
Indian J. pure appl. Math.,38(2): 105-121, April 2007

c© Printed in India.

SHAPE RECONSTRUCTION OF AN INVERSE BOUNDARY VALUE PROBLEM FOR THE

STATIONARY HEAT CONDUCTION WITH A ROBIN CONDITION1

ZHIMING GAO AND Y ICHEN MA

College of Science, Xi’an Jiaotong University, Xi’an, Peoples’ Republic of China710049

E-mails: dtgaozm@gmail.com; ycma@mail.xjtu.edu.cn

(Received4 January2006;after final revision24November2006;accepted31December2006)

This paper considers the inverse problem to determine the shape of an insulated inclusion within

one heat conducting medium from a knowledge of the heat flux on the exterior boundary. The

domain derivative of the operator mapping the interior Robin boundary onto the information of

the heat flux on the exterior boundary is presented. This result can be used to derive some iter-

ative regularization methods solving such ill-posed and nonlinear inverse problem. Numerical

examples indicate the feasibility of our algorithm.
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1. INTRODUCTION

Let D1 andD2 be two simply connected bounded domains inRN (N=2) such thatD̄1 ⊂ D2. We

assume that the boundaries ofD1 andD2 are of classC2 and denote them byΓ1 andΓ2, respectively.

Further denoteD := D2\D̄1 and∂D := Γ1 ∪ Γ2. We consider the following boundary value

problem for the stationary heat conduction

−div (a∇u) = f in D (1.1)

subject to the boundary conditions

a ∂νu + k(u− ub) = g on Γ1,

u = ub on Γ2,

1This work is supported by National Natural Science Foundation of China (10371096).
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whereu(x) represents the temperature, the heat conductivitya = a(x) ≥ γ > 0, f(x) is a given

heat source,ub is the temperature of boundaryΓ2, ν denotes the outward unit normal to∂D, and we

use the notation∂ν := ∂
∂ν throughout the whole paper. The homogenous Robin boundary condition

(g = 0) on Γ1 is intermediate with the boundary neither being perfectly conducting nor perfectly

insulated, withk a positive coefficient representing the heat conductivity of the boundaryΓ1. The

existence and uniqueness of weak solutions to this boundary value problem are well established in

[5].

The inverse problem we are concerned with is, to determine the shape ofD1 by measurements

of the Neumann data

a∂vu = G

on a nonempty open subsetΓ of Γ2 (or on the wholeΓ2). HereG represents the heat flux acrossΓ.

The inverse problem is ill-posed, since the construction of the solution to the equation (1.1) from the

Cauchy data onΓ2 is an ill-posed linear problem. It is nonlinear, since the solution to the boundary

value problem depends nonlinearly on the boundaryΓ1.

This inverse problem has many applications in the industry, such as nondestructive testing,

thermal imaging, and so on. As a possible application we mention the reconstruction of the shape

of an ice inclusion within a solid or liquid body from measurements of the temperature and the heat

flux on the (part of) exterior boundary. Note that without any loss of generality, we only need to

consider the problem withub = 0:





−div (a∇u) = f in D ,

a∂vu + ku = g onΓ1,

u = 0 onΓ2 .

(1.2)

The derivative of the solutionu with respect to the boundaryΓ, the so-called “domain deriva-

tive”, can be represented by the solution of a boundary value problem. In the application theory of

domain derivative, Pironneau [15] used this technique to give a systematic study for elliptic equa-

tion. Kirsch [13] and Hettlich [8] solved the inverse obstacle scattering problem for sound soft and

sound hard obstacles, then in [11], Hettlich and Rundell considered an inverse potential problem

using domain derivative. In [1, 2], the three authors dealt with the inverse boundary problem for

the time-dependent heat equation only in the case of perfectly conducting and insulating inclusions.

However, there’s very little paper to deal with the reconstruction of a Robin boundary especially for

heat equation, but our paper will focus on an inverse problem to determine the shape of the interior

Robin boundary from a knowledge of the heat flux on the exterior boundary. Using some identities

on the variational boundary which appeared in the recent book [4], we will also give a compact

expression of the domain derivative of the operator mapping the interior Robin boundary onto the
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information of the heat flux on the exterior boundary.

This paper is organized as follows. In section 2, we will establish the differentiability of the

solution to the boundary value problem (1.2) with respect to the interior boundaryΓ1 using the

techniques similar to those used in some papers and books such as [16, 13, 8, 4, 6]. This section

contains the main theoretical result we require for the numerical methods. Finally section 3 is

devoted to a Gauss-Newton scheme with regularization applied to the numerical inverse problem,

and during the numerical simulation, we also use the mesh adaption technique.

2. THE DOMAIN DERIVATIVE

Firstly, we introduce the spaceH 1
Γ2,0(D) :=

{
u ∈ H1(D) : u = 0 on Γ2

}
. HereHs denotes the

usual Sobolev space of orders ∈ R.

Assume thatf andg belong toC1(D̄), by partial integration, (1.2) can be equivalently formu-

lated as follows: findu ∈ H 1
Γ2,0(D) such that

L(u , v) =
∫

D
f v dx +

∫

Γ1

g v ds ∀ v ∈ H 1
Γ2,0(D), (2.1)

where the bilinear formL onH 1
Γ2,0(D)×H 1

Γ2,0(D) is defined by

L(w , v) =
∫

D
a∇w · ∇v dx + k

∫

Γ1

w v ds.

Obviously, the formL is H1−coercive according to the classical theory of elliptic system(see [5]).

For establishing differentiability of the solutionu to the boundary value problem (1.2) with respect

to the interior boundaryΓ1, we begin by defining a nonlinear operatorF from X into H−1/ 2( Γ)

F : Γ1 7−→ (a ∂vu)|Γ. (2.2)

Here,X denotes the following admissible setX:

X = {f ∈ C2(S1,R2)|f : S1 → f(S1) ⊂ D2 is aC2diffeomorphism},

whereS1 is the unit circle inR2, and we identifyΓ1 = f(S1) with the mappingf ∈ X. In terms

of this operator, our inverse problem consists of solving the nonlinear and ill-posed equation

F (Γ1) = G (2.3)
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for Γ ∈ X, whereG represents the heat flux acrossΓ, i.e. G := (a ∂vu)|Γ.

Now letΓ1 ∈ X and a perturbation of the boundaryΓ1 is specified byΓ1,h := {x + h(x) : x ∈ Γ1}.
Define the diffeomorphismϕ(x) = x + h(x), and letD1,h be a bounded domain with boundary

Γ1,h, andDh := D2\D̄1,h. If the vector fieldh ∈ C1(Γ1) is sufficiently small,Γ1,h is aC1 bound-

ary belonging toX. We choose an extension ofh ∈ C1(D) with ||h||C1(D) 6 c ||h||C1(Γ1) (the

positive constantc independently ofh), which vanishes in the exterior of a neighborhood ofΓ1.

Now we define the domain derivative ofF atΓ1 in the directionh by

F ′(Γ1)h = lim
ε→0

F (Γ1,εh)− F (Γ1)
ε

.

Denote the inverse function ofϕ by ψ. Jϕ, Jψ are the Jacobian matrices, and the Jacobian ofϕ

with respect to the surface integral is abbreviated byJ̃ϕ, which is given asJ̃ϕ = det(Jϕ)|(J−1
ϕ )T ν|

(see [4]) .The Jacobian ofh is denoted byJh. For a ∈ C1(D) elementary calculations show the

first-order expansions

||f̃h det(Jϕ)− f − div (fh)||∞ = o (||h||C1) (2.4)

||ãhJψJT
ψ det(Jϕ)− aI + a(Jh + JT

h )− div (ah)I||∞ = o (||h||C1) (2.5)

||det(J̃ϕ)− 1− divτh||∞ = o (||h||C1) (2.6)

||g̃ det(J̃ϕ)− g − gdivτh− h · ∇g||∞ = o (||h||C1) , (2.7)

where ãh = ah ◦ ϕ denotes the composition of a function with the diffeomorphismϕ. On the

boundary we denote by∇τu the tangential gradient of a scalar valued functionu and bydivτh the

tangential divergence of a vector fieldh (see [3] for an exact definition). Actually, the proofs of

them are easily obtained by using theorem 4.1 and formula (4.2) in chapter 8 of [4].

The main theoretical result of this paper is the following theorem.

Theorem2.1 — Let f, g ∈ C1(D), andu ∈ H 1
Γ2,0(D) denotes the solution of the variational

equation (2.1).uh is defined on the perturbed domainDh. Then u is differentiable atΓ1 in the sense

that there existsw ∈ H 1
Γ2,0(D) linearly depending onh such that

lim
h→∞

1
||h||C1

||ũh − u− w||H 1
Γ2,0(D) = 0. (2.8)

Furthermorew = u′ + h · ∇u, where the domain derivativeu′ ∈ H1
Γ2,0(D) satisfies

−div (a∇u′) = 0 in D (2.9a)
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with

a ∂νu
′ + ku′ = a∇τhν · ∇τu− hν [k∂vu + ∂ν (a∂vu)− ∂νg] on Γ1, 8 (2.9b)

where the notationhν = h · ν denotes the normal component of the vector fieldh.

Before the proof, we introduce some useful formulae (see [14, 4]) without proofs.

Lemma2.1 — Letu ∈ H1/2(Γ) be a scalar function andυ ∈ H1/2(Γ)N (N > 2) a tangent

vector field defined on the surfaceΓ. The following tangential Stokes formula holds:

∫

Γ
divτυ ds =

∫

Γ
H υ · ν ds.

The above formula yields the tangential Green formula

∫

Γ
∇τu · υ ds +

∫

Γ
udivτυ ds =

∫

Γ
H u υ · ν ds. (2.10)

where the additive curvatureH := div ν, that is ,the sum of the N-1 curvatures of the surface

Γ or N-1 times the mean curvaturẽH of the surfaceΓ(see [4]).

Lemma2.2 — Let u ∈ C2(Γ), a ∈ C1(Γ) be two scalar functions, and a vector fieldv ∈
C1(Γ)N. The following decompositions hold:

∇u = ∇τu + ∂vu ν (2.11)

υ = (υ · ν)ν + ντ , ντ := ν ∧ (υ ∧ ν) (2.12)

div υ = divτvτ + H(υ · ν) + ∂ν(υ · ν) (2.13)

div (a∇u) = divτ (a∇τu) + H a∂νu + ∂ν (a∂νu) . (2.14)

Now we begin our proof of Theorem 2.1.

PROOF: Like [12], this proof is also divided into three parts. First we establish the continuous

dependence of the solutionu on variations of the boundaryΓ1. Then differentiability of the solution

u to the boundary value problem (1.2) with respect to the boundaryΓ1 is obtained as defined in

Theorem 2.1. The representation of the domain derivative is shown in the last part of the proof.

Let uh ∈ H 1
Γ2,0(D) be the solution of the perturbed problem, for a variationh given by the

solution of

∫

Dh

ah∇uh · ∇v dx + k

∫

Γ1,h

uh v ds =
∫

Dh

fh v dx +
∫

Γ1,h

gh v ds (2.15)
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for all v ∈ H 1
Γ2,0(D) and we obtainF (Γ1,h) = a∂νuh on Γ. A change of variables by the

diffeomorphismϕ leads to
∫

D
∇ũh · ãhJψJT

ψ det(Jϕ)∇v dx + k

∫

Γ1

ũh v det(J̃ϕ) ds

=
∫

D
f̃h v det(Jϕ) dx +

∫

Γ1

g̃h v det(J̃ϕ) ds (2.16)

for all v ∈ H 1
Γ2,0(D) with ũh = uh ◦ ϕ ∈ H 1

Γ2,0(D).

The difference of the variational equations (2.15) and (2.16) yields

L(ũh − u , v)

=
∫

D
a∇(ũh − u) · ∇v dx + k

∫

Γ1

(ũh − u)v ds

=
∫

D
∇ũh ·

[
a I − ãhJψJT

ψ det(Jϕ)
]∇v dx + k

∫

Γ1

[1− det(J̃ϕ)]ũhv ds

+
∫

D
[f̃h det(Jϕ)− f ]v dx +

∫

Γ1

[g̃h det(J̃ϕ)− g] v ds. (2.17)

By estimates (2.4)–(2.7), and a perturbation argument we find that the operatorL exists a bounded

inverse, ifh is sufficiently small. In particular,||ũh||H 1
Γ2,0(D) is uniformly bounded and (2.4)–(2.7)

lead to

L(ũh − u, v) 6 C||h||C1 ||v||H 1
Γ2,0(D)

with the constantC > 0. The coercivity ofL yields

||ũh − u||H 1
Γ2,0(D) → 0, if ||h||C1 → 0.

That is,u depends continuously on the boundaryΓ1.

In order to show differentiability, we definew ∈ H 1
Γ2,0(D) by the unique solution of

L(w, v) =
∫

D
∇u · [a(Jh + JT

h )− div (ah)I]∇v dx +
∫

D
div (fh) v dx

− k

∫

Γ1

divτhu v ds +
∫

Γ1

(g divτh + h · ∇g)v ds. (2.18)
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Then from the estimates (2.4)–(2.7) and the continuity ofũh, we obtain

1
||h||C1

L(ũh − u− w , v) 6 C||h||C1 ||v||H 1
Γ2,0(D) (2.19)

for all v ∈ H 1
Γ2,0(D), with the constantC > 0. Now the existence of a bounded inverse

according to the formL implies differentiability.

Finally, we have to show thatw can be split intou′ andh · ∇u. By elementary calculation, we

have the formula

∇u · [a (
Jh + JT

h

)− div (ah)I
]∇v

= −(h · ∇u) div (a∇v)− (h · ∇v) div (a∇u)

+ div [a(h · ∇u)∇v + (h · ∇v)(a∇u)− (a∇u · ∇v)h]. (2.20)

This identity yields

L(h · ∇u , v) =
∫

D
a∇(h · ∇u) · ∇v dx + k

∫

Γ1

(h · ∇u) v ds

=
∫

D
∇u · [a (

Jh + JT
h

)− div (ah)I
]∇v dx

+
∫

D
(h · ∇v) div (a∇u) dx + k

∫

Γ1

(h · ∇u)v ds

−
∫

D
div [(h · ∇v)(a∇u)− (a∇u · ∇v)h] dx.

The differential equation (1.1) and (2.18) satisfied byu lead to

L(h · ∇u , v) = L(w , v) + k

∫

Γ1

divτhu v ds + k

∫

Γ1

(h · ∇u) v ds

−
∫

D
div (fh) v dx−

∫

D
f (h · ∇v) dx

−
∫

Γ1

(g divτh + h · ∇g)v ds

−
∫

D
div [(h · ∇v)(a∇u)− (a∇u · ∇v)h] dx.
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The divergence theorem and Green formula yield

L(h · ∇u , v) = L(w , v) + k

∫

Γ1

[divτhu v + (h · ∇u) v] ds

−
∫

D
div (fhv) dx−

∫

Γ1

(g divτh + h · ∇g)v ds

−
∫

∂D
[(h · ∇v) (a∇u · ν)− (a∇u · ∇v)hν ] ds.

Again applying the divergence theorem and (2.11)–(2.12), we obtain

L(h · ∇u , v) = L(w , v) + k

∫

Γ1

[divτhu v + (h · ∇u) v] ds

−
∫

∂D
f hν v ds−

∫

Γ1

(g divτh + h · ∇g)v ds

−
∫

∂D
[(hτ · ∇τv) (a∂vu)− (a∇τu · ∇τv)hν ] ds.

The test functionv|Γ2 = 0 implies(∇τv)|Γ2 = 0, thus we obtain

L(h · ∇u , v) = L(w , v) + k

∫

Γ1

[divτhu v + (h · ∇u) ν] ds−
∫

Γ1

f hν v ds

−
∫

Γ1

(g divτh + h · ∇g)v ds−
∫

Γ1

(a∂vuhτ − ahν∇τu) · ∇τv ds.

The tangential Green formula (2.10) for the last boundary integral leads to

L(h · ∇u , v) = L(w , v) + k

∫

Γ1

(divτhu v + (h · ∇u) v) ds

−
∫

Γ1

f hν v ds−
∫

Γ1

(g divτh + h · ∇g)v ds

+
∫

Γ1

divτ (a∂vuhτ − ahν∇τu) v ds.



SHAPE RECONSTRUCTION OF AN INVERSE BOUNDARY VALUE PROBLEM 113

The boundary integral on the right-hand side exists for the test functionv which is assumed to

be sufficiently smooth, thus we can defineu′ = w − h · ∇u. Note thath · ∇u vanishes on the

neighborhood of the boundaryΓ2 , thereforeu′ belongs to the spaceH 1
Γ2,0(D). Thenu′ satisfies

L(u′ , v) = −
∫

Γ1

[k(divτhu + h · ∇u)− f hν + gdivτh + h · ∇g

+ divτ (a∂vuhτ − ahν∇τu)] v ds.

This shows thatu′ satisfies the homogeneous equation

−div (a∇u′) = 0 in D

with the boundary condition

a∂νu
′ + ku′ = −k(divτhu + h · ∇u) + f hν

−divτ (a∂vuhτ − ahν∇τu)

+g divτh + h · ∇g on Γ1.

Lemma 2.2 yields the following three identities:

−k(divτhu + h · ∇u) + divτ (kuhτ ) = −k H uhν − k hν ∂νu;

−divτ (ghτ ) + gdivτh + h · ∇g = hν∂νg + g H hν ;

divτ (ahν∇τu)− div (a∇u)hν = a∇τhν · ∇τu−Hhν a∂νu− hν ∂ν(a ∂νu).

Furthermore, with such three identities and the differential equation and Robin boundary condi-

tion for u in (1.2), we obtain

−k(divτhu + h · ∇u) + f hν − divτ (a ∂νuhτ − ahν∇τu) + g divτh + h · ∇g

= −k(divτhu + h · ∇u)− div(a∇u) hν − divτ [(g − ku)hτ − ahν∇τu]

+g divτh + h · ∇g

= −k H uhν − k hν ∂νu + hν∂νg + g H hν + a∇τhν · ∇τu−H hν a∂νu

−hν ∂ν(a ∂νu)

= a∇τhν · ∇τu− k hν ∂νu + hν∂νg − hν ∂ν(a ∂νu).

Thus we obtain the boundary condition (2.9b) and this completes the proof. ¤
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Some Remarks:

(a) Note that in shape optimization,w is often called the material derivative (see [16]), andu′

may be treated as the shape derivative (see [16, 4, 6]), so we also can use the so-called “Hadamard

formulae” [4] to prove Theorem 2.1. We observe that the derivative ofF (Γ1) = (a∂vu)|Γ is defined

by F ′(Γ1)h = (a∂νu
′)|Γ and by obvious modifications of the proof it can be shown thatF ′(Γ1)h

can be read as Fréchet derivative ofF atΓ1, i.e.

1
||h||C1(Γ1)

||F ( Γ1,h)− F ( Γ1)− F ′(Γ1)h||H−1/2( Γ) → 0, as ||h||C1 → 0,

which is equivalent to (2.8).

(b) The proof of Theorem 2.1 can be extended to general elliptic equations and other exterior (inte-

rior) boundary conditions with no difficulty. The domain derivative can be derived similarly in case

of the Helmholtz equation [13, 8, 11, 10] and heat equation [1, 2, 12].

(c) We would like to point out that, in the literature, there is some ambiguity for the sign in the def-

inition of the mean curvature. According to the classical definition in differential geometry, some

authors choose this definitioñH = − 1
N−1 div ν (see [8, 11, 9, 10]), whereN denotes the spatial

dimensions. In this paper, we prefer the definition as depicted in Lemma 2.1 in order to be consistent

with [16, 14, 4].

3. A NUMERICAL METHOD OF THEINVERSEPROBLEM

We now proceed by describing the application of an algorithm for solving the following nonlinear

equation

F (Γ1) = G (3.1)

for the unknown interior boundaryΓ1 in R2, whereG is the given (measured) heat flux on the

boundary segmentΓ ⊆ Γ2. There exists a large number of algorithms for such problem, and in

this section we only use the so-called “output least squares methods”. The main idea is to solve

the equation (3.1) by a Newton type method or minimize||F (Γ1)−G|| by a suitable optimization

method.

Note that in two dimensions, bothdivτ and∇τ actually reduce to the arc-length derivative,

therefore (2.9b) becomes

a
∂u′

∂ν
+ ku′ = a

d

ds
(h · ν)

du

ds
− hν

[
k
∂u

∂ν
+

∂

∂ν

(
a
∂u

∂ν

)
− ∂g

∂ν

]
(3.2)

wheres denotes the arc length.



SHAPE RECONSTRUCTION OF AN INVERSE BOUNDARY VALUE PROBLEM 115

A numerical implementation requires a parametrization of the boundary. Here we use the para-

metric representations

Γk := {xk(t) = (xk,1(t) , xk,2(t)) , 0 6 t < 2π} k = 1, 2

wherexk : R→ R2 are twice differentiable and2π−periodic with|x′k(t)| > 0 for all t, and assume

thatΓ := {x2(t) : σ1 6 t 6 σ2}. Further we assume that the orientation of the parametrizationx1

is clockwise and the parametrizationx2 is counter-clockwise. In addition, we assume thatΓ1 is

starlike with respect to the origin, i.e.,

xα(t) = rα(t)

(
cos t

sin t

)
, 0 6 t < 2π (3.3)

where

rα(t) = α0 +
M∑

j=1

(αj cos jt + αj+M sin jt)

with α = (α0 , · · · , α2M )T ∈ R2M+1 for some fixed numberM ∈ N. Furthermore, we set the

variationh(t) = {(q(t) cos t, q(t) sin t)T : t ∈ [0, 2π)}. From the representation (3.3), we note

that

d

ds
=

1√
r2
α(t) + [r′α(t)]2

d

dt
, (3.4)

h · ν =
q r√

r2
α + [r′α]2

. (3.5)

Let

Uad :=
{
α ∈ R2M+1 : r1 6 rα(t) 6 r2, t ∈ [0, 2π)

}
for some0 < r1 < r2

We can assign to eachα ∈ Uad, the heat fluxF (Γ)(x2(ti)) ∈ R, i = 1, · · · , P , at a numberP

of given observation pointsx2(ti) ∈ Γ. Thus this can define a nonlinear mappingF̃ : R2M+1 ⊃
Uad → RP . An application of Theorem 2.1 shows

Theorem3.1— Forα ∈ Uad the mapping̃F is differentiable with∂F̃i(α)/∂αj = (a ∂νu
′
j)(x2(ti))

for i = 1, · · · , P andj = 0, · · · , 2M , hereu′j ∈ H 1
Γ2,0(D) is the solution of the boundary value

problem

−div (a∇u′j) = 0 in D (3.6a)
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with
(

a
∂u′j
∂ν

+ ku′j

)
(xα(t))

= K(t)
du

dt
(xα(t))− L(t)

[
k
∂u

∂ν
(xα(t)) +

∂

∂ν

(
a
∂u

∂ν
(xα(t))

)]
(3.6b)

onΓ1, and

u′j(xα(t)) = 0 on Γ2 (3.6c)

where

K(t) = −a(t)
r′α(t)q(t)([r′α(t)]2 − rα(t)r′′α(t)) + ([rα(t)]2 + [r′α(t)]2)q′(t)rα(t)

([rα(t)]2 + [r′α(t)]2)5/2

L(t) =
q(t)rα(t)√

[rα(t)]2 + [r′α(t)]2

for t ∈ [0, 2π).

PROOF : Let i ∈ {1, 2, · · · , P} andj ∈ {0, 1, 2, · · · , 2M} be fixed,ε > 0 andej be thejth unit

vector inR2M+1. Let Γ1 andΓε
1 be parameterized by

rα(t)

(
cos t

sin t

)
, 0 6 t < 2 π;

rα+εej (t)

(
cos t

sin t

)
= rα(t)

(
cos t

sin t

)
+ εrej (t)

(
cos t

sin t

)
, 0 6 t < 2π

respectively. According to the definition of the domain derivative ofF , i.e.,

F ′(Γ1)h = lim
ε↘0

F (Γ1,εh)− F (Γ1)
ε

.

ThusΓε
1 = Γ1,εhj with

hj(xα(t)) = rej (t)

(
cos t

sin t

)
.
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Now we obtain

1
ε
[F̃i(α + εej)− F̃i(α)] =

1
ε
[F (Γ1,εhj )(x2(ti))− F (Γ1)(x2(ti))],

wherex2(ti) ∈ Γ ⊂ Γ2 is the observation points. Then according to Theorem 2.1 and its Remark

(a), the above formula converges to(a ∂νu
′
j)(x2(ti)), whereu′j solves the equation (3.6a) with

boundary conditions (3.6b) and (3.6c). Actually, (3.6b) can be derived from (3.2) by using (3.4) and

(3.5) with elementary computation, and this ends the proof. ¤

Now we will solve the system of equations̃Fi(α) = G̃i := G(x2(ti)), i = 1, · · · , P , approx-

imately. Since the highly ill-posedness of the equationF (Γ) = G, some stabilization has to be

incorporated, for example by a Tikhonov regularization, i.e. by minimizing

P∑

i=1

|F̃i(α)− G̃i |2 + ε||α||2 (3.7)

with some regularization parameterε > 0 and theH2(0, 2π) semi-norm ofrα : ||α||2 =
∑M

i=1 i2(α2
i +

α2
i+M ).

Furthermore, letΦi(α) := F̃i(α) − G̃i, and the Jacobian ofΦ at α was denoted byJ(α). Our

algorithm can be summarized as follows:

(1) Given an approximation for the curveΓ1 described byrα, solve the direct problem (1.2) and

evaluate the heat fluxG onΓ(⊆ Γ2) atP points.

(2) For j = 0, · · · , 2M , solve the boundary value problem (3.6) for the JacobianJ(α).

(3) Given a suitable regularization parameterε, use Gauss-Newton method to obtain the new

approximation. If for the new approximation a suitable stopping criterion (e.g., a discrepancy

principle) is satisfied, then terminate, otherwise go back to (1).

To test our algorithm we choose two different examples. In the experiment described here, we

start from the mesh of the initial domain, the mesh of each new shape is adapted based on the mesh

used for the previous shape, and the mesh adaptor is BAMG [7]. In examples 1 and 2, we choose

the elliptic coefficienta and the Robin coefficientk to be one for simplicity.

Example1 — Assume that the exterior boundary

Γ2 = {(x, y) ∈ R2 : x(t)2 + y(t)2 = r2
2},

the interior boundary
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FIG. 3.1 The initial shape: an ellipse.

FIG. 3.2 Iteration: 10, Cpu time: 43219s.

Γ1 = {(x, y) ∈ R2 : x(t)2 + y(t)2 = r2
1}, (3.8)

and the input fluxg

g = 2log
x2 + y2

r2

(
1

logr1
− 1

r1

)
− 1,

then the solutionu is

u(x, y) = 2
logx2+y2

r2

logr1
− 1. (3.9)

Here we chooser1 = 0.25 andr2 = 0.5. In computation, we choose the number of observation
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pointsP = 32 and the regularization parameterε = 10−1.

FIG. 3.3 Iteration: 50, Cpu time: 19.64s.

FIG. 3.4 Iteration: 100, Cpu time: 38.797s.

The initial guess ofΓ1 is an ellipse which can be shown in Figure 3.1. Figure 3.2–3.4 show

the reconstructions from noise free data, and the full line represents the exact shape, the dotted line

shows the reconstruction in different iterations.

Example2 — Let Γ1 andΓ2 be concentric, i.e.,Γ2 is a circle whose center is (1.5, 0.25) with

radius 2, andΓ1 be a rectangle:(0, 3) × (0, 0.5). We assume that the variation boundaryΓfree =
(1, 2)× {0.5} is only a segment ofΓ1, and the other part ofΓ1 is fixed. In this example we choose

the input fluxg = xy, the observation pointsP = 40, and the regularization parameterε = 0.1.

Figure 3.5 shows the reconstructions under the initial guess



120 ZHIMING GAO AND YICHEN MA

Γfree = {(x, y) ∈ R2 : y = 0.5 +
1
3

sin(2(x− 1)π)},

and Figure 3.6 represents the reconstructions when the initial guess is a parabolic:

Γfree = {(x, y) ∈ R2 : y = −x2 + 3x− 1.5}.

FIG. 3.5 Reconstructions after some iterations from 5% noisy data when the initial guess is a sine

curve.

FIG. 3.6 Reconstructions after some iterations from 5% noisy data when the initial guess is a

parabolic.

The numerical examples show the feasibility of the proposed iteration algorithm. Further re-

search is necessary on efficient implementations.



SHAPE RECONSTRUCTION OF AN INVERSE BOUNDARY VALUE PROBLEM 121

ACKNOWLEDGEMENT

The authors wish to thank the editor and referees for their criticism, valuable comments, and sug-

gestions which helped to improve this paper.

REFERENCES

1. R. Chapko, R. Kress and J.-R. Yoon, On the numerical solution of an inverse boundary value problem

for the heat equation.Inverse Problems14 (1998), 853–867.

2. R. Chapko, R. Kress and J.-R. Yoon, An Inverse Boundary Value Problem for the heat equation: the

Neumann Condition.Inverse Problems15 (1999), 1033–46.

3. D. Colton and R. Kress,Integral Equation Methods in Scattering Theory.New York: Wiley Inter-

science (1983).

4. M. C. Delfour and J.-P. Zolésio,Shapes and Geometries: Analysis, Differential Calculus, and Opti-

mization, In: Adv.in Design and Control, SIAM (2002).

5. D. Gilbarg and N. S. Trudinger,Elliptic Partial Differential Equations of Second Order.Springer,

(1983), Berlin.

6. J. Haslinger and R. A. E. M̈akinen,Introduction to Shape Optimization: Theory, Approximation, and

Computation, SIAM (2003).

7. F. Hecht, BAMG: Bidimensional anisotropic mesh generator (1998).

8. F. Hettlich, Frechet derivatives in inverse obstacle scattering.Inverse Problems11 (1995) 371–382.

9. F. Hettlich, Erratum: Frechet derivatives in inverse obstacle scattering.Inverse Problems14 (1998),

209–210.

10. F. Hettlich, The Landweber iteration applied to inverse conductive scattering problems.Inverse Prob-

lems14 (1998), 931–947.

11. F. Hettlich and W. Rundell, Iterative methods for the reconstruction of an inverse potential problem.

Inverse Problems12 (1996), 251–266.

12. F. Hettlich and W. Rundell, Identification of a discontinuous source in the heat equation.Inverse

Problems17 (2001), 1465–82.

13. A. Kirsch, The domain derivative and two applications in inverse scattering theory.Inverse Problems

9 (1993), 81–96.
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