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In this paper, we determine explicitly the root multiplicities of all roots of generalized Kac-

Moody algebras associated with Borcherds-Cartan matrices (of order 3) which are extensions

of finite A3, affineA
(1)
2 and hyperbolicHA1.We also compute the root multiplicities of some

generalized Kac-Moody algebras with more than one imaginary simple root.
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1. INTRODUCTION

In [6], Borcherds introduced the notion of generalized Kac-Moody algebras (GKM algebras). The

structure and the representation theory of GKM algebras are similar to those of Kac-Moody algebras

[15], and almost all facts about Kac-Moody algebras can be generalized to GKM algebras. Earlier

we studied [29, 30], some properties of roots of all GKM algebras other than Kac-Moody algebras

associated with Borcherds-Cartan matrices (of order≤ 4) which are extensions of Cartan matri-

ces (of order≤ 3 ) of finite, affine and hyperbolic types and found explicitly all special imaginary

roots. In [31], we extended the notion of purely imaginary roots of Kac-Moody algebras to GKM

algebras and classified all GKM algebras possessing purely imaginary property. In [32], we com-

pared the properties of strictly imaginary roots and purely imaginary roots of GKM algebras and

using the classification of GKM algebras possessing purely imaginary property, we found, among

these classes, the algebras, all whose purely imaginary roots are strictly imaginary. In [33], we gave

complete classifications of GKM algebras possessing special imaginary roots and strictly imaginary

property.
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Determination of multiplicities of imaginary roots is an open and difficult problem. Till now,

this problem has been completely solved only for the affine Kac-Moody algebras [15], which are the

most elementary of the infinite dimensional Kac-Moody algebras. In [5], Berman and Moody de-

rived a closed form root multiplicity formula for all symmetrizable Kac-Moody algebras. Using the

Euler-Poincare principle and Kostant’s formula [27], Kang obtained two root multiplicity formulas

for all symmetrizable Kac-Moody algebras [20]. One of them is in recursive form, and the other

is in closed form. In [8], Feingold and Frenkel computed level 2 root multiplicities for the hyper-

bolic Kac-Moody algebraHA
(1)
1 . In [18, 19, 21], Kang generalized their construction and obtained

root multiplicities forHA
(1)
1 upto level 5, forHA

(2)
2 upto level 3. Kang and Melville computed

root multiplicities forHA
(1)
n in [25]. In [16], Kac-Moody and Wakimoto computed root multiplic-

ities for HE
(1)
8 . Using the techniques in [2, 18, 19, 21], Sthanumoorthy and Uma Maheswari [36]

computed multiplicities of roots for a particular case upto level 3 for the extended-hyperbolic Kac-

Moody algebraEHA
(1)
1 which was introduced by them in [35]. Again in [34, 37], Sthanumoorthy,

Lilly and Uma Maheswari computed root multiplicities in general forEHA
(1)
1 andEHA

(2)
2 for

all the classes upto level 3, and some extended-hyperbolic GKM algebras. In [26], Kim and Shin

derived a recursive dimension formula for all graded Lie algebras. In [10], Hontz and Misra deter-

mined root multiplicities of the indefinite Kac-Moody algebrasHD
(3)
4 andHG

(1)
2 . Except for the

indefinite Kac-Moody algebras of classical typeĝ(a) 3 and special linear typeIAn(a, b) 4, where

the root multipicities had been determined for roots upto degree2a and2a + 1 respectively, for

non-hyperbolic Kac-Moody algebras root multiplicities have not yet been determined.

In [1], Barwald and Gebert presented the results of some calculations of the multiplicities of

simple imaginary roots for the Borcherds algebragII9,1 and its maximal Kac-Moody subalgebra

E10. In [22, 23], Kang derived a closed form root multiplicity formula for all roots for GKM alge-

bras. In particular in [24], Kang and Kim discussed many interesting applications of their dimension

formula to the various classes of graded Lie algebras such as free Lie algebras, Kac-Moody algebras

and GKM algebras. This formula was also derived in [11–13].

In this paper, by applying the above results to specific examples, we compute explicitly the root

multiplicities of all roots of GKM algebras associated with Borcherds-Cartan matrices (of order

3) which are extensions of finiteA3, affineA
(1)
2 and hyperbolicHA1. We also compute the root

multiplicities of some GKM algebras with more than one imaginary simple root.

2. PRELIMINARIES

We first recall some of the facts about generalized Kac-Moody algebras [11, 24, 13].

Let I be a finite or countably infinite index set. A real matrixA = (aij)ij ∈ I is called a

Borcherds-Cartan matrix if (i)aij = 0 or aij ≤ 0 for all i ∈ I, (ii) aij ≤ 0 if i 6= j andaij ∈ Z
if aij = 2, (iii) aij = 0 implies aji = 0. We assume that the Borcherds-Cartan matrixA is

symmetrizable, that is, there is a diagonal matrixD = diag(si | i ∈ I) with si > 0(i ∈ I) such that

DA is symmetric. LetIre = {i ∈ I|aii = 2} , Iim = {i ∈ I|aii ≤ 0}, and letm = (mi ∈ Z>0|i
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∈ I) be a collection of positive integers such thatmi = 1 for all i ∈ Ire.

The generalized Kac-Moody algebra (GKM algebra)g = g(A,m) associated with a symmetriz-

able Borcherds-Cartan matrixA = (aij)i,j∈I of chargem = (mi|i ∈ I) is the Lie algebra generated

by the elementshi, di(i ∈ I), eik, fik(i ∈ I, k = 1, · · · ,mi) with the defining relations :

[hi, hj ] = [di, dj ] = [hi, dj ] = 0

[hi, ejl] = aijejl, [hi, fjl] = −aijfjl,

[di, ejl] = δijejl, [di, fjl] = −δijfjl,

[eik, fjl] = δijδklhi,

(ad eik)(1−aij) (ejl) = (ad fik)(1−aij) (fjl) = 0 if aii = 2, i 6= j,

[eik, ejl] = [fik, fjl] = 0 if aij = 0

(i, j ∈ I, k = 1, · · · ,mi, l = 1, · · · ,mj).

The subalgebrah =

(⊕

i∈I

Chi

)⊕(⊕

i∈I

Cdi

)
is called the Cartan subalgebra ofg. For each

i ∈ I, we define a linear functionalαi ∈ h∗ by

αi(hj) = aji, αi(dj) = δij(i, j ∈ I).

The linear functionalsαi(i ∈ I) are called the simple roots ofg.

Let Q =
⊕

i∈I

Zαi, Q
+ =

∑

i∈I

Z≥0αi, andQ− = −Q+. We define a partial ordering≥ onh∗ by

λ ≥ µ if and only ifλ−µ ∈ Q+. The GKM algebrag = g(A,m) has the root space decomposition,

g =
⊕

α∈Q

gα, where gα = {x ∈ g|[h, x] = α(h)x for all h ∈ h}.

An elementα ∈ Q is called a root ifα 6= 0 andgα 6= 0. The numbermultα = dim gα is called

the multiplicity of the rootα. Note thatmultαi = mult(−αi) = mi for all i ∈ I. A root α > 0
(resp.α < 0) is called positive (resp. negative). As in the case of Kac-Moody algebras, all the roots

are either positive or negative. We denote by∆, ∆+, and∆− the set of all roots, positive roots,

and negative roots, respectively. Letg+ =
⊕

α>0

gα andg− =
⊕

α<0

gα. Then we have the triangular

decomposition

g = g−
⊕

g0

⊕
g+.

For each i ∈ Ire, we define the simple reflectionri ∈ h∗ by ri(λ) = λ − λ(hi)αi

(λ ∈ h∗). The subgroupW of GL(h∗) generated by ther,
is(i ∈ Ire) is called Weyl group of

g. Let ρ ∈ h∗ be a linear functional satisfyingρ(hi) = 1
2aii for all i ∈ I. Since the Borcherds-

Cartan matrixA = (aij)i,j∈I is symmetrizable there is aW - invariant symmetric bilinear form( | )
onQ

⊕
Zρ satisfying(αi|αj) = siaij and(ρ|αi) = 1

2(αi|αi) for all i, j ∈ I. We say that a rootα

is real if (α|α) > 0, and imaginary if(α|α) ≤ 0. In particular, the simple rootαi is real ifaii = 2,
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and imaginary ifaii ≤ 0. Note that the imaginary simple roots may have multiplicity> 1. An

imaginary rootγ in a GKM algebra is said to be strictly imaginary [15, 31] if for every real root

α, eitherα + γ or α − γ is a root. A positive imaginary rootα is purely imaginary [31] if for any

positive imaginary rootβ, α + β is a positive imaginary root.

As in the case of Kac-Moody algebras,we can defineh-diagonalizable modules, highest weight

modules, Verma modules, irreducible highest weight modules, etc. for symmetrizable GKM alge-

bras.

Let P+ = {λ ∈ h∗|λ(hi) ≥ 0 for all i ∈ I, λ(hi) ∈ Z≥0 if aii = 2}, and letV (λ) be the

irreducible highest weight module overg with highest weightλ. We denote byT the set of all

imaginary simple roots counted with multiplicities, and forF ⊂ T , we writeF ⊥ λ if λ(hi) = 0
for all αi ∈ F .

Let J be a finite subset ofIre and we denote by∆J = ∆ ∩ (
∑

j∈J Zαi), ∆±
J = ∆J ∩ ∆±,

and ∆±(J) = ∆±\∆±
J . We also denote byQJ = Q ∩ (

∑
j∈J Zαi), Q±

J = QJ ∩ Q±, and

Q±(J) = Q±\Q±
J . Defineg

(J)
0 = h

⊕

 ⊕

α∈∆J

gα


 , andg

(J)
± =

⊕

α∈∆±(J)

gα. Then we have the

triangular decomposition:

g = g
(J)
−

⊕
g
(J)
0

⊕
g
(J)
+ ,

whereg
(J)
0 is the Kac-Moody algebra (with an extended Cartan subalgebra) associated with the

generalized Cartan matrixAJ = (aij)i,j∈J, andg
(J)
− (resp.g(J)

+ ) is a direct sum of irreducible highest

weight (resp.lowest weight) modules overg
(J)
0 .

Let WJ = 〈rj |j ∈ J〉 be the subgroup ofW generated by the simple reflectionsrj(j ∈ J),
and letW (J) = {w ∈ W |w∆− ∩∆+ ⊂ ∆+(J)}. ThenWJ is the Weyl group of the Kac-Moody

algebrag(J)
0 andW (J) be the set of right coset representatives ofWJ in W . Moreover, the elements

in W (J) can be determined by the following Lemma, the proof is in [18, 27].

Lemma2.1 — Supposew = w′rj andl(w) = l(w′) + 1. Thenw ∈ W (J) if only w′ ∈ W (J)
andw′(αj) ∈ ∆+(J).

As in the case of symmetrizable Kac-Moody algebras, we viewg(J)
− as

Q
(J)
− – graded Lie algebra.We omit the proof of the following proposition given in [7, 24, 28] in

which Kostant’s formula was generalized to GKM algebras to determine the homology modules

H
(J)
k :

Proposition2.2. —

H
(J)
k =

⊕

w∈W (J)
F⊂T

l(w)+|F |=k

VJ(w(ρ− s(F ))− ρ),

whereVJ(µ) denotes the irreducible highest weight module overg
(J)
0 with highest weightµ, and
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F runs over all the finite subsets ofT such that any two elements inF are mutually perpendicular.

Here we denote by|F |, the number of elements inF ands(F ), the sum of elements inF .

Define the homology spaceH(J) of g
(J)
− to be

H(J) =
∞∑

k=1

(−1)k+1H
(J)
k =

∑

w∈W (J)
F⊂T

l(w)+|F |≥1

(−1)l(w)+|F |+1VJ(w(ρ− s(F ))− ρ).

Let

P (H(J)) =
{

α ∈ Q−(J)|dimH(J)
α 6= 0

}

= {τ1, τ2, τ3, · · ·} ,

andd(i) = dimH
(J)
τi for i = 1, 2, 3 · · ·. For τ ∈ Q−(J), we denote byT (J)(τ) the set of all

partitions ofτ into a sum ofτ ,
is, that is,

T (J)(τ) =
{

n = (ni)i≥1|ni ∈ Z≥0,
∑

niτi = τ
}

.

Forn ∈ T (J)(τ), we will use the notation|n| = ∑
ni andn! =

∏
ni! 13. Now, for τ ∈ Q−(J),

we define a function

W (J)(τ) =
∑

n∈T (J)(τ)

(|n| − 1)!
n!

∏
d(i)ni . (2.2.1)

The functionW (J)(τ) is called theWitt partition function. Then, using the formal power series

log(1 − t) = −∑∞
k=1

tk

k and the M̈obius inversion, we obtain a closed form root multiplicity

formula for all symmetrizable GKM algebras. We use the following theorem appearing in [22, 24]

frequently.

Theorem2.3— Let α ∈ ∆−(J) be a root of a symmetrizable GKM algebrag. Then we have

dimgα =
∑

d|α

1
d
µ(d)W (J)

(α

d

)

=
∑

d|α

1
d
µ(d)

∑

n∈T (J)(α
d )

(|n| − 1)!
n!

∏
d(i)ni ,

whereµ is the classical M̈obius function. Namely, for a natural numbern, µ(n) is defined as

follows:

µ(n) =





1 for n = 1,

(−1)k for n = p1 · · · pk (p1, · · · , pk : distinct primes),
0 if it is not square free.
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Suppose the Borcherds-Cartan matrixA = (aij)i,j∈I of chargem = (mi ∈ Z>0|i ∈ I) satisfies

(i) the setIre is finite, (ii) aij 6= 0 for all i, j ∈ Iim. If we takeJ = Ire, the set of all real indices,

then the algebrag(J)
0 = h

⊕

 ⊕

α∈∆J

gα


 is the Kac-Moody algebra (with an extended Cartan

subalgebra) associated with the generalized Cartan matrixAJ = (aij)i,j∈J , and the GKM algebra

g = g
(J)
−

⊕
g
(J)
0

⊕
g
(J)
+ can be realized as [11] the minimal graded Lie algebra with the local

partV
⊕

g
(J)
0

⊕
V ∗, whereV =

⊕

i∈Iim

VJ(−αi)
L

mi , V ∗ is the contragredient module ofV , and

m,
is are the multiplicities of the imaginary simple rootsα,

is. In our computation we also use the

following proposition, the proof of which is in [13, 24].

Proposition2.4 — Suppose that a Borcherds-Cartan matrixA = (aij)i,j∈I of chargem =
(mi ∈ Z>0|i ∈ I) satisfies: (i) the setIre is finite, (ii) aij 6= 0 for all i, j ∈ Iim. Let J = Ire, and

consider the corresponding triangular decomposition of the GKM algebra:

g = g(A,m) = g
(J)
−

⊕
g
(J)
0

⊕
g
(J)
+ .

Then the algebrag(J)
− =

⊕

α∈∆−(J)

gα (resp.g(J)
+ =

⊕

α∈∆+(J)

gα) is isomorphic to the free Lie algebra

generated by the spaceV =
⊕

i∈Iim

VJ(−αi)
L

mi (resp. V ∗ =
⊕

i∈Iim

V ∗
J (−αi)

L
mi), whereVJ(µ)

(resp. V ∗
J (µ)) denotes the irreducible highest weight (resp. lowest weight) module over the Kac-

Moody algebrag(J)
0 with highest weightµ (resp.lowest weight−µ).

Remark2.5: Proposition 2.4 shows that, under the above assumptions,the GKM algebra

g = g
(J)
−

⊕
g
(J)
0

⊕
g
(J)
+ is isomorphic to the maximal graded Lie algebra with local partV

⊕
g
(J)
0

⊕
V ∗.

3. ROOT MULTIPLICITIES OF SOME GENERALIZED KAC-MOODY ALGEBRAS WITH ONE

IMAGINARY SIMPLE ROOT

In this section, we compute the root multiplicities of GKM algebras associated with Borcherds-

Cartan matrices which appear as extensions of finiteA3, affineA
(1)
2 and hyperbolicHA1.

3.1: Consider the GKM algebrag = g(A,m) associated with the Borcherds-Cartan matrix

A =




−k −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2




of chargem = (r, 1, 1, 1) with k, r ∈ Z>0. This matrix is an extension ofA3.

Let I = {1, 2, 3, 4} be the index set for the simple roots ofg. Then,α1 is the imaginary simple

root with multiplicity r ≥ 1 andα2, α3 andα4 are the real simple roots.
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Thus we have

T = {α1, · · · , α1} (counted r times),

and since

(α1, α1) = −k < 0,

F can be either empty or{α1}.

If we takeJ = {2, 3, 4}, then

g
(J)
0 = g0

⊕
Ch1,

where

g0 = 〈e2, f2, h2, e3, f3, h3, e4, f4, h4〉 ∼= sl (4,C) and W (J) = {1}
.

By Proposition 2.2, we obtain

H
(J)
1 = VJ(−α1)

⊕
· · ·

⊕
VJ(−α1) (r copies)

H
(J)
k = 0 for k ≥ 2.

This implies

H(J) = VJ(−α1)
⊕

· · ·
⊕

VJ(−α1) (r copies),

whereVJ(−α1) is the 4-dimensional irreducible representation ofsl (4,C).

By identifying−k1α1−k2α2−k3α3−k4α4 ∈ Q− with (k1, k2, k3, k4) ∈ Z≥0×Z≥0×Z≥0×
Z≥0, we have

P (H(J)) = {(1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 0), (1, 1, 1, 1)}, where

dimH
(J)
(1,0,0,0) = dimH

(J)
(1,1,0,0) = dim H

(J)
(1,1,1,0) = dim H

(J)
(1,1,1,1) = r.

Fork1, k2, k3, k4 ∈ Z≥0, the only partition of(k1, k2, k3, k4) into a sum of(1, 0, 0, 0), (1, 1, 0, 0),
(1, 1, 1, 0) and(1, 1, 1, 1) is

(k1, k2, k3, k4) = (k1 − k2)(1, 0, 0, 0) + (k2 − k3)(1, 1, 0, 0)

+(k3 − k4)(1, 1, 1, 0) + k4(1, 1, 1, 1).

Thus, the Witt partition function(2.2.1) becomes

W (J)(k1, k2, k3, k4) =
1
k1

(
k1

k4

)(
k1 − k4

k2 − k4

)

(
k2 − k4

k3 − k4

)
rk1 .
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Therefore, using Theorem 2.3, we obtain :

Proposition3.2 — Letg = g(A,m) be the GKM algebra associated with the Borcherds-Cartan

matrix

A =




−k −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2




of chargem = (r, 1, 1, 1) with k, r ∈ Z>0.

Then, for the rootα = −k1α1 − k2α2 − k3α3 − k4α4 with k1, k2, k3, k4 ∈ Z≥0, we have

dim gα =
1
k1

∑

d|(k1,k2,k3,k4)

µ(d)

(
k1
d
k4
d

)

(
k1−k4

d
k2−k4

d

)(
k2−k4

d
k3−k4

d

)
r

k1
d . (3.2.1)

From the Remark 2.5, the algebrag is isomorphic to the maximal graded Lie algebra with local

partH(J)
⊕

(sl (4,C) + h)
⊕

H(J)∗.

Some particular cases:

1. If k4 > k1 or k3 > k2 or k2 > k1, thendim g(k1,k2,k3,k4) = 0.

2. If k1 = k2 = k3 = k4, the formula (3.2.1) yields

dim g(k1,k1,k1,k1) =
1
k1

∑

d|k1

µ(d)r
k1
d . (3.2.2)

Hence, the subalgebra

F =
⊕

k1≥1

g(k1,k1,k1,k1)

is the free Lie algebra on ther-dimensional spaceg(1,1,1,1).

3. Similarly, we have

dim g(k1,0,0,0) =
1
k1

∑

d|k1

µ(d)r
k1
d

and the subalgebra

F0 =
⊕

k1≥1

g(k1,0,0,0)

is the free Lie algebra on ther-dimensional spaceg(1,0,0,0).
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For example, for the root (5, 4, 3, 2), by the formula (3.2.1), we have

dim g(5,4,3,2) =
1
5

(
5
2

)(
3
2

)(
2
1

)
r5 = 12r5.

In particular, whenr = 3
dim g(5,4,3,2) = 2916.

Similarly, for the root (8, 6, 4, 2), by the formula (3.2.1), we have

dim g(8,6,4,2) = 315r8 − 3r4.

In particular, whenr = 2
dim g(8,6,4,2) = 80592.

From the formula (3.2.2), for the root (5, 5, 5, 5), we have

dim g(5,5,5,5) =
r5 − r

5
.

In particular, whenr = 5
dim g(5,5,5,5) = 624.

3.3: Consider the GKM algebrag = g(A, m) associated with the Borcherds-Cartan matrix

A =




−k −1 0 0
−1 2 −1 −1
0 −1 2 −1
0 −1 −1 2




of chargem = (r, 1, 1, 1) with k, r ∈ Z>0.

This matrix is an extension ofA(1)
2 . As in the above, we have the following results:

Let I = {1, 2, 3, 4} be the index set for the simple roots ofg. Then,α1 is the imaginary simple

root with multiplicity r ≥ 1 andα2, α3 andα4 are the real simple roots. Thus we have

T = {α1 · · ·α1} (counted r times)

and since(α1, α1) = −k < 0, F can be either empty or{α1}.

If we takeJ = {2, 3, 4}, then

g
(J)
0 = g0

⊕
Ch1,

where

g0 = 〈e2, f2, h2, e3, f3, h3, e4, f4, h4〉 ∼= A
(1)
2 and W (J) = {1}.



64 N. STHANUMOORTHY AND P. L. LILLY

By Proposition 2.2, we obtain

H
(J)
1 = VJ(−α1)

⊕
· · ·

⊕
VJ(−α1) (r copies)

H
(J)
k = 0 for k ≥ 2.

This implies

H(J) = VJ(−α1)
⊕

· · ·
⊕

VJ(−α1) (r copies),

whereVJ(−α1) is the standard representation ofA
(1)
2 with highest weight−α1.

We state the following theorem which was in [9], but proved in [14, 17].

Theorem3.4 — Let V (Λ0) be the basic representation of the affine Kac-Moody algebraA
(1)
n ,

and letλ be a weight ofV (Λ0). Then, we have

dim(V (Λ0)λ = p(n)

(
1− (λ, λ)

2

)
,

where the functionp(n)(m) are defined by

∞∑

m=0

p(n)(m)qm =
1

φ(q)n =
1∏

j≥1(1− qj)n
.

Remark3.5: The above formula can be restated asdim(V (Λ0))λ = p(n)(m), whereλ =
Λ0 −mδ, Λ0 is the highest weight,δ is the null root andm ∈ Z+.

Here, forA(1)
n , Λ0 = −α1, which impliesm = −k−(λ,λ)

2 .

By identifying−jα1 − lα2 −mα3 − nα4 ∈ Q− with (j, l, m, n) ∈ Z≥0 × Z≥0 × Z≥0 × Z≥0,

weights ofVJ(−α1) are(1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 0, 1) etc.

For a weightλ = (1, l, m, n), by the above remark, we get

dim(VJ(−α1))λ = p(2)

(−k − (λ, λ)
2

)
.

Using −k−(λ,λ)
2 = l + lm + ln + mn− l2 −m2 − n2, we get

dim(VJ(−α1))λ = p(2)

(−k − (λ, λ)
2

)

= p(2)(l + lm + ln + mn− l2 −m2 − n2),

where the functionp(2)(m) are defined by

∞∑

m=0

p(2)(m)qm =
1

φ(q)2
=

1∏
j≥1(1− qj)2

.
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So

dimH
(J)
λ = rp(2)

(−k − (λ, λ)
2

)
.

We have

P (H(J)) = {τi|i ≥ 1},

whereτ1 = (1, 0, 0, 0), τ2 = (1, 1, 0, 0), τ3 = (1, 1, 0, 1), τ4 = (1, 1, 1, 0) etc.

Every root ofg is of the form(j, l, m, n) for j ≥ 1 andl, m, n ≥ 0.

Thus, the Witt partition function (2.2.1) becomes

W (J)(τ) =
∑

n∈T (J)(τ)

(|n| − 1)!
n!

∏ (
rp(2)

(−k − (τi, τi)
2

))ni

.

Therefore, using Theorem 2.3, we obtain:

Proposition3.6 — Letg = g(A,m) be the GKM algebra associated with the Borcherds-Cartan

matrix

A =




−k −1 0 0
−1 2 −1 −1
0 −1 2 −1
0 −1 −1 2




of chargem = (r, 1, 1, 1) with k, r ∈ Z>0. Then, for the rootα = −k1α1 − k2α2 − k3α3 − k4α4

with k1, k2, k3, k4 ∈ Z≥0, we have

dim gα =
∑

d|α

1
d
µ(d)

∑

n∈T (J)(α
d )

(|n| − 1)!
n!

r|n|
∏(

p(2)

(−k − (τi, τi)
2

))ni

(3.6.1)

From the Remark 2.5, the algebrag is isomorphic to the maximal graded Lie algebra with local

partH(J)
⊕

(A(1)
2 + h)

⊕
H(J)∗.

Example3.7 — Consider the rootα = (2, 2, 2, 2). We notice the following regarding the

weights ofH(J) and their multiplicities:

Weight Multiplicity Weight Multiplicity Weight Multiplicity

(1, 0, 0, 0) r (1, 2, 1, 1) 2r (1, 3, 2, 1) r

(1, 1, 0, 0) r (1, 2, 1, 2) 2r (1, 3, 2, 2) 5r

(1, 1, 1, 0) r (1, 2, 2, 1) 2r (1, 3, 2, 3) 5r
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Weight Multiplicity Weight Multiplicity Weight Multiplicity

(1, 1, 0, 1) r (1, 2, 2, 2) 5r (1, 3, 2, 4) r

(1, 1, 1, 1) 2r (1, 2, 2, 3) 2r (1, 3, 3, 2) 5r

(1, 1, 1, 2) r (1, 2, 3, 2) 2r (1, 3, 3, 3) 10r

(1, 1, 2, 1) r (1, 2, 3, 3) 2r (1, 3, 3, 4) 5r

(1, 1, 2, 2) r (1, 3, 1, 2) r (1, 3, 4, 2) r

T (J)(2, 2, 2, 2) corresponds the partition of (2,2,2,2) into two parts. Hence, the partitions of the

root (2, 2, 2, 2) into weights ofH(J) are given in the following table:

(1, 0, 0, 0), (1, 2, 2, 2)

(1, 1, 0, 0), (1, 1, 2, 2)

(1, 1, 1, 0), (1, 1, 1, 2)

(1, 1, 0, 1), (1, 1, 2, 1)

(1, 1, 1, 1), (1, 1, 1, 1)

Hence, by the formula(3.6.1), for the root(2, 2, 2, 2), we have

dim g(2,2,2,2) = 10r2 − r.

In particular, whenr = 2
dim g(2,2,2,2) = 38.

Similarly, for the root(3, 3, 3, 3), we have

dim g(3,3,3,3) =
218r3 − 2r

3
.

In particular, when r=3

dim g(3,3,3,3) = 1960.

3.8: Consider the GKM algebrag = g(A,m) associated with the Borcherds-Cartan matrix

A =



−k 0 −1
0 2 −4
−1 −4 2




of chargem = (r, 1, 1) with k, r ∈ Z>0. Here also we have to repeat the following for the sake of

completeness.

Let I = {1, 2, 3} be the index set for the simple roots ofg. Then,α1 is the imaginary simple

root with multiplicity r ≥ 1 andα2 andα3 are the real simple roots. Thus we have

T = {α1, · · · , α1} (counted r times)
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and since(α1, α1) = −k < 0, F can be either empty or{α1}.

If we takeJ = {2, 3}, then

g
(J)
0 = g0

⊕
Ch1,

where

g0 = 〈e2, f2, h2, e3, f3, h3〉 ∼= HA1 and W (J) = {I}.
By Proposition 2.2, we obtain

H
(J)
1 = VJ(−α1)

⊕
· · ·

⊕
VJ(−α1) (r copies)

H
(J)
k = 0 for k ≥ 2.

This implies

H(J) = VJ(−α1)
⊕

· · ·
⊕

VJ(−α1) (r copies),

whereVJ(−α1) is an irreducible highest weight representation with highest weight−α1.

By identifying−lα1 −mα2 − nα3 ∈ Q− with (l, m, n) ∈ Z≥0 × Z≥0 × Z≥0, we have

P (H(J)) = {τi|i ≥ 1},

whereτ1 = (1, 0, 0), τ2 = (1, 0, 1), τ3 = (1, 1, 1), τ4 = (1, 1, 2), τ5 = (1, 1, 3), etc.

For the sake of completeness, we write down the Table 5.1 in [26].

m\n 0 1 2 3 4 5 6 7

0 1 1 0 0 0 0 0 0

1 0 1 1 1 1 0 0 0

2 0 1 2 3 4 4 3 2

3 0 1 3 6 10 14 16 16

4 0 1 4 10 20 34 49 62

5 0 0 3 13 33 67 115 173

6 0 0 2 14 46 112 227 397

From the above table, we can obtaindim(VJ(−α1))τi .

Every root ofg is of the form(l,m, n) for l ≥ 1 andm, n ≥ 0.

Here

d(i) = dim(H(J))τi = r dimVJ(−α1)τi .

Thus, the Witt partition function (2.2.1) becomes

W (J)(τ) =
∑

n∈T (J)(τ)

(|n| − 1)!
n!

r|n|
∏

(dimVJ(−α1)τi)
ni .

Therefore, using Theorem 2.3, we obtain:
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Proposition3.9 — Letg = g(A,m) be the GKM algebra associated with the Borcherds-Cartan

matrix

A =



−k 0 −1
0 2 −4
−1 −4 2




of chargem = (r, 1, 1) with k, r ∈ Z>0. Then, for the rootα = −k1α1 − k2α2 − k3α3 with

k1, k2, k3 ∈ Z≥0, we have

dim gα =
∑

d|α

1
d
µ(d)

∑

n∈T (J)(α
d
)

(|n| − 1)!
n!

r|n|
∏(

dim (VJ(−α1))τi

)ni . (3.9.1)

From the Remark 2.5, the algebrag is isomorphic to the maximal graded Lie algebra with local

partH(J)
⊕

(HA1 + h)
⊕

H(J)∗.

Example3.10 — Consider the rootα = (3, 3, 3).

We notice the following regarding the weights ofH(J) and their multiplicities:

Weight Multiplicity Weight Multiplicity Weight Multiplicity

(1, 0, 0) r (1, 2, 3) 3r (1, 3, 4) 10r

(1, 0, 1) r (1, 2, 4) 4r (1, 3, 5) 14r

(1, 1, 1) r (1, 2, 5) 4r (1, 3, 6) 16r

(1, 1, 2) r (1, 2, 6) 3r (1, 3, 7) 16r

(1, 1, 3) r (1, 2, 7) 2r (1, 4, 1) r

(1, 1, 4) r (1, 3, 1) r (1, 4, 2) 4r

(1, 2, 1) r (1, 3, 2) 3r (1, 4, 3) 10r

(1, 2, 2) 2r (1, 3, 3) 6r (1, 4, 4) 20r

T (J)(3, 3, 3) corresponds the partition of (3,3,3) into three parts. Hence, the partitions of the

root (3, 3, 3) into weights ofH(J) are given in the following table:

(1, 0, 0), (1, 0, 0), (1, 3, 3)

(1, 0, 0), (1, 0, 1), (1, 3, 2)

(1, 0, 0), (1, 1, 1), (1, 2, 2)

(1, 0, 0), (1, 1, 2), (1, 2, 1)

(1, 0, 1), (1, 0, 1), (1, 3, 1)

(1, 0, 1), (1, 1, 1), (1, 2, 1)

(1, 1, 1), (1, 1, 1), (1, 1, 1)

Hence, by the formula (3.9.1), for the root (3, 3, 3), we have

dim g(3,3,3) =
64r3 − r

3
.
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In particular, whenr = 3

dim g(3,3,3) = 575.

Similarly, for the root (4, 4, 4), we have

dim g(4,4,4) =
655r4 − 7r2

4
.

In particular, whenr = 4

dim g(4,4,4) = 41892.

4. ROOT MULTIPLICITIES OF SOME GENERALIZED KAC-MOODY ALGEBRAS

HAVING MORE THAN ONE IMAGINARY SIMPLE ROOT

4.1 : Consider the GKM algebrag = g(A,m) associated with the Borcherds-Cartan matrix

(
−k1 −a

−b −k2

)

of chargem = (r1, r2) with k1, k2, r1, r2, a, b ∈ Z>0.

Let I = {1, 2} be the index set for the simple roots ofg. Then,α1 andα2 are imaginary simple

roots with multiplicitiesr1, r2 ≥ 1. Thus we have

T = {α1, · · ·α1} (counted r1 times)⋃
{α2, · · · , α2} (counted r2 times) .

Since,(α1, α1) = −bk1 < 0, (α2, α2) = −ak2 < 0 and (α1, α2) = ab < 0, F can be either∅ or

{α1} or {α2}. Since there is no real simple root, we should takeJ = ∅ and W (J) = {1}.

By Proposition 2.2, we obtain

H
(J)
1 = C−α1 ⊕ · · · ⊕ C−α1 (r1 copies)

⊕ C−α2 ⊕ · · · ⊕ C−α2 (r2 copies)

H
(J)
k = 0 for k ≥ 2.

This implies

H(J) = C−α1 ⊕ · · · ⊕ C−α1 (r1 copies)

⊕ C−α2 ⊕ · · · ⊕ C−α2 (r2 copies).

By identifying−m1α1 −m2α2 ∈ Q− with (m1,m2) ∈ Z≥0 × Z≥0, we have

P (H(J)) = {(1, 0), (0, 1)}, where dimH
(J)
(1,0) = r1 and dimH

(J)
(0,1) = r2.
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Thus, the Witt partition function (2.2.1) becomes

W (J)(m1,m2) =
1

m1 + m2

(
m1 + m2

m1

)
rm1
1 rm2

2 .

Therefore, using Theorem 2.3, we obtain:

Proposition4.2 — Letg = g(A,m) be the GKM algebra associated with the Borcherds-Cartan

matrix

A =

(
−k1 −a

−b −k2

)

of chargem = (r1, r2) with k1, k2, r1, r2, a, b ∈ Z>0. Then, for the rootα = −m1α1 −m2α2

with m1, m2 ∈ Z≥0, we have

dim gα =
1

m1 + m2

∑

d|(m1,m2)

µ(d)

(
m1+m2

d
m1
d

)
r

m1
d

1 r
m2
d

2 . (4.2.1)

From the Remark 2.5, the algebrag is isomorphic to the maximal graded Lie algebra with local

partH(J)
⊕

h
⊕

H(J)∗.

For example, for the rootα = (6, 6), by the formula (4.2.1), we have

dim g(6,6) =
1
12

∑

d|(6,6)

µ(d)

(
12
d
6
d

)
r

6
d
1 r

6
d
2

=
1
12

((
12
6

)
r6
1r

6
2 −

(
6
3

)
r3
1r

3
2 −

(
4
2

)
r2
1r

2
2 +

(
2
1

)
r1r2

)

=
1
6

(
462r6

1r
6
2 − 10r3

1r
3
2 − 3r2

1r
2
2 + r1r2

)
.

In particular, whenr1 = 2, r2 = 3

dim g(6,6) = 3591919.

Similarly, for the rootα = (8, 4), by the formula (4.2.1), we have

dim g(8,4) =
1
12

∑

d|(8,4)

µ(d)

(
12
d
8
d

)
r

8
d
1 r

4
d
2

=
1
12

((
12
8

)
r8
1r

4
2 −

(
6
4

)
r4
1r

2
2

)

=
1
4

(
165r8

1r
4
2 − 5r4

1r
2
2

)
.
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In particular, whenr1 = r2 = 2
dim g(8,4) = 168880.

4.3 : Consider the GKM algebrag = g(A,m) associated with the Borcherds-Cartan matrix

A =




−k1 −a1 · · · −an−1

−b1 −k2 · · ·
...

...

−bn−1 · · · −kn




of chargem = (r1, r2, · · · , rn) with ki, ri, ai, bi ∈ Z>0 for all i.

Let I = {1, · · · , n} be the index set for the simple roots ofg. Thenαi, i = 1, · · · , n are

imaginary simple roots with multiplicitiesri ≥ 1, i = 1, · · · , n.

Thus we have

T =
n⋃

i=1

{αi · · · , αi} ( counted ri times),

and since

(αi, αi) < 0 and (αi, αj) < 0 for all i and j,

F can be either∅ or {αi} for i = 1, · · · , n.

Since there is no real simple root, we should takeJ = ∅ andW (J) = {I}.

By Proposition 2.2, we obtain

H
(J)
1 = C−α1 ⊕ · · · ⊕ C−α1 (r1 copies)

⊕ C−α2 ⊕ · · · ⊕ C−α2 (r2 copies)
...

⊕ C−αn ⊕ · · · ⊕ C−αn (rn copies)

H
(J)
k = 0 for k ≥ 2.

This implies

H
(J)
1 = C−α1 ⊕ · · · ⊕ C−α1 (r1 copies)

⊕ C−α2 ⊕ · · · ⊕ C−α2 (r2 copies)
...

⊕ C−αn ⊕ · · · ⊕ C−αn (rn copies).

By identifying−m1α1−m2α2− . . .−mnαn ∈ Q− with (m1, · · · ,mn) ∈ Z≥0×Z≥0×· · ·×Z≥0,

we have

P (H(J)) = {(1, 0, · · · , 0), (0, 1, 0, · · · , 0), · · · , (0, 0, · · · , 1)},
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where

dimH
(J)
(i,0,···,0) = ri for i = 1, · · · , n.

Thus, the Witt partition function (2.2.1) becomes

W (J)(m1, · · · ,mn) =
1

n∑

i=1

mi




n∑

i=1

mi

n−1∑

i=1

mi



· · ·




n−1∑

i=1

mi

n−2∑

i=1

mi



· · ·

(
m1 + m2

m1

)
n∏

i=1

rmi
i .

Therefore, using Theorem 2.3, we obtain :

Proposition4.4 — Letg = g(A,m) be the GKM algebra associated with the Borcherds-Cartan

matrix

A =




−k1 −a1 · · · −an−1

−b1 −k2 · · ·
...

...

−bn−1 · · · −kn




of chargem = (r1, · · · , rn) with ri, ki ( i = 1, · · · , n) ∈ Z>0.

Then, for the rootα = −m1α1 − m2α2 − · · · − mnαn, with mi (i = 1, · · · , n) ∈ Z≥0, we

have

dim gα =
1

n∑

i=1

mi

∑

d| (m1,···,mn)

µ(d)




n∑

i=1

mi

d
n−1∑

i=1

mi

d



· · ·




n−1∑

i=1

mi

d
n−2∑

i=1

mi

d



· · ·

(
m1+m2

d
m1
d

)
n∏

i=1

r
mi
d

i .

(4.4.1)

From the Remark 2.5, the algebrag is isomorphic to the maximal graded Lie algebra with local

partH(J)
⊕

h)
⊕

H(J)∗.

For example, letn = 4. For the rootα = (4, 4, 4, 4), by the formula (4.4.1), we have

dim g(4,4,4,4) =
1
16

∑

d|(4,4,4,4)

µ(d)

(
16
d
12
d

) (
12
d
8
d

)(
8
d
4
d

)
r

4
d
1 r

4
d
2 r

4
d
3 r

4
d
4

=
1
16

((
16
12

)(
12
8

)(
8
4

)
r4
1r

4
2r

4
3r

4
4

−
(

8
6

)(
6
4

)(
4
2

)
r2
1r

2
2r

2
3r

2
4

)

=
1
4

(
455 r4

1r
4
2r

4
3r

4
4 − 7 r2

1r
2
2r

2
3r

2
4

)
.
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In particular, whenr1 = 2, r2 = 3, r3 = 4, r4 = 5

dim g(4,4,4,4) = 47174374800.

For example, letn = 5. For the rootα = (6, 5, 4, 3, 2), by the formula(4.4.1), we have

dim g(6,5,4,3,2) =
1
20

∑

d|(6,5,4,3,2)

µ(d)

(
20
d
18
d

)(
18
d
15
d

)(
15
d
11
d

)(
11
d
6
d

)
r6
1r

5
2r

4
3r

3
4r

2
5

=
1
20

(
20
18

)(
18
15

)(
15
11

)(
11
6

)
r6
1r

5
2r

4
3r

3
4r

2
5

= 4888643760 r6
1r

5
2r

4
3r

3
4r

2
5.

In particular, whenr1 = r2 = r3 = r4 = r5 = 1

dim g(6,5,4,3,2) = 4888643760.

4.5 : Consider the GKM algebrag = g(A,m) associated with the Borcherds-Cartan matrix

A =




2 −1 −1
−1 −k1 −a

−1 −a −k2




of chargem = (1, r1, r2) with k1, k2, r1, r2, a ∈ Z>0.

Let I = {1, 2, 3} be the index set for the simple roots ofg. Then,α1 is the real simple root and

α2 andα3 are the imaginary simple roots with multiplicitiesr1, r2 ≥ 1.

Thus we have

T = {α2, · · ·α2} (counted r1 times)⋃
{α3, · · · , α3} (counted r2 times).

Since(α2, α2), (α3, α3), (α2, α3), (α1, α2) and(α1, α3) are all< 0, F can be either∅ or {α2} or

{α3}. If we takeJ = {1}, then

g
(J)
0 = g0 ⊕ Ch2 ⊕ Ch3, where

g0 = 〈e1, f1, h1〉 ' sl (2,C) and W (J) = {1}.
By Proposition 2.2, we obtain

H
(J)
1 = VJ(−α2)⊕ · · · ⊕ Vj(−α2) (r1 copies)

⊕VJ(−α3)⊕ · · · ⊕ VJ(−α3) (r2 copies)

H
(J)
k = 0 for k ≥ 2.
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This implies

H(J) = VJ(−α2)⊕ · · · ⊕ Vj(−α2) (r1 copies)

⊕VJ(−α3)⊕ · · · ⊕ VJ(−α3) (r2 copies),

whereVJ(−α2) is the 2-dimensional irreducible representation ofsl (2,C) with highest weight

−α2 andVJ(−α3) is the 2-dimensional irreducible representation ofsl (2,C) with highest weight

−α3.

By identifying−n1α1 − n2α2 − n3α3 ∈ Q− with (n1, n2, n3) ∈ Z≥0 × Z≥0 × Z≥0, we have

P (H(J)) = {(0, 1, 0), (0, 0, 1), (1, 1, 0), (1, 0, 1)},

where

dimH
(J)
(0,1,0) = dimH

(J)
(1,1,0) = r1 and dimH

(J)
(0,0,1) = dim H

(J)
(1,0,1) = r2.

For (n1, n2, n3) ∈ Z≥0, we have

(n1, n2, n3) = (n2 − t)(0, 1, 0) + (n3 − n1 + t)(0, 0, 1)

+t(1, 1, 0) + (n1 − t)(1, 0, 1).

Thus, the Witt partition function(2.2.1) becomes

W (J)(n1, n2, n3) =
min{n2,n1−n3}∑

t=0

(n2 + n3 − 1)!
(n2 − t)! (n3 − n1 + t)! t! (n1 − t)!

rn2
1 rn3

2

=
min{n2,n1−n3}∑

t=0

1
n2 + n3

(
n2 + n3

n3

)(
n3

n1 − t

)(
n2

t

)
rn2
1 rn3

2 .

Therefore, using Theorem 2.3, we obtain:

Proposition4.6 — Letg = g(A,m) be the GKM algebra associated with the Borcherds-Cartan

matrix

A =




2 −1 −1
−1 −k1 −a

−1 −a −k2




of chargem = (1, r1, r2) with k1, k2, r1, r2 ∈ Z>0.

Then, for the rootα = −n1α1 − n2α2 − n3α3 with n1, n2, n3 ∈ Z≥0, we have

dim gα =
1

n2 + n3

∑

d|(n1,n2,n3)

µ(d)

(
n2+n3

d
n3
d

)


min{n2,n1−n3}∑

t=0

(
n3
d

n1−t
d

)(
n2
d
t
d

)
 r

n2
d

1 r
n3
d

2 .

(4.6.1)
From the Remark2.5, the algebrag is isomorphic to the maximal graded Lie algebra with local part

H(J) ⊕ (sl (2,C)⊕ h)⊕H(J)∗.
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For example, for the rootα = (6, 5, 4), by the formula(4.6.1), we have

dim gα =
1
9

∑

d|(6,5,4)

µ(d)

(
9
d
4
d

)


min{5,2}∑

t=0

(
4
d

6−t
d

)(
5
d
t
d

)
 r

5
d
1 r

4
d
2

=
1
9

(
9
4

)(
2∑

t=0

(
4

6− t

)(
5
t

))
r5
1r

4
2

= 140 r5
1r

4
2.

In particular, whenr1 = 5, r2 = 8

dim g(6,5,4) = 3727360000.

For the rootα = (6, 6, 6), by the formula (4.6.1), we have

dim gα =
1
12

∑

d|(6,6,6)

µ(d)

(
12
d
6
d

)


min{6,0}∑

t=0

(
6
d

6−t
d

) (
6
d
t
d

)
 r

6
d
1 r

6
d
2

=
1
12

∑

d|(6,6,6)

µ(d)

(
12
d
6
d

)
r

6
d
1 r

6
d
2

=
1
12

((
12
6

)
r6
1r

6
2 −

(
6
3

)
r3
1r

3
2 −

(
4
2

)
r2
1r

2
2 +

(
2
1

)
r1r2

)

=
1
6
(462r6

1r
6
2 − 10r3

1r
3
2 − 3r2

1r
2
2 + r1r2).

In particular, whenr1 = 2, r2 = 3

dim g(6,6,6) = 3591459.

Remark: For finding the root multiplicities of GKM algebras which appear as extensions of

finite, affine or indefinite type, one needs the corresponding weight multiplicities of the module of

the underlying Kac-Moody algebra. This problem was done in this paper for some particular cases.

For GKM algebras which are not algebras of above types, one can use directly the formula of Kang

(cf. [22–24]), but each case has its own importance. Generally one can compute root multiplicities

of GKM algebras whose Borcherds-Cartan matrices appear as extensions of generalized Cartan

matrices of any order and can also compute root multiplicities of any GKM algebra with any number

of simple imaginary roots and in general for any GKM algebra.
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