satisfyingc3 ≥ M and 1

bc3
≤ N . Therefore,

0 ≤ f(t, e(t)) ≤ f

(
t,

u∗(t)
bc3

c3

)
≤ f

(
t,

u∗(t)
bc3

)

≤ b−µc−µ
3 f(t, u∗(t)), t ∈ (0, 1). (21)
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Integrate (21) from 0 to 1 to get

0 ≤
∫ 1

0
f(s, e(s))ds ≤ c−µ

3 b−µ

∫ 1

0
f(s, u∗(s))ds

= −c−µ
3 b−µ

∫ 1

0
[(p(s)u∗′(s))′ + q(s)u∗(s)]ds

= −c−µ
3 b−µ[p(1)u∗′(1)− p(0)u∗′(0) +

∫ 1

0
q(s)u∗(s)ds] < ∞.

Now we need only to prove
∫ 1

0
f(s, e(s))ds > 0. Suppose, on the contrary,

∫ 1

0
f(s, e(s))ds =

0. Then it is easy to seef(s, e(s)) = 0 for s ∈ (0, 1). Choosec4 such thatc4‖u∗‖ ≥ M and
1
c4
≤ N . we have

0 ≤ f(s, u∗(s)) ≤ f

(
s, e(s)

‖u∗‖c4

c4

)
≤ C−µ

4 f(s, e(s)) = 0, ∀s ∈ (0, 1).

Thenu∗(t) ≡ 0 for t ∈ [0, 1]. This is a contradiction and the conclusion of Theorem 2.2 follows.2

Remark1 : If we change(H3) into (H ′
3):

(H ′
3) f is semi-homogeneous, that is, there exist constantλ, µ, N, M(−∞ < λ < 0 < µ

< 1, 0 < N ≤ 1 ≤ M) such that fort ∈ (0, 1) andu ∈ (0, +∞),

lµf(t, u) ≤ f(t, lu) ≤ lλf(t, u), 0 ≤ l ≤ N ;

lλf(t, u) ≤ f(t, lu) ≤ lµf(t, u), l ≥ M.

Then we have the following corollary from Theorem 2.2.

Corollary 2.1 Suppose(H1), (H2), and(H ′
3) hold. Then SBVP(1) has uniqueC1 positive so-

lution if and only if0 <
∫ 1
0 f(s, e(s))ds < +∞.

Remark2 : Whenβ1 < 0, β2 > 0, we can see that0 <
∫ 1
0 x(s)y(s)f(s, e(s))ds < ∞ is

equivalent to0 <
∫ 1
0 f(s, e(s))ds < ∞ by lemma 1.1. Then we have:

Theorem2.3— Suppose(H1), (H2), and(H3) are satisfied. Then SBVP(1) (β1 < 0, β2 > 0)

has an uniqueC1 positive solution if and only if

0 <

∫ 1

0
x(s)y(s)f(s, e(s))ds < ∞,

wheree(t) is the same as in Lemma 1.1.

3. SOME EXAMPLES

Example1 — Consider the following singular boundary value problem:
{
−u′′(t) = f(t, u(t)), t ∈ (0, 1);
u(0) = u(1) = 0,

(22)
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where

f(t, u) =
1

tα(1− t)βur
,

α, β, r > 0, 0 < max{α, β} + r < 2. Then f(t, u) is singular att = 0, t = 1, andu = 0.

Obviously,

G(t, s) =

{
s(1− t), 0 ≤ s ≤ t ≤ 1;
t(1− s), 0 ≤ t ≤ s ≤ 1.

is the Green’s function of {
u′′(t) = 0, t ∈ (0, 1);
u(0) = u(1) = 0.

It is easy to see that the conditions of Theorem 2.1 are satisfied if we choose

x(t) = t, y(t) = 1− t, e(t) =

{
t, t ∈ [0, 1/2];
1− t, t ∈ [1/2, 1].

Consequently, SBVP (22) has only oneC positive solution.

By Theorem 2.2, we can see that SBVP(22) has unique positive solutionu∗ ∈ C2(0, 1)∩C1[0, 1]
if and only if 0 < max{α, β}+ r < 1, whereα, β, r > 0.

Example2 — Consider the following SBVP:





−u′′(t) = f(t, u(t)), t ∈ (0, 1);
R1(u) = α1u(0) + β1u

′(0) = 0;
R2(u) = α2u(1) + β2u

′(1) = 0,

(23)

whereα1 ≥ 0, β1 ≤ 0, α2 ≥ 0, β2 ≥ 0, andα1α2 + α1β2 − β1α2 > 0,

f(t, u) =
M

(α1t− β1)p(α2 + β2 − α2t)qur
,

M is a nonnegative constant,p, q, r > 0 and0 < max{p, q} + r < 2. Then, SBVP(23) has an

uniqueC positive solution.

To see this, notice thatρ, x(t), andy(t) in Theorem 2.1 are as follows:

ρ = α1α2 + α1β2 − β1α2 > 0, x(t) = α1t− β1, y(t) = α2 + β2 − α2t, t ∈ (0, 1).

Obviously,f(t, u) satisfies(H1), (H2), and(H3). Therefore the conclusion follows.

Remark3 : If f(t, u) = λup (p < 0, λ is a nonnegative constant), then (23) reduce to the well

known Emden-Fowler SBVP with negative exponent. We can easily get (23) has an unique positive

solution inC1[0, 1] if and only if−1 < p < 0.
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