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We start from proposing the axiomatic definition offa-coherent risk measure in terms of
its negative, aF.-coherent risk adjusted valug- : L>°(F) — L*>(F;), whereF, C F

is all the market information available to an agent at the stopping tinaad F is all the
information at the terminal tim&. Then we show that &, -coherent risk adjusted value satis-
fying the Fatou property can be represented iy anorm closedF,-convex set of probability
measure$.. Under discrete time setting, we call a collectionf-coherent risk measures,
k=0,1,---,T, adynamic coherent risk measure. We show that a dynamic coherent risk ad-
justed valuep={¢q, ¢1,- - -, 7 = id} satisfies the Fatou property, the relevant condition and
the time consistent property, if and only if all tig’s are defined directly by a weak-stable

set of probability measure®; moreover, if the section, at any a stopping time is defined

too by the weakn-stable sefP, thenP is am-stable set. Finally we extend our results to a
dynamic coherent risk measure defined on financial positions with cash-flows.

Key Words: Dynamic Coherent Risk Measure;F..-Coherence;F,-Convex Set; Represen-
tation Theorem; Time-Consistent;m-Stable Set

1. INTRODUCTION

Since the concept of coherent measures of risk was introduced first by Adizar [2], this
new method to measure risks of financial positions has become an attractive field in mathematical
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finance. By the two benchmarks, that are, Artzaeal. [3] and Delbaen [8], its mathematical
theoretic foundation has been established under single period settings. Following this, there are
many literatures which attempt to enrich, generalize, apply or publicize its theory, such as Acerbi
and Tasche [1], Artzner [6], Delbaen [7], Denault [11], Jaschke aadhler [14], Jouiniet al.

[15], Kusuoka [16] etc. Among them, there is an important generalization to convex risk measures
introduced by Blimer and Schied [12, 13].

Recently researchers try to study the coherent risk measures in dynamic settings. Artzner, Del-
baenet al., pioneers on the area of coherent risk measures, are still working on them. In papers
Artzneret al. [4] and Delbaen [9], coherent risk measures are generalized to multiperiod risks and
bounded adlag processes respectively. Under a special finite probability space, a concept of dy-
namic coherent acceptability measures for the final values of financial positions is introduced in
Roordaet al. [17], and a representation theorem of a time-consistent dynamic coherent measure is
proved; and these results are generalized in Riedel [18] to the case of the dynamic risk measures for
financial positions with cash-flows. On a general probability space and within multiperiod settings,
the concept of coherent risk measurement processes for final values or value processes is defined
directly from a set of probability measures in Artze¢al. [5], and it is proven there that a dynamic
coherent risk measure satisfies the time-consistent property, if and only if the set of probability mea-
sures by which the dynamic coherent risk measure process is definedssadle set. Furthermore
there is an interesting and profound study on the structurerofstable set in Delbaen [10].

However there is not yet a general axiomatic definition of a dynamic coherent risk measure. Our
paper will fill this margin. Our method is different from Artznetral. [5]. We start from proposing
the axiomatic definition of &--coherent risk measure in terms of its negativé,, acoherent risk
adjusted valu@, : L>*°(F) — L*°(F;), whereF,. C F is all the market information available to
an agent at the stopping timeandF is all the information at the terminal timiE. Then we show
that aF,-coherent risk adjusted value satisfying the Fatou property can be representet-bgran
closedF-convex set of probability measur@s. Under discrete time setting, we call a collection
of Fi-coherent risk measures,= 0,1,---,T, a dynamic coherent risk measure. We show that
a dynamic coherent risk adjusted vake{¢o, ¢1,- - -, o7 = id} satisfies the Fatou property, the
relevant condition and the time consistent property, if and only if all¢gtfie are defined directly
by a weakm-stable set of probability measur@s moreover, if the sectiog, at any a stopping
time 7 is defined too by the weak:-stable sefP, thenP is am-stable set. Our results establish the
relations between the classical coherent risk measure and the results in Delbaen [10]. The paper is
organized as follows.

In section 2 we propose the axiomatic definition afacoherent risk measure and study its
representation theorem.

Under discrete time setting, section 3 is devoted to prove the representation theorem of a dy-
namic coherent risk measure satisfying the time consistent property.
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Finally, in section 4 we go a further step to extend our results to the dynamic coherent risk
measures defined on financial positions with cash flows.

2. F.-COHERENTRISK MEASURES

We begin with a general probability spage, 7, P) endowed with a filtratio{ 7 };c(o 77 , which
defines a financial market with time horizgi, 7', where( represents the risk sources of the
market,o-algebraF = Fr is the total market information releasing at the terminal tifheand
the nondecreasingralgebras® = { ¢ }¢c(o,1) represent information flows of the market whefe

is the total information known at the timte We assume thaky is trivial indicating that there is
nothing (no information) at the initial timé = 0. P is the objective probability measure of the
market. Letr be an arbitraryF'-stopping time, or simply stopping time, where< + < T and the
o-algebraF; represents all the information available to an agent at the stoppingtime

Now we introduce some notations and conventionsP lis a set of probability measures of
which all the elements are absolutely continuous with respect to (\r.then we always identify
P with the set of Radon-Nikodyn derivatives induced by itself. For @y P we denotef, the
Expectation operator with respect@o If the Radon-Nikodyn derivativé% = Z, then the notation
Ez means the same d&,. Specially we denoté&/=FEp the expectation operator with respect to
the objective market probability measuPe All of the bounded?; measurable random variables
are denoted by.>°(F;) and those nonnegative ones are denoted %y.%;). In addition, let the
constantr denotes the market return rate without any risk. We make a convention here that the
eguations and inequations in this paper should be understood in the sense of almost sure w.r.t. the
probability measur®, i.e.,P — a.s., unless otherwise specified.

We restrict our study in this section and the next section to the positions which have payments
only at the terminal. So a position can be described by its final net vé@lwdhich is a bounded
F-measurable random variable and all of the positions can be represented by thd.Sgjace
Assuming that we need not to consider the initial cost of a position, we simplyXcallL>(F) a
final value.

What is the risk of a position at an arbitrary stopping tinfeCan it be defined as a constant? It
is reasonable to do so at the initial time since there is no information-a. However what will
happen at time? Of course there is a set of events or information up, tihat is, 7. So the risk
of a position at timer should be determined by the events which the holder obtains at that time.
Accordingly, we think that it is reasonable to define the risk of a position at tirae a bounded
Fr-measurable random variable. In mathematical convenience of dealing with our problems, we
call the negative of a risk measure the risk adjusted value as that done in Delbaen [8].

Definition2.1 If a nonlinear operatap, : L>°(F) — L*°(F,), satisfies the following condi-
tions:
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(i) F--positive homogeneity: for alf € L2 (F;) andX € L*°(F) we have
¢r(XZ) = Z¢-(X);

(i) Super-additivity:¢, (X +Y) > ¢.(X) + ¢, (Y) forall X, Y € L>®(F);
(iii) Monotony: ¢, (X) > ¢,(Y) for X > Y;

(iv) Fr-translation invariance: for aff € L>°(F;) andX € L>(F) we have
Or[X + T Z) = u(X) + Z;
then we callp, a F,-coherent risk adjusted value defined bt (F) and valued inL>(F;), and
call ¢-(X) the risk adjusted value at time of the final valueX € L°°(F). For convenience
hereafter, we also call the conditions (i)-(iv) the-coherent conditions.

Remark2.1: (1) In the discrete time case, the translation invariance condition is defined as the
following:

(iv) forall Z € L*°(F;) andX € L°°(F) we have that
G X+ (14+10)77Z) = ¢,(X) + Z.

(2) ¢o is just a coherent risk adjusted value as that in single period when0; ¢r = id, an
identical map, whem = T..

In the above definition, conditions (i)—(iv) have the similar economic explanations in contrast to
the coherent axioms in single period. So conditions (i)—(iv) are just the reasonable coherent axioms’
generalizations under the effect of the informatien

Remark2.2: ForX € L°(F) let¢, (X) = """ ¢ (X), then for allZ € L™(F,) we have
thato, (X + Z) = ¢_(X) + Z. Thus without loss of generality we can assume from now on that
r = 0. TheF,-translation invariance in Definition 2.1 becomes

0(X+2)=0¢,(X)+ Z, for X eL>*(F) and Z e L¥(F;). (1)

The following proposition can be obtained immediately from Definition 2.1.

Proposition2.1 — F,-coherent risk adjusted valug- : L>*°(F) — L*(F,) satisfies the
following properties.
(@) o-(X) = X for X € L>®(F;).
(b) ¢ is concave.
(©) [6(X — V) < X — Ve
(d) ¢+ is || - ||co-nOrm continuous.
(e) E[¢-(+)] is a coherent risk adjusted value as that in one period.

Definition 2.2 — If the coherent risk adjusted valugl¢,(-)] satisfies the Fatou property:
E[¢-(X)] > limsup E[¢-(X,)] P — a.s., for any sequenceX,,),>1, of final values, uniformly
bounded and converging t8 in probability, then we call theF,-coherent risk adjusted valug-
satisfies the Fatou property for simplicity.



INFORMATION AND DYNAMIC COHERENT RISK MEASURES 83

Proposition2.2 — GivenP a collection of equivalent probability measures with respect to the
objective market probability measuRe, we define that

& (X) = ess.infpep Ep(X|F;), (2)

for an arbitrary stopping time € [0,7] and X € L*°(F). Then®. is aF,-coherent risk adjusted
value. If P satisfies the following condition:

El¢-(X)] = inf ElEQ(X|F7)], VX € L™(F), 3)

then¢, satisfies the Fatou property.

PROOF: According to the properties of conditional expectation and essential infimum of ran-
dom variables, it is easy to check thiat satisfies theF.-coherent conditions in Definition 2.1. So
we only need to prove thdt, satisfies the Fatou property. Assuming that, € L>°(F); n =
1,2,---} is a sequences of random variables uniformly bounded by 1 and convergihgtprob-
ability (P), i.e., | Xp|lec < 1, foralln = 1,2,---andX,, — X (P), we need to prove the

following equation
limsup E[®,(X,)] < E[®,(X)]. 4)

n—oo

Let @ € P and its Radon-Nikodyn derivativ% = Z. According to the above assumptions we
have that
lim F|X, — X|=0,

and
lim Eg|X, — X|= lim E(|X, - X|Z) =0.
n—oo n—oo

Because the conditional expectatibp (-|F;) is a LP-norm continuous operator, we then have
Tim Eo{|Eq(XalF:) — Eq(X|F:)|} =0.

HenceEq (X, |F;) converges tdEo (X |F;) in probability @, i.e.,
EQ(Xn|Fr) = EQ(X|F7) (@), n— oo

Since
Q. (Xy,) = ess.infpep Ep(Xy|Fr) < EQ(Xn|Fr),

we have that
El¢-(Xn)] < E[EQ(XalF7)],

and then,
limsup E[®,(X,)] < liminf E[EqQ(X,|F;)] = E[EqQ(X|F:)],

n—oo
where the last equality follows from the bounded convergence theorer® an®. Now it is clear
that equation (4) follows immediately from equation (3). |
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Now we turn to prove the following representation theorem®f ecoherent risk adjusted value.

Theorem2.3— ( Representation Theorem ¢} is aF,-coherent risk adjusted value defined on
L (F) which satisfies the Fatou property , if and only if there exists a unigy&)-norm closed
convex set of probability measur@s of which all the elements are absolutely continuous vt t.
such that

() E(%2|F.) =1,ie.,Q(A) = P(A) forall A € F,, for Q € P-.

(i) Elp-(X)] = infgep, Eg(X), for X € L*(F).

(iii) ¢-(X) = ess.infgep, Eg(X|F;), for X € L*°(F).

PROOF: We first prove the necessary part of our theorem. Sitfieg ()] is a coherent measure
of risk value satisfying the Fatou property, then according to Theorem 3.2 in Delbaen [8] there exists
a uniqueL!(F)-norm closed convex set of probability measuRes of which all the elements, are
absolutely continuous with respectly and such that foX € L (F),

Bl6:(X)] = jnf Eq(X). (5)

Now we want to check tha®- is just the one satisfying all the requirements above. Since

Blo-(X)] = E(X) = nf B(XZ) for X €L*(F,),

then for anyZ € P, andX € L*°(F;) we have
E[X(1—-E(Z|F;))] > 0.

Specially let
x|l L 1-BZF)=0
1 1, 1-E(Z|F)<o.

Then we obtain
E|l - E(Z|F;)| =0,

and thus
E(Z|F;)=1.
Because of the arbitrariness 8f € P, this implies that our theorem’s condition (i) holds. Using
the 7--positive homogeneity we then have f8re L°°(F) and anyY” € L3°(F;),
= inf E(XYZ)
ZeP;
= inf E[E(XZ|F)Y].
ZeP;

Hence forX € L*>°(F) andZ € P, we have

0-(X) < B(XZ|F;)
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and thus
¢-(X) < ess.infzep, E(XZ|F;) = ess.infgep, Eq(X|F7).

On the other hand it follows immediately from the equation (5) that
E[¢-(X)] > Eless.infgep, Eq(X|F;)].
Therefore we finally obtain the following equation, i.e.,
7 (X) = ess.infgep, Eq(X|Fr),

and this shows that our theorem’s condition (iii) holds.

Conversely, it is obvious tha, satisfies equation (3). Then similarly to the proof of proposition
2.2, itis not difficult for us to obtain the sufficient part of our theorem. |

Definition2.3 — TheF..-coherent risk adjusted valuyg is called relevant if for each set € F
with P(A) > 0 we have thaf[¢,(—14)] < 0.

Theorem?2.4— ( Representation Theorem Il ) For a relevantcoherent risk adjusted value
¢- which satisfies the Fatou property there is a uniquePsedf equivalent probability measures
w.r.t. P such that

()P ={Q € P, | Q ~ P}is L' Norm dense irP,, whereP; is determined in Theorem 2.3;

(2) E[¢-(X)] = infgepe Eg(X) andg,(X) = ess.infgepe Eq(X|Fr), for X € L>(F).

PrROOF: This theorem can be viewed as the corollary of the Theorem 3.5 in Delbaen [8] and
our Representation Theorem | ( or Theorem 2.3). In fact, according to the Theorem 3.5 in Delbaen
[8] there is &Py satisfying this theorem’s condition (1) such thigfp (X)] = infgepe Eg(X) for
X € L*°(F). Then similarly to the proof of Theorem 2.3, we can also obtain that

¢r(X) = ess.infgepe Eg(X|F7),

for X € L>(F). [

In order to apply the representation theorem ¢f,acoherent risk adjusted value to the study
of dynamic coherent risk measures, we discuss furthetRheonvexity of the sets, and P¢
determined in Theorem 2.3 and Theorem 2.4.

Proposition2.5 — The unique sefB,; andP¢ associated to a relevaft.-coherent risk adjusted
value¢. which satisfies the Fatou property satisfy the followifigconvexity:

(1) foranyz!, Z? € P, (or € P¢)andA € F,,we havethall = Z'1 4+ 7?14 € P, (or €
Py,

(2) more generally, for angF, measurable functiof, 0 < § < 1andZ', Z%2 € P, (or € P¢)
we have thatZ = 0Z' + (1 — 0)Z% € P, (or € P?).
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PrROOF: We only prove (1). The second one is completely similar to the proof of (1). Itis
obvious that
E(Z"FT) = E(Zl “7:7'>1A +E<Z2 ’fT)lAc =1.

Then theZ -convexity follows immediately from the equation below, that is, for &hyg L>°(F)

E(XZ|F,) = E(XZ'|F)1a+ EB(XZ?|F:)1ae
> BE(XZ'|\F) \EXZ|F,)
> ¢ (X). (6)
|

Proposition2.6 — For anyX € L*°(F),the se{ E(XZ | F;) | Z € P, (or P%)} is a lattice.

PROOF: AssumingZ!, Z%2 € P, (or P¢), let A = {E(XZ' | F,) < B(XZ?|F.)}, Z3 =
Z1 4 + 27?14 andZ* = Z'1 4 + Z%1 4. After some easy calculations we have that

E(XZ°|Fr) = E(XZ'| F) \ E(XZ* | F;) (7)

and
E(XZ'|F.)=E(XZ'|F)\| E(XZ?| F>). (8)

Then the lattice property of the seE(X Z | ;) | Z € P;, (or P¢)} follows immediately from the
above two equations. |

Remark2.3: According to the lattice property of the seE(XZ | F;)|Z € P, (orPS)}
and the essential infimum existence theorem (see to Theorem 6.2 in Yan [19] ), we know that
¢-(X) = ess.infzep, E(XZ | F;) can be attained ifP, i.e., there exists &° € P, such that
¢-(X) = E(XZ°|F;). Furthermore, there exists a sequegé), >, in the setP¢ such that
{E(XZ"| Fr)}n>1 is a decreasing sequence ahd X) = A, E(XZ" | F;). Therefore, for any
positive numbee > 0 there exists & € P, such thatE(X Z | F;) > ¢-(X) + . We will apply
this result to prove in the next section that a dynamic coherent risk adjusted value induced by a
weaksmn-stable set satisfies the time consistent property.

3. DYNAMIC COHERENTRISK MEASURES

3.1Dynamic Coherence and Time Consistent Property

In this section we study dynamic coherent risk measures in a multi-period framework. The time
horizon of a financial market is the discrete time &@tl1,,---, N} and the market information

flow F is a discrete-type one, i.eF, = {]—"k}ka:O. We now present the definition of a dynamic
coherent risk measure.

Definition3.1 — If forall 0 < k < N — 1, ¢ is a F,-coherent risk adjusted value, then
»={¢o, ¢1, -+, ¢n} is called a dynamic coherent risk adjusted value. If all #his satisfy the
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Fatou property, then we call thatsatisfies the Fatou property. If all tlig’s are relevant (see to
Definition 2.3) then we call that is relevant.

Remark3.1 : Notice that for a dynamic coherent risk adjusted val&d ¢g, ¢1, -+, ¢n}, ¢o
is just a coherent risk adjusted value atg = id, an identical map (see to Remark 2.1 (2)). More-
over according to Theorem 2.3 and Theorem 2.4 there are two collegu}g ' and{P;} !
associated to a relevant dynamic coherent risk adjusted value satisfying the Fatou property, where
P, and’P;; are associated 9, and satisfy the equations below for ahy< N — 1, that is,

Pi={Q~P|QePr}, and E(Z|Fx) =1, VZ € Py; 9)
and also that
Or(X) = ess.inf zep, B(XZ | F) = ess.inf zepe E(X Z | F), (10)
and
Elpp(X)] = Zigng(XZ) = Ziggﬁ E(XZ). (11)

Up to now a problem arises naturally, that is, when a dynamic coherent risk adjusted value must
be induced by a collection of equivalent probability measures? In order to give an answer to this
guestion we turn to study the time consistent property of a dynamic coherent risk adjusted value.

Definition3.2 — Given¢={¢; k = 0,1,---, N} a dynamic coherent risk adjusted value and
X,Y € L*(F) two arbitrary positions, if) satisfies the following property: for ary< (N — 1)

if  Pp1(X) = dp41(Y)  then (X)) = gp(Y), (12)

then we calp={¢y; k =0, 1,,---, N} a time-consistent dynamic coherent risk adjusted value and
call the equation (12) the time-consistent property.

The following proposition is easy to be obtained from the above Definition 3.2.

Proposition3.1 — The time-consistent property (12) is equivalent to each of the following 3
properties.
(1) if Grtrm(X) = Ppem(Y) thengy(X) = ¢ (Y) fork < N —1landl <m < N — k.
(2) recursivenessghy (X) = ¢r(pp+1(X)), VESN—1, X € L>®(F).
(3) 9k (X) = o (Prrm (X)) fork < N —1landl <m < N — k.

Now we introduce some more notations. We first emphasize here that from now{aen;; & =
0,1,,---, N} represents a relevant dynamic coherent risk adjusted value which satisfies the Fatou
property, and for any) < k < N — 1 the notationsP,, andP;, always represent the two sets
associated t@y, satisfying the equations (9), (10), (11). For anx k£ < N — 1 an element in
Py is denoted byZ(¥), and in order to discriminate the different element®jwe use some upper
indexes, such agf(®!, Z(*)2 etc. Denote the sét’gvké{Z,go)éE(Z(O) | Fu) | 20 € P§}, and the
setPg. v ={Z0 2E(ZW | Fi)| 2% € Pg). Furthermore, we denote that

P x Pz {2 - 20| 20 e PG ., 20 € Pi) (13)
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and similarly
pe pe. = Z(k) . Z(k+1) Z(k) pe Z(k‘H) Ppe 14
k1 X P k41 | Zi1 € Ph ks € P (14)
Proposition3.2— P , x Py is aconvex setan®y , ., x Pg,, is aFi-convex sets.

PROOF: We only prove thatP&,C x Py is convex. The proof of the second one is completely
similar. Assuming thag! = Z\O' . zW1 72 = 702 . 7(®)2 and a numben € [0, 1], we let
7 =2z 4 (1 -2 and

- )\Z]gon
AZO 4 (1= N2

It is obvious thaTZ,io) € P5 ,andd € Fi, 0 <6 < 1. According theF;-convexity of P; (see
to Proposition 2.5) we have thaZ (! + (1 — 9)Z(*)2 ¢ P¢. Therefore the convexity of the set
P6. . % Py, follows immediately from the equation below, that is,

AZ 4+ (1=022 =29 (9201 1 (1 - 9)Zz2), (15)
|
Lemma3.3— If ¢o(X) = ¢o(dx(X)) forall X € L>(F) thenP§ , x Py C Pg.
PROOF: Assume thaZ = Z," - Z®) € Pg , x Pf andX e L*(F). Since
Ez(X) = E(XZ)=E[E(XZ]|F})]

= Bz BX7Y | Fy)
= E,o0[EXZ®|F)]
k

> Byoon(X)z  inf B2 6u(X)]

Aers
= ¢o(dk(X)) = ¢o(X),
thenZ = Z”) . Z() ¢ P¢ because of the uniquenessRy. |

Corollary 3.4— If ¢y, (X) = ¢p(¢r+1(X)) forall X € L>(F) thenPy , , x Pp,y C Py
PROOF: Since we havé ¢ (X)] = E[ér(Pr+1(X))] from the conditiony, (X) = ¢ (dr+1(X)),

then the conclusion follows if we usE|[¢(-)] to substitute thep, in the proof of the above
proposition. |
Lemma3.5— Providedy(X) = infzep , «pe E(XZ) and
¢k(X) = eSS-ianG’P&kX'PzEZ(X | fk), thenwo(X) = ¢0(¢k(X)) andwk(X) = ¢k(X)
PROOF: 91 (X) = ¢r(X) is obvious. We need only to prove the first equation. In fact for any
z =2z 2® e P; . x P; we have that

E(X7Z) = B(xz9.z®)
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= E[ZOBXZW|F)
> ¢o(ox(X))

Thus it follows that
Yo(X) > do(or(X)). (16)

On the other hand, according to Proposition 2.6 and Remark 2.3 for any positive neimbeér
there exists & %)< € P¢ such that

E(XZWe | 7)) < ¢p(X) + &
Hence for an arbitrary’, ,50) € P§. . we have that

B[z B(x20° | F)]
= EB(xz".z0e)
> o(X).

E(ZV (X)) +¢

Y

It follows that

Po(Pr(X)) +& > o (X).

Finally due to the arbitrariness of the positive numbere obtain that

Yo(X) < ¢o(dr(X)). (17)

The equationyy(X) = ¢o(or(X)) follows immediately from the equations (16) and (17). H

Corollary 3.6 — If ¢ (X) = ¢o(¢dx(X)) forall X € L>(F), then we have tha®s , x P =
Po andP . x P = Pg, whereP§ , x Py is the closed hull of§ ;. x Py in the spacd.' (F).
PROOF: It is obvious from Lemma 3.3 and Lemma 3.5. |
From the analysis above we now can obtain a necessary and sufficient condition for a relevant

dynamic coherent risk adjusted value which satisfies the Fatou property to be time consistent. We
reduce it to the following theorem.

Theorem3.7 — ¢={¢y, ¢1,-- -, ¢n = id} is time consistent, if and only if for all < k& <
N —1,P5 , x Py =P§. Inthis casep(X) = ess.inf zeps Ez(X | Fy) forall 0 <k < N — 1.

PrROOF: The necessary part follows from Proposition 3.1 and Corollary 3.6. We now show the
sufficient part. In fact it is not difficult for us to get th&; = P; ., x Py, from the equations
thatPg , x Py = Pg andPg ., x Pp, ., = PG. Consequently, similarly to the proof of Lemma
3.5 we can obtain the following equation, i.e.,

o(X) = dr(dry1(X)), (18)

which implies the time consistent propertydf |
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Corollary 3.8 — ¢p={¢0, ¢1,---,¢n = id} is time consistent is equivalent to the recursive
condition thatpy (X ) = ¢o(¢r(X)) forall0 <k < N —1.

Remark3.2 : If we denote the se{ 201720 e pg, 29 = E(2O | F) € ngk} by i,

thenP§ , x P; = P; means thaP, = 732 Therefore, ifo={¢, ¢1,---,¢n = id} is time
conS|stent then we obtain that for ali< & < N — 1, ¢(X) = ess.infzepe Ez(X | Fi) and the
¢ associated t@;; and vice versa. The implication of the above theorem is
now clearer We will show in the next subsection that such #§ét a weakm-stable set (a weak
version of them-stable set defined in Delbaen [10]).

3.2Time Consistent Property and-Stable Set

Definition 3.3 — Assume thaP is a closed convex set of probability measures which all of the
elements are absolutely continuous with respe®,tandP°={Q ~ P|Q € P} is L'-norm dense
in P. Denotek 4 the stopping time which is the constant tirie restriction toA € Fy, i.e.,

k weA
kg =
N we A°

€ pe WhereZZ

If forany0 < k < N, A € F;,, andZ', Z? € P¢, we have thaZ,iA Z2
= E(Z!|F,), i=1,2,thenwe callP (or P¢) a weakm-stable set Furthermore, if for any
stopping timer, Z! - g—; € P¢whereZ: = E(Z!|F;), i = 1,2, then we callP (orP¢) a

m-stable set.

Theorem3.9 — ¢={¢y, ¢1,---, ¢ = id} is time consistent, if and only if for al) < k& <
N —1, ¢r(X) = ess.inf zepe Ez(X | Fi) andP§ is a weakm-stable set.

PrOOF: Actually, sinceZ;, = E(Z'|Fi,) = Zj1a + Z'1a- whereZ} = E(Z'|Fy), then it
follows that

1 Z2 1 1 Z2
ZL L = (ZMa+ ZM14) -
k77 (Zi1a Ac) (Z214 + 221 4c)

= 21.521 + Z 4o
k

72 z' ) 19)

1
- Zk; (Z2 A + Zl
Therefore, due to Theorem 3.7 and Remark 3.2 the necessary pafthata weakm-stable
set is clear now. Reversely, RS is a weakm-stable set, then from the equation (19) we know
that . Similarly to the proof of Lemma 3.5, we finally can obtain that
do(X ) ¢0(¢k( )), which implies the time consistent property¢f |

Lemma3.10 —¢={¢0, ¢1,- -, dn = id} is time consistent, if and only if for a < k& <
N — 1, ¢p(X) = ess.infzepe Ez(X | Fi) and the proces$ey (X)L, with ¢n(X) = X is a
P§-submartingale, i.e., a submartingale with respect to@rmy Pg.
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PrROOF: The necessary part is obvious. We only need to show the sufficient part. In fact, on
one hand we have

o (X) > Pp(drr1(X))

from the representation equations¢ggfs. On the other hand the reverse equation, i.e.,

Dr(X) < br(Prr1(X))

follows immediately from theP§-submartingale property of the process, (X )}, |

Assuming that- is a stopping time, we turn to study the property»f X' ) which is a section at
the stopping time- of the risk adjusted value proce§gy(X)}4_, wheregy (X) = X. Itis clear

that
N N

$r(X) = ou(X) Loy = > (X1 (rp)). (20)

k=0 k=0
We may ask now whether the.(-) is a relevantF.-coherent risk adjusted value which satisfies
the Fatou property and whether we have hatX) = ess.infzepe E(X | F;), provided a time
consistent. The next two lemmas present us affirmative answers.

Lemma3.11 —¢,(-), or simply¢; is a relevantF,-coherent risk adjusted value which satisfies
the Fatou property.

PROOF: (1) F,-positive homogeneity. Provideddac L°(F;), thendl_;) € LT (Fy) for
anyk. It follows that

¢ (0X) = r(0X1(rpy) +0X 1)

(2) Supper-additivity. In fact, for any tw&, Y € L>°(F),

=

P (X+Y) = k(X +Y) (gl + (X +Y)1(r—n)

]

v
P

[k (X1 (r=p)) + Ok(YL(r=p)] + (X +Y) 1)

£
Il
o

= 6:(X) + 6.(Y).

(3) Monotony. GivenX <Y, thengy(X1,—y)) < ¢p(Y1(;—p)). Itfollows thate, (X) < ¢-(Y).
(4) F,-translation invariance. Assuminge L (F;), the equations below show that satisfies
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the F.-translation invariance condition. That is,

=z

¢r(X +a) = Pe[(X + @)L ropy] + (X +a)1p

I

F

= Gr(X1(r=p) + al(r=p)) + (X + @)1 (7=n)
0

i

= ¢T(X) + a.

(5) Finally, because alb;’s satisfy the Fatou property and relevance condition, it is not difficult to
show thatp, does too. [ |

Theorem3.12— Assume thaP§ is a weakm-stable set and
or(X) = ess.infzepe Ez (X | Fy)
forall0 < k < N. If for any stopping timer,
¢r(X) = ess.inf zepe Bz (X | F7) (21)
thenP§ is am-stable set; and vice versa.

PROOF: ”"=". From the equation (21) we obtain that

$0(X) > ¢o(o-(X)),

and from theP§-submartingale property of the process; (X)}_, we can get that

$0(X) < ¢o(0-(X)).
It follows that
$0(X) = ¢o(d-(X)),

for any stopping time-; and then according to Theorem 3.7 and Remark 86 , IS aF--convex

set wherePs | = {Z\V2E(2O) | F.)| 20 € P§} and P, x 73730—0 = P5. From this equation

now it follows thatP§ is a m-stable set.

"<=". Denotey(X) = ess.infzepe E(X | F;) for any stoppingr. SinceP§ is a m-stable set,
we then have for any stoppingthaty(X) = ¢y (¥, (X)) and% is just the uniqueF,-convex
set associated to,, according to Theorem 3.7 It is obviods (X) = ¢, (X) whenT = k. Now
assuming that is not a constant, we want to show that( X') = ¢.(X). DenoteP¢ the unique
Fr-convex set associated ¢3. Because{gﬁk(X)}]kV:O is P§-submartingale, the following equation

can be obtained, that is,

(bT(X) < ¢T(X)7 and (bO(X) < ¢0<¢T(X))

i Pg € € € € I H Pg — €
Therefore it follows that@ C P7andP§ . x P C Pg. Finally, we obtain that@ = P¢ and
¢T(X):¢T(X)' |
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4, EXTENSION TO POSITIONSWITH CASH FLOwWS

In this section we work again under the framework of a multi-periods market. The interest rate
r # 0. We study those financial positions which the holder may make a profit or have a loss
at each period. A future contract is a typical representative of such positions. Simply, we call
such a position a cash flow. In view of mathematics, a cash flow is a bounded random sequence
D = (Dy, Dy, - -, Dy) defined on the probability spa¢g, 7, P) with a filtrationF = {7},
where Fy is trivial and Fy = F. We assume that any cash flow = (Dy, D, ---,Dy) is
adapted taF'. Denote the set of all cash flows ). We use upper indexes to distinguish the
different elements irD. If we defined||D||c = max{||Dnlls|0 < m < N} thenitis clear

that endowed such a norr®} is a Banach space. Fd» = (Dy,D;,---,Dy) € D, we call
DW®N)Z10, ... 0, Dy,---, Dy} the restriction ofD, to the lastV — k + 1 periods. The set of all

of such a restrictions is denoted BY* V). Particularly, we identify the@ - N) with L>°(F).

Definition 4.1 — A map¢,, : D — L*>(Fy) is called aFj-coherent risk adjusted value
defined on the spac®, if it satisfies the following conditions.

(i) Independent on the pasty, (D) = ¢ (D* M), ¥D e D.

(i) Fy-positive homogeneitypy.(Z - D) = Z - (D), VZ € LY (Fy).
(iii) Supper-additivity.¢, (D' + D?) > ¢5(D') + ¢1(D?), VD!, D? € D.
(iv) Monotonicity. ¢ (D) > ¢p(D?)if DL, > D2, Vm > k.

(v) Predictable translation invarianag, (D + Z - 1,,1) = ¢x(D) + W,
VZ € L®(F),k<m < N.

Definition 4.2 — A Fj-coherent risk adjusted valug, : D — L% (F) is said to satisfy
the Fatou property ifZ[¢x(D)] > limsup E[¢x(D")], P — a.s., for any uniformly bounded
sequencg D"},>1 in D, such thatDyj = D, and D} converges td;, in probability (P) for all
1<k <N.

Definition4.3 — A Fj-coherent risk adjusted valdg, : D — L°(F},) is said to satisfy the
relevant condition if¥[¢y,(—1(4,,) - 1{my)] < Oforall k& < m < N and any element,,, € 7,
with P(4,,) > 0.

Definition4.4 — If forall 0 < k < N — 1, ¢, is a Fi-coherent risk adjusted value, then
»={¢o,¢1, -+, dn = id} is called a dynamic coherent risk adjusted value defined on the $pace
d={¢o, 1, -, dn = id} is said to satisfy the Fatou property ( relevant condition ), if allths
satisfy the Fatou property ( relevant condition ).

Definition4.5 — A dynamic coherent risk adjusted value definedow={¢/, ¢oo, - -, PN’}
is said to satisfy the time consistent propertypif D) — D} = ¢(D?) — D? for ¢y, (D) =
drr1(D?), where0 < k < N — 1andD*!, D? € D.
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Now in contrast to the study on final values, the following two problems arise naturally.

(1) Is there any kind of representation fofFa-coherent risk adjusted value defined Bnthe
space of cash flows?

(2) What is the necessary and sufficient condition for a dynamic coherent risk adjusted value
defined orD to be time consistent?
The research on the problem (1) is not attempted here and left to future work. As to the problem
(2), we show in the next theorem tha&{¢g, ¢1,- - -, dn} satisfying the Fatou property and the
relevant condition must be defined by a weak-m-stable set, if it is time consistent.

Theorem4.1 — A dynamic coherent risk adjusted valdé={¢g, ¢1,---, oy} satisfying the
Fatou property and the relevant condition is time consistent, if and only if there is a weak-m-stable
setP¢ such that

¢r(D) = ess.infgepe Eg Z( Do | F. (22)

= + r)m=k
forall0 <k < N.

PrRoOOF: The sufficient part is obvious. So we need only to prove the necessary part. Actu-
ally, it is clear thatp={¢o, ¢1,-- -, ¢n} is @ time consistent dynamic coherent risk adjusted value
satisfying the Fatou property and the relevant condition on the subgpded) = L>°(F), when
restricted toDY> V). According to Theorem 3.9 and Remark 2.2, there exists a weak-m-stable set
Pe such that for ald < k < N andDy € DWV:N),

. D
¢r(Dn) = ess.infgepe Eg ((1_'_71];6\7_19 fk) : 23)

and particularlygo(Dy) = infgepe Eg ((15%) Now we show that for alD € D the equation
(22) is true. In fact it is obvious that

dr(D) = ¢p(DN)) = Dy + g, (D1 N),

forall0 < k < N andD € D. Furthermore, if we construct a cash flow+ )V —*~1¢, ., (D) -
1Ny € DN N) then we obtain from the predictable translation invariance that

Pps1(DETEN)Y = gy 1y {(1 + )N E g (D) - 1{N}] -
Hence, it follows from the time consistent property that
O (DETEN) — g | (14 )N g1 (D) - 1y | (24)
Thereforep={¢o, ¢1, - -, ¢ } satisfies the following backward recursive equations, i.e.,

{ Ok(D) = Dy + ¢p[(1+ )N 1o (D) - 1pny], 0<k <N (25)

on(D) = Dn.
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Notice that

¢k[<1 + T)N_k_1¢k+1 (D) . 1{N}] = ess.ianepeEQ (M ‘fk) .

1+7r

Finally, we can obtain by using backward induction method that

. D
é(D) = ess.infgepe Eg Z W | Fre
m>k
forall0 <k < N. [ |
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