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In this paper, we determine explicitly the root multiplicities of all roots of generalized Kac-
Moody algebras associated with Borcherds-Cartan matrices (of order 3) which are extensions
of finite Az, affineAél) and hyperbolicH A, .We also compute the root multiplicities of some
generalized Kac-Moody algebras with more than one imaginary simple root.
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1. INTRODUCTION

In [6], Borcherds introduced the notion of generalized Kac-Moody algebras (GKM algebras). The
structure and the representation theory of GKM algebras are similar to those of Kac-Moody algebras
[15], and almost all facts about Kac-Moody algebras can be generalized to GKM algebras. Earlier
we studied [29, 30], some properties of roots of all GKM algebras other than Kac-Moody algebras
associated with Borcherds-Cartan matrices (of ordet) which are extensions of Cartan matri-

ces (of ordex 3) of finite, affine and hyperbolic types and found explicitly all special imaginary
roots. In [31], we extended the notion of purely imaginary roots of Kac-Moody algebras to GKM
algebras and classified all GKM algebras possessing purely imaginary property. In [32], we com-
pared the properties of strictly imaginary roots and purely imaginary roots of GKM algebras and
using the classification of GKM algebras possessing purely imaginary property, we found, among
these classes, the algebras, all whose purely imaginary roots are strictly imaginary. In [33], we gave
complete classifications of GKM algebras possessing special imaginary roots and strictly imaginary

property.
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Determination of multiplicities of imaginary roots is an open and difficult problem. Till now,
this problem has been completely solved only for the affine Kac-Moody algebras [15], which are the
most elementary of the infinite dimensional Kac-Moody algebras. In [5], Berman and Moody de-
rived a closed form root multiplicity formula for all symmetrizable Kac-Moody algebras. Using the
Euler-Poincare principle and Kostant’s formula [27], Kang obtained two root multiplicity formulas
for all symmetrizable Kac-Moody algebras [20]. One of them is in recursive form, and the other
is in closed form. In [8], Feingold and Frenkel computed level 2 root multiplicities for the hyper-
bolic Kac-Moody algebreHAgl). In[18, 19, 21], Kang generalized their construction and obtained
root multiplicities forHAgl) upto level 5, forHAéQ) upto level 3. Kang and Melville computed
root multiplicities forHAY in [25]. In [16], Kac-Moody and Wakimoto computed root multiplic-
ities forHEél). Using the techniques in [2, 18, 19, 21], Sthanumoorthy and Uma Maheswari [36]
computed multiplicities of roots for a particular case upto level 3 for the extended-hyperbolic Kac-
Moody aIgebraEHAgl) which was introduced by them in [35]. Again in [34, 37], Sthanumoorthy,
Lilly and Uma Maheswari computed root multiplicities in general EzHAgl) and EHAé2) for
all the classes upto level 3, and some extended-hyperbolic GKM algebras. In [26], Kim and Shin
derived a recursive dimension formula for all graded Lie algebras. In [10], Hontz and Misra deter-
mined root multiplicities of the indefinite Kac-Moody algebleDf’) andHGgl). Except for the
indefinite Kac-Moody algebras of classical tyf@) ® and special linear typéA,, (a, b) 4, where
the root multipicities had been determined for roots upto deBueand2a + 1 respectively, for
non-hyperbolic Kac-Moody algebras root multiplicities have not yet been determined.

In [1], Barwald and Gebert presented the results of some calculations of the multiplicities of
simple imaginary roots for the Borcherds algebidy ; and its maximal Kac-Moody subalgebra
Eyp. In [22, 23], Kang derived a closed form root multiplicity formula for all roots for GKM alge-
bras. In particular in [24], Kang and Kim discussed many interesting applications of their dimension
formula to the various classes of graded Lie algebras such as free Lie algebras, Kac-Moody algebras
and GKM algebras. This formula was also derived in [11-13].

In this paper, by applying the above results to specific examples, we compute explicitly the root
multiplicities of all roots of GKM algebras associated with Borcherds-Cartan matrices (of order
3) which are extensions of finitds, aﬁineAgl) and hyperbolicH A;. We also compute the root
multiplicities of some GKM algebras with more than one imaginary simple root.

2. PRELIMINARIES

We first recall some of the facts about generalized Kac-Moody algebras [11, 24, 13].

Let I be a finite or countably infinite index set. A real matdx= (a;;);; € I is called a
Borcherds-Cartan matrix if (i;; = 0 ora;; < 0foralli € I, (i) a;; < 0if i # j anda;; € Z
if a;; = 2, (iii) a;; = 0 impliesaj; = 0. We assume that the Borcherds-Cartan matfixs
symmetrizable, that is, there is a diagonal mabix= diag(s; | i € I) with s; > 0(¢ € I) such that
DA is symmetric. Let™ = {i € I|a; = 2}, 1™ = {i € Ila; <0}, and letm = (m; € Zsoli
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€ I) be a collection of positive integers such that= 1 for all i € I"°.

The generalized Kac-Moody algebra (GKM algehya} g(A, m) associated with a symmetriz-
able Borcherds-Cartan matrik = (a;;); jer Of chargen = (m;|i € I) is the Lie algebra generated
by the elementé;, d;(i € I), e, fir(i € I,k =1,---,m;) with the defining relations :

[hishjl = [di,dj] = [hi,dj] =0
hisejn] = ageji, [hi, fil] = —aij fii,
[diseji] = Oijejis [di, fi] = —0i5fji

(ad eip) V%) (e;) = (ad fir)1=%9) (fj1) = 0if ay; = 2, # J,

]
]
]
leik, fii] = 0ij0rihs,
)
| = [fie. f) =0ifa;; =0

[ezku €51

(lajelakzlaamlal:]-aam])

The subalgebrg = (@ (Chi> & (EB Cdi) is called the Cartan subalgebragfFor each
i€l el
1 € I, we define a linear functional; € h* by

a;i(hj) = aji, oi(d;) = 6;5(i, 7 € I).
The linear functionalsy; (i € I) are called the simple roots gf

LetQ = @ Zai, Q" =) Zxpai, andQ~ = —Q*. We define a partial ordering onh* by
i€l el
A > pifandonlyif \—p € Q. The GKM algebra = g(A, m) has the root space decomposition,

g= @ 0o, Wwhere go = {x € g|[h, z] = a(h)z for all h € h}.
acQ
An elementa € Q is called a root ife # 0 andg, # 0. The numbermulta = dim g, is called
the multiplicity of the rooto. Note thatmulta; = mult(—a;) = m; foralli € I. Aroota > 0
(resp.a < 0) is called positive (resp. negative). As in the case of Kac-Moody algebras, all the roots
are either positive or negative. We denotebyA™, and A~ the set of all roots, positive roots,
and negative roots, respectively. lgt = P go andg_ = & go. Then we have the triangular

. a>0 a<0
decomposition
0=9-PoPa:.
For eachi € I, we define the simple reflection; € b* by r(N) = A — A(hi)a;

(A € b*). The subgrough of GL(h*) generated by the;s(i € I"¢) is called Weyl group of
g. Letp € b* be a linear functional satisfying(h;) = 3a; for all i € I. Since the Borcherds-
Cartan matrixA = (a;;); jer is Symmetrizable there isl& - invariant symmetric bilinear forr| )
onQ@Zp satisfying(a;|oy;) = s;ai; and(pla;) = (o) forall i, j € I. We say that a roat
is real if (a|a) > 0, and imaginary ifa|a) < 0. In particular, the simple roat; is real ifa;; = 2,
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and imaginary ifa;; < 0. Note that the imaginary simple roots may have multiplicityl. An
imaginary rooty in a GKM algebra is said to be strictly imaginary [15, 31] if for every real root
«, eithera + v or o — v is a root. A positive imaginary roat is purely imaginary [31] if for any
positive imaginary rooB, « + (3 is a positive imaginary root.

As in the case of Kac-Moody algebras,we can deffitkagonalizable modules, highest weight
modules, Verma modules, irreducible highest weight modules, etc. for symmetrizable GKM alge-
bras.

Let PT = {\ € h*|A\(h;) > Oforalli € I,\(h;) € Z>¢if a;; = 2}, and letV()\) be the
irreducible highest weight module ovgrwith highest weight\. We denote byl" the set of all
imaginary simple roots counted with multiplicities, and forc T, we write F' L X\ if A(h;) =0
forall o; € F.

Let J be a finite subset aof™® and we denote bA; = AN (3¢, Zo@,A?} = Ay N AT,
and A%(J) = A*\A7. We also denote b, = Q N (X, Zw), @7 = Qs N QF, and

Q*(J) = QF\Q*. Defineg!) = bP | P va | andg!’) = & ga. Then we have the
acAy aEAE(J)
triangular decomposition:

a=0""Po” P!

where g(()‘] ) is the Kac-Moody algebra (with an extended Cartan subalgebra) associated with the
generalized Cartan matri; = (a;;)i jeJ, andg(_‘]) (respgf)) is a direct sum of irreducible highest
weight (resp.lowest weight) modules O\g%rz).

LetW; = (r;|j € J) be the subgroup off” generated by the simple reflectiongj < J),
and leti(J) = {w € W|wA~ N AT C A*(J)}. ThenW; is the Weyl group of the Kac-Moody
algebrag(()") andW (J) be the set of right coset representative8lofin 1. Moreover, the elements
in W (J) can be determined by the following Lemma, the proof is in [18, 27].

Lemma2.1 — Supposev = w'r; andl(w) = I(w') + 1. Thenw € W(J) if only v’ € W (J)
andw’(aj) € AT(J).

As in the case of symmetrizable Kac-Moody algebras, we vieg&’) as
Q(;])— graded Lie algebra.We omit the proof of the following proposition given in [7, 24, 28] in
which Kostant’'s formula was generalized to GKM algebras to determine the homology modules

J).
"

Proposition2.2. —

J
o = @ Vilwlp - s(F) - p),

weW (J)
l(w)iﬁg\'zk

whereV; (1) denotes the irreducible highest weight module cgéé? with highest weighfu, and
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F runs over all the finite subsets Bfsuch that any two elements inare mutually perpendicular.
Here we denote byF'|, the number of elements ii ands(F'), the sum of elements if.

Define the homology spadé(”) of g/’ to be

H(J Z k+1H J) Z (_l)l(w)+|F|+lVJ<w(p _ S(F)) N p).
k=1 weW (J)

L) HF 21

Let
PHY) = {a e Q= (J)|dimH) # o}
- {T177—27T37"'}7

andd(i) = dimH" fori = 1,2,3---. Forr € Q~(J), we denote byI"”/)(r) the set of all
partitions ofr into a sum ofr;s, that is,

T(J)(T) = {n = (n,)lzl‘nz S ZZO; Znﬂ—i = 7—} .

Forn € T()(7), we will use the notatiofn| = 3" n; andn! = [[n;! 3. Now, forr € Q= (J),

we define a function
W= Y |”| Hd (2.2.1)
neT () (1)

The functionW(/)(r) is called theWitt partition function Then, using the formal power series
log(l —t) = =372, % and the Mbius inversion, we obtain a closed form root multiplicity
formula for all symmetrizable GKM algebras. We use the following theorem appearing in [22, 24]
frequently.

Theorem2.3— Leta € A~ (J) be aroot of a symmetrizable GKM algelaraThen we have

1 o
dimg, = ~p(dyw ) (=
> e (3)

= > Y D T agy
d|a

neT(J)(%)

where . is the classical NMbius function. Namely, for a natural number i(n) is defined as
follows:

1 for n=1,
pn) =< (=¥ for n=py---pi (p1, -, pi : distinct primes),

0 if it is not square free.
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Suppose the Borcherds-Cartan mattix= (a;;); jcr of chargem = (m; € Z-oli € I) satisfies
(i) the set/" is finite, (i) a;; # 0 for all ¢, j € I'™. If we takeJ = I"¢, the set of all real indices,

then the algebra|’ = b | €D g | is the Kac-Moody algebra (with an extended Cartan
a€Aj
subalgebra) associated with the generalized Cartan majrix (a;;); jes, and the GKM algebra

g=g" @géj) @gf) can be realized as [11] the minimal graded Lie algebra with the local
L
partV P g’ Vv, whereV = € Vj(—a;) ™, V*isthe contragredient module &, and

ielim
m;s are the multiplicities of the imaginary simple roatgs. In our computation we also use the

following proposition, the proof of which is in [13, 24].

Proposition2.4 — Suppose that a Borcherds-Cartan mattix= (a;;); jer of chargem =
(mi € Zsoli € I) satisfies: (i) the sek™ is finite, (i) a;; # 0 for all i, j € I'™. LetJ = I"¢, and
consider the corresponding triangular decomposition of the GKM algebra:

a=0(4m) =" P’ P

Then the algebrg!’) = P s (resp.g’) = P ga) isisomorphic to the free Lie algebra

acA=(J) L acAT(J) L
generated by the spade= P Vj(—a:) ™ (resp. V* = @) Vi(—ai) ™), whereV;(u)
ielim ieIim

(resp. V(1)) denotes the irreducible highest weight (resp. lowest weight) module over the Kac-
Moody algebragé“’) with highest weighy (resp.lowest weight-p1).

Remark2.5: Proposition 2.4 shows that, under the above assumptions,the GKM algebra
g= g(;]) D g(()J) D gf) is isomorphic to the maximal graded Lie algebra with local pagp géj) PV

3. ROOT MULTIPLICITIES OF SOME GENERALIZED KAC-MoOODY ALGEBRASWITH ONE
IMAGINARY SIMPLE ROOT

In this section, we compute the root multiplicities of GKM algebras associated with Borcherds-
Cartan matrices which appear as extensions of fim&teaffineAél) and hyperbolicH A;.

3.1: Consider the GKM algebra = g(A, m) associated with the Borcherds-Cartan matrix

-k -1 0 O

of chargem = (r,1,1,1) with k, r € Z~(. This matrix is an extension ofs.

Let] = {1,2,3,4} be the index set for the simple rootsgfThen,«; is the imaginary simple
root with multiplicity » > 1 andas, ag anday are the real simple roots.
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Thus we have

T ={aj, - -,a1} (counted r times),

and since
(041,041) =—k <0,

F can be either empty dro; }.

If we takeJ = {2, 3,4}, then
g[()J) = g0 @ (Chlv

where
go = (€2, f2, ha, e3, f3, h3, eq, fa,ha) = sl (4,C) and W (J) = {1}

By Proposition 2.2, we obtain

aY = Vi(—a) - - €D Vi(—a) (r copies)
7Y = 0for k>2.

This implies
HY) = Vy(—an) @ o @ Vi(—aq) (r copies),

whereV;(—a;1) is the 4-dimensional irreducible representatioslof4, C).

By identifying —k1oq — koorg — ks — kgoy € Q~ with (kl, ko, k3, ]{:4) € ZZO X ZZO X ZZO X

Z>p, we have
P(H(J)) - {(1707070)7 (17 17070)7 (17 17 170)7 (1’ 1’ 17 1)}’ where

—dimHY) = dimHY)

_ (J) _
= dim H (1,1,1,0) (11,1, — ™

: ()
dim H(l,o,o,o) (1,1,0,0)

61

Fork:, ko, ks, ka € Z>o, the only partition of k1, k2, k3, k) intoasumof1,0,0,0), (1,1,0,0),

(1,1,1,0) and(1,1,1,1) is

(klu k27 k37 k4) = (kl - kQ)(LOa 07 0) + (kQ - k3)(17 17070)
+(k3 — kq)(1,1,1,0) + kq(1,1,1,1).

Thus, the Witt partition functiori2.2.1) becomes

1 k ki —k
W(J)(kzl,kz,k‘g,k4) — ]?1 ( kl > < kl k4 )
4 2 — k4

k2 — k4 T'kl.
ks — ky
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Therefore, using Theorem 2.3, we obtain :
Proposition3.2 — Letg = g(A, m) be the GKM algebra associated with the Borcherds-Cartan
matrix
-k -1 0 O
-1 2 -1 0
o -1 2 -1
0O 0 -1 2

of chargem = (r,1,1,1) with k, r € Z.

dimg, = kl > u(d)<
)

Then, for the rooty = —kj; — koay — kzaiz — kaaug With kq, ko, k3, k4 € Z>(, We have
1

d|(k1,k2,k3,ka >

k1 dk4 ko dk4 oy

Koy kyeky rd. (3.2.1)
T d d

From the Remark 2.5, the algelyrds isomorphic to the maximal graded Lie algebra with local
part H) @ (sl (4,C) + ) P HW)*

alF aF

Some particular cases:
1. If ky > Ky Orkg > kg Or kg > ki, thendim gz, ks ks) = 0-

2. If ky = ko = k3 = ky, the formula (3.2.1) yields

dim @, ey kg k1) = L Zu ra (3.2.2)
d|ky

Hence, the subalgebra

F = GB O (ks 1 Jer k)
k1>1

is the free Lie algebra on thedimensional spacg; ; 1,1)-

3. Similarly, we have

71
dim g(x, 0,0,0) Z p(d)r
Lk
and the subalgebra
FO = @ g(klvo’ozo)
ki1>1

is the free Lie algebra on thedimensional space ¢ o,0)-
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For example, for the root (5, 4, 3, 2), by the formula (3.2.1), we have

1[5 3 2
dim = r’ =12r°

In particular, when- = 3
dim 9(5,47372) = 2916.

Similarly, for the root (8, 6, 4, 2), by the formula (3.2.1), we have

dim g(g 6,4,2) = 315r° — 3r™.

In particular, wherr = 2
dlm 9(8,6,4,2) = 80592

From the formula (3.2.2), for the root (5, 5, 5, 5), we have

7'5—7“

5

dimg(s555 =
In particular, wherr =5
dim 9(5757575) = 624.

3.3: Consider the GKM algebra = g(A, m) associated with the Borcherds-Cartan matrix

-k -1 0 O
-1 2 -1 -1

of chargem = (r,1,1,1) with k, r € Z.
This matrix is an extension oigl). As in the above, we have the following results:

Let] = {1,2,3,4} be the index set for the simple rootsgfThen,«; is the imaginary simple
root with multiplicity » > 1 andas, ag anday are the real simple roots. Thus we have

T ={ay---a1} (counted r times)

and sinc€ay, o) = —k < 0, F can be either empty dro }.

If we takeJ = {2, 3,4}, then
oy = g @ Chi,

where
go = <€27f27 h27637 f3)h37647f47h4> = Agl) and W(J) - {1}
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By Proposition 2.2, we obtain

Hf]) _ VJ(_al)@"'@VJ(_al) (r copies)
H = 0fork>2

This implies

HY) = Vy(—an) @"'EBVJ(—OM) (r copies),
whereV;(—a;) is the standard representationﬁgl) with highest weight-a;.
We state the following theorem which was in [9], but proved in [14, 17].

Theorem3.4— Let V(A) be the basic representation of the affine Kac-Moody algelfx}é
and let\ be a weight o’ (A). Then, we have

dim(V(Ag)x = p™ (1 - ()"2)‘)> 7

where the functiop(™ (m) are defined by

S ) () — L 1
mZ::Op (m)q" = S Moa-a

Remark3.5: The above formula can be restateddas(V (Ag))x = p™(m), where\ =
Ao —md, Ay is the highest weight is the null root andn € Z, .

Here, forA%l), Ay = —a1, which impliesm = *k%(“)

By identifying —joar —lag —mas —nay € Q with (j, l,m, TL) S ZZO X ZZO X ZZO X Zzo,
weights ofV;(—«y) are(1,0,0,0), (1,1,0,0), (1,1,0,1) etc.

For a weight\ = (1,1, m,n), by the above remark, we get

dim(Vy(—a1))y = p@ (W)

USing_k%(’\’”\):l+lm+ln+mn—l2—m2—n2,weget

dim(Vy(—a1))y = p?@ (W)

= pBU+Im+In+mn — 1% —m? —n?),

where the functiop(®) (m) are defined by

> 1 1
> p@(m)g™ = =

m=0
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So

dim H§J) = rp? <_k _20\’ )\)) .

We have
P(HD) = {r]i > 1},
wherer; = (1,0,0,0), 7 = (1,1,0,0), 73 = (1,1,0,1), 74 = (1,1,1,0) etc.
Every root ofg is of the form(j, [, m,n) for j > 1 andi, m, n > 0.
Thus, the Witt partition function (2.2.1) becomes

£ e ()

neT() ()

w(r) =

Therefore, using Theorem 2.3, we obtain:

Proposition3.6 — Letg = g(A, m) be the GKM algebra associated with the Borcherds-Cartan
matrix
-k -1 0 0
-1 2 -1 -1

0O -1 -1 2

of chargem = (r,1,1,1) with k, r € Z~(. Then, for the rooty = —k1a1 — kaag — kgag — kg
with k1, ko, ks, kg € Zzo, we have

dmg, g0 32 e I (0 ()

dla nET(J)(%)
From the Remark 2.5, the algelyrds isomorphic to the maximal graded Lie algebra with local
part ") @(AY) + ) @ H",

Example3.7 — Consider the rootr = (2,2,2,2). We notice the following regarding the
weights of H(/) and their multiplicities:

Weight Multiplicity | Weight | Multiplicity | Weight | Multiplicity
(1,0,0,0) r (1,2,1,1) 2r (1,3,2,1) r
(1,1,0,0) r (1,2,1,2) 2r (1,3,2,2) 5r
(1,1,1,0) r (1,2,2,1) 2r (1,3,2,3) 5r
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Weight Multiplicity | Weight | Multiplicity | Weight | Multiplicity
(1,1,0,1) r (1,2,2,2) 5r (1,3,2,4) r
(1,1,1,1) 2r (1,2,2,3) 2r (1,3,3,2) 5r
(1,1,1,2) r (1,2,3,2) 2r (1,3,3,3) 10r
(1,1,2,1) r (1,2,3,3) 2r (1,3,3,4) 5r
(1,1,2,2) r (1,3,1,2) r (1,3,4,2) r

7)(2,2,2,2) corresponds the partition of (2,2,2,2) into two parts. Hence, the partitions of the
root (2,2, 2,2) into weights ofH (/) are given in the following table:

(1,0,0,0), (1,2,2,2)
(1,1,0,0), (1,1,2,2)
(1,1,1,0), (1,1,1,2)
(1,1,0,1), (1,1,2,1)
(1,1,1,1), (1,1,1,1)

Hence, by the formul&3.6.1), for the root(2, 2, 2, 2), we have

dim 9(2’2,272) = 107‘2 — T

In particular, whemr = 2
dimg(2’272’2) = 38.

Similarly, for the root(3, 3, 3, 3), we have

21873 — 2r

dimg3333) = 3

In particular, when r=3
dimg(3’373,3) = 1960

3.8: Consider the GKM algebrga = g(A, m) associated with the Borcherds-Cartan matrix

-k 0 -1
A= 0 2 -4
-1 -4 2

of chargem = (r,1,1) with k, » € Z~,. Here also we have to repeat the following for the sake of
completeness.

Let I = {1,2,3} be the index set for the simple roots@f Then,«; is the imaginary simple
root with multiplicity » > 1 anday andas are the real simple roots. Thus we have

T ={aij, - -,a1} (counted r times)



ROOT MULTIPLICITIES OF SOME GENERALIZED KAC-MOODY ALGEBRAS

and sincday, 1) = —k < 0, F can be either empty dro; }.

If we takeJ = {2, 3}, then
a5” = a0 P Chy,

where
go = (e2, f2, ha,e3, f3,h3) = HAy and W(J) = {I}.

By Proposition 2.2, we obtain

Hf‘]) = VJ(-O&l)@"'@VJ(_Oﬂ) (T COpieS)
a 0 for k > 2.

This implies
HY) = Vy(—an) @ . @ Vi(—a1) (r copies),

whereV;(—a;q) is an irreducible highest weight representation with highest weight
By identifying —la; — mas — nag € Q@ with (I, m,n) € Z>o X Z>¢ X Z>o, we have
P(HY) = {i]i > 1},
wherer; = (1,0,0), 7 = (1,0,1), 73 = (1,1,1), =s = (1,1,2), 75 = (1,1, 3), etc.

For the sake of completeness, we write down the Table 5.1 in [26].

m\n|0]1]2]3|4] 5 6 7
0 1100 0] O 0 0
1 Of1j1j1(1] 0 0 0
2 0112|314 4 3 2
3 0/1/3,6 10| 14 | 16 | 16
4 0111411020 | 34 | 49 | 62
5 0101313 |33| 67 |115| 173
6 0102|1446 | 112|227 | 397

From the above table, we can obtdim(V;(—a1)),.

Every root ofg is of the form(l, m,n) fori > 1 andm,n > 0.
Here
d(i) = dim(HY),, = r dim Vy(—a1)s,.

Thus, the Witt partition function (2.2.1) becomes
n| —1)! . e
WO = Y (Hn,)r'"]_[(dlmvj(—al)n)
neT)(7) ’

Therefore, using Theorem 2.3, we obtain:

67
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Proposition3.9 — Letg = g(A4, m) be the GKM algebra associated with the Borcherds-Cartan
matrix

-k 0 -1
A= 0 2 -4
-1 —4 2
of chargem = (r,1,1) with k, r € Z~¢. Then, for the rootx = —kja; — koo — ksag with
k1, k2, ks € Z>o, we have
dim —Zl @ > MH”'H(dim(v (—a1)), )™ (3.9.1)
Ja = d'u ol J 1)), . 9.

dla nET(J)(%)

From the Remark 2.5, the algelyr@s isomorphic to the maximal graded Lie algebra with local
partH) @(HA; + b)) @ HV)*,

Example3.10 — Consider the roat = (3, 3, 3).

We notice the following regarding the weights&f”) and their multiplicities:

Weight | Multiplicity | Weight | Multiplicity | Weight | Multiplicity
(1,0,0) r (1,2,3) 3r (1,3,4) 10r
(1,0,1) r (1,2,4) 4r (1,3,5) 14r
(1,1,1) r (1,2,5) 4r (1,3,6) 16r
(1,1,2) r (1,2,6) 3r (1,3,7) 16r
(1,1,3) r (1,2,7) 2r (1,4,1) r
(1,1,4) r (1,3,1) r (1,4,2) 4r
(1,2,1) r (1,3,2) 3r (1,4,3) 10r
(1,2,2) 2r (1,3,3) 6r (1,4,4) 20r

T(J>(3,373) corresponds the partition of (3,3,3) into three parts. Hence, the partitions of the
root (3, 3, 3) into weights ofH() are given in the following table:

(1,0,0), (1,0,0), (1,3,3)
(1,0,0), (1,0,1), (1,3,2)
(1,0,0), (1,1,1), (1,2,2)
(1,0,0), (1,1,2), (1,2,1)
(1,0,1), (1,0,1), (1,3,1)
(1,0,1), (1,1,1), (1,2,1)
(1,1,1), (1,1,1), (1,1,1)

Hence, by the formula (3.9.1), for the root (3, 3, 3), we have

6473 — r

dimgz33) = 3
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In particular, when- = 3
dim 9(37373) = 575.

Similarly, for the root (4, 4, 4), we have

, 6551 — 7r?
dim 9(47474) = f

In particular, when = 4
dlm 9(47474) = 41892

4. ROOT MULTIPLICITIES OF SOME GENERALIZED KAC-MOODY ALGEBRAS
HAVING MORE THAN ONE IMAGINARY SIMPLE ROOT

4.1 : Consider the GKM algebrg = g(A, m) associated with the Borcherds-Cartan matrix

—kl —a
b —ky
of chargem = (r1,r2) with k1, ko, 71, 72, a, b € Z<o.

Let I = {1, 2} be the index set for the simple rootsgfThen,«; andas are imaginary simple
roots with multiplicitiesr1, ro > 1. Thus we have

T = {ai, - -aq} (counted 7 times)

U {ag, -+, as} (counted ry times) .

Since,(a1,a1) = —bky < 0, (ag,a2) = —ake < 0 and (a1, a2) = ab < 0, F can be eithef) or
{a1} or {az}. Since there is no real simple root, we should tdke ) and W (.J) = {1}.

By Proposition 2.2, we obtain

Hf‘]) = C_o, @ - ®C_,, (r1 copies)
DC_q,® - ®C_y, (r2 copies)
HY = 0 fork>2.
This implies
Y = C_o, ® - ®C_q, (r1 copies)

BC_, @B C_q, (r2 copies).
By identifying —mia; — moas € Q~ with (ml, mg) S ZZO X Zzo, we have

P(HY) = {(1,0),(0,1)}, wheredim H;} =r1 and dim H{) = rs.
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Thus, the Witt partition function (2.2.1) becomes

1
W(J)(mhm2) _ - ( mi + meo ) T;nlrgm-
mi -+ ma mi

Therefore, using Theorem 2.3, we obtain:

Proposition4.2 — Letg = g(A4, m) be the GKM algebra associated with the Borcherds-Cartan

matrix
A= —k‘l —a
—b  —ko

of chargem = (ry,r2) with k1, ko, 71, 72, a, b € Z~¢. Then, for the rootx = —mja; — maay
with m1, ma € Z>o, we have

dimge = ——— 3 p(d) S S 4.2.1)
mi1 + me dl(mrams) my

From the Remark 2.5, the algelyrés isomorphic to the maximal graded Lie algebra with local
part ) @by H)*.

For example, for the roat = (6, 6), by the formula (4.2.1), we have

12 6
dimgee = —Z 6 rir

d|66 d

d
1 12 6 6 6 3 3 4 9 9 2
= — {79 — riry — ri{ry + 1T
12<<6>12 <3>12 9 172 1 172

1
= 5 (4627"17“2 10r1r2 3r17“2+7“17"2)

Najo

In particular, wherry =2, 1o =3
dim gg,6) = 3591919.
Similarly, for the rootn = (8, 4), by the formula (4.2.1) we have

d|84

1 12 6

1
= 4 (1657"17"2 5T1T2)
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In particular, whemnr; = ro = 2
dim g(g 4) = 168880.

4.3 : Consider the GKM algebra = g(A4, m) associated with the Borcherds-Cartan matrix

ki —ay - —ap
A _.bl —ks
L
of chargem = (r1,rg, -+, ry) With k;, r;, a;, b; € Z~ for all .

Let I = {1,---,n} be the index set for the simple roots @f Thena;, i = 1,---,n are
imaginary simple roots with multiplicities; > 1, i =1,---,n.

Thus we have

n
T= U {aj--+,a;} (counted r; times),
i=1

and since
(0, ;) < 0and (a;, ) <0 forall i and j,
F can be eithef or {o;} fori =1,---,n.
Since there is no real simple root, we should tdke () andW (J) = {I}.

By Proposition 2.2, we obtain

H{J) = C_o, @ - ®C_,, (r1copies)
DC_py, @B C_p, (recopies)

®C_q, - ®C_,, (r,copies)
H,EJ) = 0 fork>2.

This implies
() . ;
H" = C_4 @ - ®C_4, (r1copies)
B C_p, @B C_p, (r2copies)
®C_qp, ® - @®C_,, (rycopies).
By identifying —mja; —maag —... —myay, € Q7 With (my, -+ -, my,) € Z>o X Lo X - - - X L>0,
we have

p(H(J)):{(1’0’...’0)7(0’1707...’0)7...,(0’07...71)},



72 N. STHANUMOORTHY AND P. L. LILLY

where

dim H(J)

(1,0,,0) = T fori=1,---,n.

Thus, the Witt partition function (2.2.1) becomes

n—1
1 i=1 i=1 . <

W(J)(ml,' .. 7Tnn) =

n n—1 e n—2
1=1 =1 =1
Therefore, using Theorem 2.3, we obtain :

Proposition4.4 — Letg = g(A, m) be the GKM algebra associated with the Borcherds-Cartan
matrix

k1 —ap - —ap_i
A _.bl —ko
—bp1 e —ky,
of chargem = (ry,---,rp) Withry, k; (i =1,---,n) € Z>o.
Then, for the rooty = —mja; — mag — -+ - — mpo,, Withm; (i = 1,---,n) € Z>o, we

have

n—1
: =1

1 i=1 mi+ma nomy
dimgazni Z 'u(d) n—lf nf% ( 7:51 )Hrid '
SUEICEERIN (D S N D v |

i=1 i=1 i=1
d d

(4.4.1)
From the Remark 2.5, the algely#s isomorphic to the maximal graded Lie algebra with local

part H) @ b)) @ H)*,

For example, let. = 4. For the rootx = (4,4, 4,4), by the formula (4.4.1), we have

. 1 r
d1m9(4,4,4,4) = 16 Z H(d)< 1dg )(

d|(4,4,4,4)

1 ({16 [12) (8
g8\ (6)(4

(455 r%r%réri -7 r%r%r%ri) .

Qoo a3
v
—
QU oo

B~ =
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In particular, when;y =2, o =3, r3 =4, r, =5

dim 9(4’4,474) = 47174374800.
For example, let, = 5. For the rootx = (6, 5, 4, 3, 2), by the formula(4.4.1), we have

! 7 T 7 T 6,5.4.3 2
) d d d d

d|(6,5,4,3,2

1 { 20 18 15 11\ 654350
= oA rIToTSTLT
20(18)(15)(11)(6)1“45

= 4888643760 rir5rarire.

In particular, when; =ro =rg =ry =175 =1
dim 9(6,5,4,3,2) = 4888643760.

4.5 : Consider the GKM algebra = g(A4, m) associated with the Borcherds-Cartan matrix

2 -1 -1
A=| -1 —k -a
1 —a —k

of Chargem = (1,7“1, 7‘2) with k1, ko, 71, T2, a € Z~g.
Let I = {1, 2,3} be the index set for the simple roots@fThen,« is the real simple root and

a9 andag are the imaginary simple roots with multiplicities, ro > 1.

Thus we have

T = {ag, - az} (counted r; times)

U {as, -+, a3} (counted ro times).

Since(ag, ag), (as,as3), (ag,as3), (a1, az) and(aq, as) are all< 0, F can be eithef) or {ay} or

{as}. If we takeJ = {1}, then
GSJ) = go ® Chy ® Chg, where
go = {e1, f1,h1) =~ sl (2,C) and W(J) = {1}.
By Proposition 2.2, we obtain

Hf]) = Vy(—a2) @ @ Vj(—az) (r1 copies)
®Vi(—a3) @ - @ Vj(—as) (re copies)
7Y = 0 fork>2.
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This implies
HY = Vi(—ap) & & Vj(—az2) (r1 copies)
®Vi(—a3) ® - & Vy(—ag) (re copies),

whereV;(—a») is the 2-dimensional irreducible representatiorsbf2, C) with highest weight
—ap andV;(—ag) is the 2-dimensional irreducible representatioslof2, C) with highest weight

—Qs3.
By identifying —nia1 — ngy — Ngag € Q7 with (nl,ng,ng) S ZZO X ZZO X ZZO, we have
P(HY) = {(0,1,0),(0,0,1), (1,1,0), (1,0, 1)},

where
: ) _ 3 )  _ : ) _ g 0 _
dim H(O,l,o) = dim H(I,LO) = r; and dim H(07071) = dim H(l,o,l) =7ry.

For (n1,n2,n3) € Z>o, we have
(n2 —)(0,1,0) + (n3 — n1 +1¢)(0,0,1)

(nla na, n3)
+(1,1,0) + (n1 — )(1,0,1).

Thus, the Witt partition functiori2.2.1) becomes

W(J) min{nz,n1—n3} (TLQ +n3 — 1)' n2,.n3
S _ rcr
(n1,n2,n3) tz_% (ng —t)! (n3 —ny + 1! (ng —t)! 1 2

mm{nzz,nf —ns} 1 9 + n3 ns n2 nz,.n3
— T r .
g N9 + n3 ng ny — t t 172

Therefore, using Theorem 2.3, we obtain:
Proposition4.6 — Letg = g(A, m) be the GKM algebra associated with the Borcherds-Cartan

matrix
2 -1 -1
A= -1 -k -—a
-1 —a —k

of chargem = (1,r1,79) with k1, ko, 71, 72 € Zp.
Then, for the rooty = —njo; — nacy — n3az With ny, ne, n3 € Z>o, we have

1 nz_c,’l_nS min{n2,n1—n3} % %2 ny ng
Z w(d) na Z it i et
) d =0 d d
(4.6.1)

di =
1 B ng + ng
d|(n1,n2,n3
From the Remark5, the algebrg is isomorphic to the maximal graded Lie algebra with local part

HY) @ (sl (2,C)@h) @ HD=,
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For example, for the roat = (6, 5,4), by the formula(4.6.1), we have

)2 ()
()& (0)

= 140 rir3.

Q

: 1 g 5 5 4
dimg, = = Z wu(d) Z f riry
d d

In particular, whemr; =5, ro = 8
dim g5 5,4y = 3727360000.

For the rootn = (6, 6, 6), by the formula (4.6.1), we have

1 12 min{6,0} 6
dimga = 5 > u(d)< d ) > (6%
d d

N———
/
Ql+ Qo
v
=
Halo
<
Najo

d|(6,6,6)

1 12 6.6 6 3 3 4 9 9 2
= — {79 — riry; — riTy + 1T
12<<6>12 <3>12 9 172 1 172

1
= 6(4627“?7“3 — 107373 — 3rir3 + ryro).
In particular, whemry =2, ro =3
dlm 9(6,6,6) = 3591459

Remark For finding the root multiplicities of GKM algebras which appear as extensions of
finite, affine or indefinite type, one needs the corresponding weight multiplicities of the module of
the underlying Kac-Moody algebra. This problem was done in this paper for some particular cases.
For GKM algebras which are not algebras of above types, one can use directly the formula of Kang
(cf. [22—24]), but each case has its own importance. Generally one can compute root multiplicities
of GKM algebras whose Borcherds-Cartan matrices appear as extensions of generalized Cartan
matrices of any order and can also compute root multiplicities of any GKM algebra with any number
of simple imaginary roots and in general for any GKM algebra.
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