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For the stability problem of homogeneous shear flows in sea straits of arbitrary cross section

considered in Denget al. [4] we prove the boundedness of the wave velocity of neutral modes

and the Howard’s conjecture, namely, the growth rate tends to zero as the wave length tends to

zero. Further we obtain two estimates for the growth rates and two parabolic instability regions

which in conjunction with the semicircular region of Denget al. reduce the latter instability

region further. Finally we show that the plane Couette flow has no normal modes under some

conditions.
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1. INTRODUCTION

The stability of homogeneous and stratified shear flows of an inviscid fluid to infinitesimal normal

mode disturbances has been studied extensively (see Drazin and Reid [3], Yih [8], Banerjeeet al.

[1], Padmini and Subbiah [5], Banerjeeet al. [2] and Schmid and Henningson [7]. These studies are

restricted to rectangular cross sections. However sea straits have rarely rectangular cross sections;

for example, the Bab al Mandab has a deep central trough, bordered by shallow flanges. To consider

flows relevant to sea straits, it is necessary to consider shear flows which are transversly uniform

but are contained in straits with arbitrary cross sections. That is, the velocity and stratification are

allowed to vary with elevationz, and perhaps with the along-channel directionx, but not with cross-

channel directiony. The linear theory governing the propagation of (transversly uniform) waves in

such flows was partially laid out by Prattet al. [6] who derived an extended version of the Taylor-

Goldstein equation accounting for non-rectangular cross section. Later Denget al. [4] laid out a
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more general theory for transversly uniform, time-dependent, stratified flow in a channel (or other

conduit) of arbitrary cross section. For the extended Taylor-Goldstein problem, they showed that

familiar results such as the Richardson number necessary condition for instability, and the semicircle

theorem are unaffected by the cross-sectional geometry. Proof of the Richardson number criterion

is given using a new method also. Denget al. [4] also considered the special case of the stability

of homogeneous shear flows. The stability of such flows is governed by the second order ordinary

differential equation

[(bW )′/b]′ − [[b(U ′
0b)

′/(U0 − c)] + k2]W = 0 (1)

with boundary conditions

W (0) = 0 = W (D). (2)

HereU0(z) is the basic velocity,b(z) is the width function of the channel,

c = cr + ici is the complex wave velocity of a normal mode,

W (z)eik(x−ct) is the vertical velocity of the disturbance where

k > 0 is the wave number and a prime denotes differentiation with respect toz. Denget al. [4]

have shown that the wave velocityc for unstable modes lies inside the semicircle

[cr − ((U0min + U0max)/2)]2 + c2
i = [(U0max − U0min)/2]2.

Also they have shown that a necessary condition for instability is that

(U ′
0/b)′ is zero somewhere in(0, D). The semicircle theorem proves the boundedness of the

wave velocity of unstable modes but it does not say anything about the boundedness or otherwise

of the neutral modes. Also the instability region given by the above semicircle does not depend on

(U ′
0/b)′ as is expected from the second result. In this paper, we establish the boundedness of wave

velocity of neutral modes and further we obtain instability regions depending on(U ′
0/b)′. These

are parabolic regions which intersect the semicircle under some conditions. We further prove the

Howard’s conjecture for this problem namely, the growth ratekci tends to zero as the wave length

tends to zero. This is based on obtaining a suitable estimate for the growth rate of an unstable mode.

We have also obtained two more estimates for the growth rate of any unstable mode. Finally we

consider the special case of a plane Couette flow with constantT , whereT = (log b)′ and prove

that there are no normal modes withc > D whenT is a positive constant and withc < 0 whenT is

a negative constant.

2. STABILITY RESULTS

Now we shall establish the results stated in the Introduction.

Theorem 1 — The wave velocity of neutral modes is bounded.

PROOF : For neutral modes the wave velocityc is real. For singular neutral modesU0min ≤
c ≤ U0max and so the wave velocity is bounded. For non-singular neutral modesU0 − c 6= 0 in

[0, D].
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Multiplying (1) by bW and integrating over(0, D), using the boundary conditions (2), we get
∫

(|(bW )′|2/b)dz +
∫

(k2b|W |2)dz +
∫

[b(U ′
0/b)′/(U0 − c)]b|W |2dz = 0.

In this paper all the integrals are integrals over(0, D) and so the
∫ D
0 (.)dz is written as

∫
(.)dz

for brevity.

Dropping the first term which is non-negative, we have
∫

[k2(U0 − c)2 + b(U ′
0/b)′(U0 − c)][b|W |2/(U0 − c)2]dz ≤ 0.

This implies that there is a pointz = zs in (0, D) such that

k2(U0(zs)− c)2 + (b(U ′
0/b)′)(zs)(U0(zs)− c) ≤ 0.

This yields the quadratic inequality

k2c2 − [2k2U0(zs) + b(U ′
0/b)′(zs)]c + [k2U2

0 (zs) + b(U ′
0/b)′(zs)U0(zs)] ≤ 0.

This inequality has discriminant equal tob2[(U ′
0/b)′(zs)]2 ≥ 0.

Therefore, the quadratic equation obtained by taking the equality sign in the above has two real

roots and the value ofc satisfying the above inequality should lie between those two roots. Hence

we have

U0(zs) + [b(zs)(U ′
0/b)′(zs)/2k2]− [|b(zs)(U ′

0/b)′(zs)|/2k2] ≤ c

≤ U0(zs) + [b(zs)(U ′
0/b)′(zs)/2k2] + [|b(zs)(U ′

0/b)′(zs)|/2k2].

This implies that

U0min + [b(zs)(U ′
0/b)′(zs)/2k2]min−[|b(zs)(U ′

0/b)′(zs)|/2k2]max ≤ c

≤ U0max + [b(zs)(U ′
0/b)′(zs)/2k2]max + [|b(zs)(U ′

0/b)′(zs)|/2k2]max.

This proves the boundedness of the wave velocity of all neutral modes.

Remark1 : In the preceding analysis we have dropped the term
∫

(|(bW )′|2/b)dz. By the well-

known Rayleigh-Ritz inequality we can easily get

∫
(|(bW )′|2/b)dz ≥ (π2/D2bmax)

∫
|bW |2dz (3)

and using this in the above analysis we can obtain bounds forc as above withk2 replaced by

α2 = (π2bmin/D2bmax) + k2.

Theorem 2 — An estimate for the growth rate of an unstable mode is given by

k2c2
i ≤ |b(U ′

0/b)′|max[U0max − U0min ]/[1 + (bminπ
2/k2bmaxD

2)].
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PROOF: For an unstable mode,ci > 0 and the eigenfunctionW is complex valued. Multiplying

(1) by bW ∗ whereW ∗ is the complex conjugate ofW , integrating over(0, D), and using the

boundary conditions (2), we get
∫

(|(bW )′|2/b)dz +
∫

(k2b|W |2)dz +
∫

[b(U ′
0/b)′/(U0 − c)]b|W |2dz = 0.

The real part of the above gives

∫
(|(bW )′|2/b)dz +

∫
(k2b|W |2)dz

+
∫

[b(U ′
0/b)′[U0 − cr]/|(U0 − c)|2]b|W |2dz = 0. (4)

By the semicircle theorem we have

|U0 − cr| ≤ [U0max − U0min ] and 1/|U0 − c|2 ≤ c2
i . (5)

Using (3) and (5), we have

[(π2bmin/D2bmax) + k2]
∫

b|W |2dz

≤
∫

[|b(U ′
0/b)′|max [U0 max − U0min]/c2

i ]b|W |2dz.

This gives the following estimate for the growth rate.

k2c2
i ≤ |b(U ′

0/b)′|max[U0max − U0min ]/[1 + (bminπ
2/k2bmaxD

2)].

From this estimate we can see thatci → 0 ask →∞.

Theorem 3 — The growth rate of an unstable modekci → 0 as the wave numberk →∞.

PROOF : From (4) we have

k2

∫
(b|W |2)dz ≤

∫
[b(U ′

0/b)′[U0 − cr]/[(U0 − cr)2 + c2
i ]]b|W |2dz. (6)

Now using the inequality[(U0 − cr)− ci]2 ≥ 0.

We have[U0 − cr]/[(U0 − cr)2 + c2
i ] ≤ 1/2ci. This can be used in (6) to get

k2

∫
b|W |2dz ≤ [|b(U ′

0/b)′|max/2ci]
∫

b|W |2dz.

From this we havek2ci ≤ |b(U ′
0/b)′|max/2 and it follows thatkci ≤ |b(U ′

0/b)′|max/2k.

Hencekci → 0 ask →∞ and the proof is complete.

Now we shall obtain another estimate of growth rate.
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Theorem 4 — An estimate for the growth rate of an unstable mode is given by

k2c2
i ≤ (U ′

0)
2
max/4[1 + (bminπ

2/k2b maxD2)].

PROOF : For an unstable modelC complex withci > 0. Then(U0 − c) 6= 0 and therefore

(U0 − c)1/2 is well-defined. SubstitutingG = (U0 − c)−1/2W in (1), we get

[(U0 − c)(bG)′/b]′ − [((U ′
0)

2/4(U0 − c))G]− b(U ′
0/b)′G− k2(U0 − c)G = 0. (7)

The boundary conditions are G(0) = 0 = G(D). (8)

Multiplying (7) by bG∗ (whereG∗ is the complex conjugate ofG) and integrating it over(0, D)
using the boundary conditions (8), we have

∫
[(U0 − c)[(|(bG)′|2/b) + k2b|G|2]]dz +

∫
[((U ′

0/b)′/2)|bG|2]dz

+
∫

[((U ′
0)

2/4(U0 − c))]b|G|2dz = 0. (9)

The imaginary part of (9) gives
∫

[(|(bG)′|2/b) + k2b|G|2]dz =
∫

((U ′
0)

2b|G|2/4|U0 − c|2)]dz. (10)

By the use of the well known Rayleigh - Ritz inequality, we have
∫

(|(bG)′|2/b)dz ≥ (π2bmin/D2bmax)
∫

b|G|2dz. (11)

and using this in (10), we get

[(π2bmin/D2bmax) + k2]
∫

b|G|2dz ≤ [(U ′
0)

2
max/4c2

i ]
∫

b|G|2 dz.

The estimate for growth rate stated in the theorem follows from this.

Now we shall obtain two instability regions. We can takeUo > 0 without any loss of generality

sinceU0 − c = U0 + A− (c + A) for any arbitrary real constantA and this does not affectci.

Theorem 5 — If (c, G) is a solution of (7) - (8) and

f(z) = b(U ′
0/b)′ − 2U0minα

2 < 0 for everyz in (0, D) then

c2i ≤ λ[cr + (U0max/(m− 1))]

whereλ = [(U ′
0)

2(m− 1)/2f ]max,m = U0 max/U0min andα2 = (π2bmin/D2bmax) + k2.

PROOF : Taking the real part of (9), we have
∫

(U0 − cr)[(|(bG)′|2/b) + k2b|G|2]dz +
∫

((U ′
0/b)′/2)|bG|2dz

+
∫

[((U ′
0)

2(U0 − cr))/4|U0 − c|2]b|G|2dz = 0. (12)
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Then multiplying (10) by(−mcr) and adding the resultant equation to (12), we get
∫

[(U0 − (m + 1)cr)[(|(bG)′|2/b) + k2b|G|2]dz +
∫

((U ′
0/b)′/2)|bG|2dz

+
∫

((U ′
0)

2(U0 + (m− 1)cr)/4|U0 − c|2)b|G|2]dz = 0. (13)

Now we see that

[U0 + (m− 1)cr]min = U0max > 0 and [U0 − (m + 1)cr]max = −U0min < 0

Then we have
∫

(U0 − (m + 1)cr)[(|(bG)′|2/b) + k2b|G|2]dz ≤ [U0 − (m + 1)cr]maxα
2

∫
b|G|2dz

≤ −U0minα
2

∫
b|G|2dz.

Also we have from (13),
∫

(b(U ′
0/b)′/2)− U0minα

2)b|G|2dz

+
∫

((U ′
0)

2(U0 + (m− 1)cr)/4|U0 − c|2)b|G|2dz ≤ 0.

Sincec2
i /|U0 − c|2 ≤ 1, we have

∫
[2f(z)c2

i + ((U ′
0)

2(U0 + (m− 1)cr)))/4|U0 − c|2]b|G|2dz ≤ 0.

Hence there existszs ∈ [0, D] such that

2f(zs)c2
i + ((U ′

0)
2(zs)(U0(zs) + (m− 1)cr)) < 0

and therefore

c2
i ≤ [(U ′

0)
2(zs)(m− 1)/− 2f(zs)][cr + (U0(zs)/(m− 1))].

i.e.,

c2
i ≤ λ[cr + (U0 max/(m− 1)].

Theorem 6 — If (c,G) is a solution of (7) - (8) andg(z) = b(U ′
0/b)′ + 2U0maxα

2 > 0, for every

z ∈ [0, D] then

c2
i ≤ λ∗[cr − (U0min/(m + 1))]

where

λ∗ = [(U ′
0)

2(m + 1)/2g]min.

PROOF : Multiplying (10) by (mcr) and adding the resultant equation to (12), and proceeding

as in the previous theorem we get the result stated in the theorem.
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Remark 2 : Following the arguments given in Banerjeeet al. [1] it is obviously seen that the

first parabolic region intersects the semicircular region when

λ < (((m− 1)/(m + 1))U0min + U0max)− [(((m− 1)/

(m + 1))U0min + U0max)2 − (U0max − U0min)
2]

1/2

and the second parabolic region intersects the semicircular region when

λ∗ < (((m + 1)/(m− 1))U0max + U0min)− [(((m + 1)/

(m− 1))U0max + U0min)
2 − (U0max − U0min)

2]
1/2 .

Remark3 : WhenT = 0, it is well known that the Plane Couette flow has no normal modes.

Now we shall consider the Plane Couette flow whenT is a constant. In this case we have

W ′′ + [−k2]W + (T/(z − c))[(z − c)W ]′ = 0.

W ′′ + TW ′ + [(T/(z − c))− k2]W = 0.

W ′′ − k2W + TW ′ + TW/(z − c) = 0.

Under the transformationW = e−Tz/2V , this equation reduces to

V ′′ − [k2 + T 2/4]V + TV/(z − c) = 0. (14)

The boundary conditions are

V (0) = 0 = V (D). (15)

Multiplying the equation (14) byV , integrating it over(0, D), using integration by parts for-

mula, and applying the boundary conditions (15), we get
∫

[(V ′)2 + α2
0V

2]dz =
∫

((T/(z − c)))V 2dz.

Whereα2
0 = k2 + T 2/4.

L.H.S. is positive and therefore R.H.S. should be positive.

This is impossible ifT > 0 andz − c < 0 or T < 0 andz − c > 0. This means no normal

modes can exist with phase velocityc > D whenT is a positive constant and withc < 0 whenT is

a negative constant.

3. CONCLUDING REMARKS

We have obtained some general results for the stability problem of homogeneous shear flows in sea

straits of arbitrary cross section. We have proved the boundedness of the wave velocity of neutral

modes and the Howard’s conjecture namely, the growth rate of an unstable mode tends to zero as the
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wave length tends to zero. This is followed by derivation of parabolic instability regions which in

conjunction with the already known semicircular region reduces the semicircular region. Also, we

have obtained some estimates for the growth rate of any arbitrary unstable disturbance. In addition

to the general results mentioned above, we proved a particular result, namely, the plane Couette

flow has no normal modes under some conditions. Finally we want to add here that some of these

results can be extended to the case of stratified shear flows and these will be reported later.
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