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We start from proposing the axiomatic definition of aFτ -coherent risk measure in terms of

its negative, aFτ -coherent risk adjusted valueφτ : L∞(F) −→ L∞(Fτ ), whereFτ ⊆ F
is all the market information available to an agent at the stopping timeτ andF is all the

information at the terminal timeT . Then we show that aFτ -coherent risk adjusted value satis-

fying the Fatou property can be represented by aL1-norm closedFτ -convex set of probability

measuresPτ . Under discrete time setting, we call a collection ofFk-coherent risk measures,

k = 0, 1, · · · , T , a dynamic coherent risk measure. We show that a dynamic coherent risk ad-

justed valueφ=̂{φ0, φ1, · · · , φT = id} satisfies the Fatou property, the relevant condition and

the time consistent property, if and only if all theφk ’s are defined directly by a weak-m-stable

set of probability measuresP; moreover, if the sectionφτ at any a stopping timeτ is defined

too by the weak-m-stable setP, thenP is am-stable set. Finally we extend our results to a

dynamic coherent risk measure defined on financial positions with cash-flows.

Key Words: Dynamic Coherent Risk Measure;Fτ -Coherence;Fτ -Convex Set; Represen-
tation Theorem; Time-Consistent;m-Stable Set

1. INTRODUCTION

Since the concept of coherent measures of risk was introduced first by Artzneret al. [2], this

new method to measure risks of financial positions has become an attractive field in mathematical
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finance. By the two benchmarks, that are, Artzneret al. [3] and Delbaen [8], its mathematical

theoretic foundation has been established under single period settings. Following this, there are

many literatures which attempt to enrich, generalize, apply or publicize its theory, such as Acerbi

and Tasche [1], Artzner [6], Delbaen [7], Denault [11], Jaschke and Küchler [14], Jouiniet al.

[15], Kusuoka [16] etc. Among them, there is an important generalization to convex risk measures

introduced by F̈ollmer and Schied [12, 13].

Recently researchers try to study the coherent risk measures in dynamic settings. Artzner, Del-

baenet al., pioneers on the area of coherent risk measures, are still working on them. In papers

Artzneret al. [4] and Delbaen [9], coherent risk measures are generalized to multiperiod risks and

bounded ćadĺag processes respectively. Under a special finite probability space, a concept of dy-

namic coherent acceptability measures for the final values of financial positions is introduced in

Roordaet al. [17], and a representation theorem of a time-consistent dynamic coherent measure is

proved; and these results are generalized in Riedel [18] to the case of the dynamic risk measures for

financial positions with cash-flows. On a general probability space and within multiperiod settings,

the concept of coherent risk measurement processes for final values or value processes is defined

directly from a set of probability measures in Artzneret al. [5], and it is proven there that a dynamic

coherent risk measure satisfies the time-consistent property, if and only if the set of probability mea-

sures by which the dynamic coherent risk measure process is defined is am-stable set. Furthermore

there is an interesting and profound study on the structure of am-stable set in Delbaen [10].

However there is not yet a general axiomatic definition of a dynamic coherent risk measure. Our

paper will fill this margin. Our method is different from Artzneret al. [5]. We start from proposing

the axiomatic definition of aFτ -coherent risk measure in terms of its negative, aFτ -coherent risk

adjusted valueφτ : L∞(F) −→ L∞(Fτ ), whereFτ ⊆ F is all the market information available to

an agent at the stopping timeτ andF is all the information at the terminal timeT . Then we show

that aFτ -coherent risk adjusted value satisfying the Fatou property can be represented by aL1-norm

closedFτ -convex set of probability measuresPτ . Under discrete time setting, we call a collection

of Fk-coherent risk measures,k = 0, 1, · · · , T , a dynamic coherent risk measure. We show that

a dynamic coherent risk adjusted valueφ=̂{φ0, φ1, · · · , φT = id} satisfies the Fatou property, the

relevant condition and the time consistent property, if and only if all theφk’s are defined directly

by a weak-m-stable set of probability measuresP; moreover, if the sectionφτ at any a stopping

timeτ is defined too by the weak-m-stable setP, thenP is am-stable set. Our results establish the

relations between the classical coherent risk measure and the results in Delbaen [10]. The paper is

organized as follows.

In section 2 we propose the axiomatic definition of aFτ -coherent risk measure and study its

representation theorem.

Under discrete time setting, section 3 is devoted to prove the representation theorem of a dy-

namic coherent risk measure satisfying the time consistent property.
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Finally, in section 4 we go a further step to extend our results to the dynamic coherent risk

measures defined on financial positions with cash flows.

2. Fτ -COHERENTRISK MEASURES

We begin with a general probability space(Ω,F ,P) endowed with a filtration{Ft}t∈[0,T ] , which

defines a financial market with time horizon[0, T ], whereΩ represents the risk sources of the

market,σ-algebraF = FT is the total market information releasing at the terminal timeT , and

the nondecreasingσ-algebrasF = {Ft}t∈[0,T] represent information flows of the market whereFt

is the total information known at the timet. We assume thatF0 is trivial indicating that there is

nothing (no information) at the initial timet = 0. P is the objective probability measure of the

market. Letτ be an arbitraryF-stopping time, or simply stopping time, where0 ≤ τ ≤ T and the

σ-algebraFτ represents all the information available to an agent at the stopping timeτ .

Now we introduce some notations and conventions. IfP is a set of probability measures of

which all the elements are absolutely continuous with respect to (w.r.t.)P, then we always identify

P with the set of Radon-Nikodyn derivatives induced by itself. For anyQ ∈ P we denoteEQ the

Expectation operator with respect toQ. If the Radon-Nikodyn derivativedQ
dP = Z, then the notation

EZ means the same asEQ. Specially we denoteE=̂EP the expectation operator with respect to

the objective market probability measureP. All of the boundedFt measurable random variables

are denoted byL∞(Ft) and those nonnegative ones are denoted byL∞(Ft). In addition, let the

constantr denotes the market return rate without any risk. We make a convention here that the

equations and inequations in this paper should be understood in the sense of almost sure w.r.t. the

probability measureP, i.e.,P− a.s., unless otherwise specified.

We restrict our study in this section and the next section to the positions which have payments

only at the terminal. So a position can be described by its final net valueX which is a bounded

F-measurable random variable and all of the positions can be represented by the spaceL∞(F).
Assuming that we need not to consider the initial cost of a position, we simply callX ∈ L∞(F) a

final value.

What is the risk of a position at an arbitrary stopping timeτ? Can it be defined as a constant? It

is reasonable to do so at the initial time since there is no information att = 0. However what will

happen at timeτ? Of course there is a set of events or information up toτ , that is,Fτ . So the risk

of a position at timeτ should be determined by the events which the holder obtains at that time.

Accordingly, we think that it is reasonable to define the risk of a position at timeτ as a bounded

Fτ -measurable random variable. In mathematical convenience of dealing with our problems, we

call the negative of a risk measure the risk adjusted value as that done in Delbaen [8].

Definition2.1 If a nonlinear operatorφτ : L∞(F) −→ L∞(Fτ ), satisfies the following condi-

tions:



82 WENCAI CHEN, DEWEN XIONG AND ZHONGXING YE

(i) Fτ -positive homogeneity: for allZ ∈ L∞+ (Fτ ) andX ∈ L∞(F) we have

φτ (XZ) = Zφτ (X);

(ii) Super-additivity:φτ (X + Y ) ≥ φτ (X) + φτ (Y ) for all X, Y ∈ L∞(F);

(iii) Monotony: φτ (X) ≥ φτ (Y ) for X ≥ Y ;

(iv) Fτ -translation invariance: for allZ ∈ L∞(Fτ ) andX ∈ L∞(F) we have

φτ [X + er(T−τ)Z] = φt(X) + Z;

then we callφτ aFτ -coherent risk adjusted value defined onL∞(F) and valued inL∞(Fτ ), and

call φτ (X) the risk adjusted value at timeτ of the final valueX ∈ L∞(F). For convenience

hereafter, we also call the conditions (i)-(iv) theFτ -coherent conditions.

Remark2.1: (1) In the discrete time case, the translation invariance condition is defined as the

following:

(iv) for all Z ∈ L∞(Fτ ) andX ∈ L∞(F) we have that

φτ [X + (1 + r)T−τZ] = φτ (X) + Z.

(2) φ0 is just a coherent risk adjusted value as that in single period whenτ ≡ 0; φT = id, an

identical map, whenτ ≡ T .

In the above definition, conditions (i)–(iv) have the similar economic explanations in contrast to

the coherent axioms in single period. So conditions (i)–(iv) are just the reasonable coherent axioms’

generalizations under the effect of the informationFτ .

Remark2.2: ForX ∈ L∞(F) let φ
′
τ (X) = er(T−τ)φτ (X), then for allZ ∈ L∞(Fτ ) we have

thatφ
′
τ (X + Z) = φ

′
τ (X) + Z. Thus without loss of generality we can assume from now on that

r = 0. TheFτ -translation invariance in Definition 2.1 becomes

φτ (X + Z) = φτ (X) + Z, for X ∈ L∞(F) and Z ∈ L∞(Fτ ). (1)

The following proposition can be obtained immediately from Definition 2.1.

Proposition2.1 — Fτ -coherent risk adjusted valueφτ : L∞(F) −→ L∞(Fτ ) satisfies the

following properties.

(a)φτ (X) = X for X ∈ L∞(Fτ ).
(b) φτ is concave.

(c) |φτ (X − Y )| ≤ ‖X − Y ‖∞.

(d) φτ is ‖ · ‖∞-norm continuous.

(e)E[φτ (·)] is a coherent risk adjusted value as that in one period.

Definition 2.2 — If the coherent risk adjusted valueE[φτ (·)] satisfies the Fatou property:

E[φτ (X)] ≥ lim supE[φτ (Xn)] P− a.s., for any sequence(Xn)n≥1, of final values, uniformly

bounded and converging toX in probability, then we call theFτ -coherent risk adjusted valueφτ

satisfies the Fatou property for simplicity.
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Proposition2.2 — GivenP a collection of equivalent probability measures with respect to the

objective market probability measureP , we define that

Φτ (X) = ess.infP∈PEP (X|Fτ ), (2)

for an arbitrary stopping timeτ ∈ [0, T ] andX ∈ L∞(F). ThenΦτ is aFτ -coherent risk adjusted

value. IfP satisfies the following condition:

E[φτ (X)] = inf
Q∈P

E[EQ(X|Fτ )], ∀X ∈ L∞(F), (3)

thenφτ satisfies the Fatou property.

PROOF : According to the properties of conditional expectation and essential infimum of ran-

dom variables, it is easy to check thatΦτ satisfies theFτ -coherent conditions in Definition 2.1. So

we only need to prove thatΦτ satisfies the Fatou property. Assuming that{Xn ∈ L∞(F); n =
1, 2, · · ·} is a sequences of random variables uniformly bounded by 1 and converging toX in prob-

ability (P), i.e., ‖Xn‖∞ ≤ 1, for all n = 1, 2, · · · andXn → X (P), we need to prove the

following equation

lim sup
n→∞

E[Φτ (Xn)] ≤ E[Φτ (X)]. (4)

Let Q ∈ P and its Radon-Nikodyn derivativedQ
dP = Z. According to the above assumptions we

have that

lim
n→∞E|Xn −X| = 0,

and

lim
n→∞EQ|Xn −X| = lim

n→∞E(|Xn −X|Z) = 0.

Because the conditional expectationEQ(·|Ft) is aLp-norm continuous operator, we then have

lim
n→∞EQ{|EQ(Xn|Fτ )−EQ(X|Fτ )|} = 0.

HenceEQ(Xn|Fτ ) converges toEQ(X|Fτ ) in probabilityQ, i.e.,

EQ(Xn|Fτ ) → EQ(X|Fτ ) (Q), n →∞.

Since

Φτ (Xn) = ess.infP∈PEP (Xn|Fτ ) ≤ EQ(Xn|Fτ ),

we have that

E[φτ (Xn)] ≤ E[EQ(Xn|Fτ )],

and then,

lim sup
n→∞

E[Φτ (Xn)] ≤ lim inf
n→∞ E[EQ(Xn|Fτ )] = E[EQ(X|Fτ )],

where the last equality follows from the bounded convergence theorem andQ ∼ P. Now it is clear

that equation (4) follows immediately from equation (3). ¥
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Now we turn to prove the following representation theorem of aFτ -coherent risk adjusted value.

Theorem2.3— ( Representation Theorem I )φτ is aFτ -coherent risk adjusted value defined on

L∞(F) which satisfies the Fatou property , if and only if there exists a uniqueL1(F)-norm closed

convex set of probability measuresPτ of which all the elements are absolutely continuous w.r.t.P,

such that

(i) E(dQ
dP |Fτ ) = 1, i.e.,Q(A) = P(A) for all A ∈ Fτ , for Q ∈ Pτ .

(ii) E[φτ (X)] = infQ∈Pτ EQ(X), for X ∈ L∞(F).

(iii) φτ (X) = ess.infQ∈Pτ EQ(X|Fτ ), for X ∈ L∞(F).

PROOF: We first prove the necessary part of our theorem. SinceE[φτ (·)] is a coherent measure

of risk value satisfying the Fatou property, then according to Theorem 3.2 in Delbaen [8] there exists

a uniqueL1(F)-norm closed convex set of probability measuresPτ , of which all the elements, are

absolutely continuous with respect toP, and such that forX ∈ L∞(F),

E[φτ (X)] = inf
Q∈Pτ

EQ(X). (5)

Now we want to check thatPτ is just the one satisfying all the requirements above. Since

E[φτ (X)] = E(X) = inf
Z∈Pτ

E(XZ) for X ∈ L∞(Fτ ),

then for anyZ ∈ Pτ andX ∈ L∞(Fτ ) we have

E[X(1−E(Z|Fτ ))] ≥ 0.

Specially let

X =

{
−1, 1− E(Z|Fτ ) ≥ 0
1, 1− E(Z|Fτ ) ≤ 0.

Then we obtain

E|1− E(Z|Fτ )| = 0,

and thus

E(Z|Fτ ) = 1.

Because of the arbitrariness ofZ ∈ Pτ this implies that our theorem’s condition (i) holds. Using

theFτ -positive homogeneity we then have forX ∈ L∞(F) and anyY ∈ L∞+ (Fτ ),

E[φτ (X)Y ] = E[φτ (XY )]

= inf
Z∈Pτ

E(XY Z)

= inf
Z∈Pτ

E[E(XZ|Fτ )Y ].

Hence forX ∈ L∞(F) andZ ∈ Pτ we have

φτ (X) ≤ E(XZ|Fτ )
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and thus

φτ (X) ≤ ess.infZ∈Pτ E(XZ|Fτ ) = ess.infQ∈Pτ EQ(X|Fτ ).

On the other hand it follows immediately from the equation (5) that

E[φτ (X)] ≥ E[ess.infQ∈Pτ EQ(X|Fτ )].

Therefore we finally obtain the following equation, i.e.,

φτ (X) = ess.infQ∈Pτ EQ(X|Fτ ),

and this shows that our theorem’s condition (iii) holds.

Conversely, it is obvious thatPτ satisfies equation (3). Then similarly to the proof of proposition

2.2, it is not difficult for us to obtain the sufficient part of our theorem. ¥

Definition2.3 — TheFτ -coherent risk adjusted valueφτ is called relevant if for each setA ∈ F
with P(A) > 0 we have thatE[φτ (−1A)] < 0.

Theorem2.4 — ( Representation Theorem II ) For a relevantFτ -coherent risk adjusted value

φτ which satisfies the Fatou property there is a unique setPe
τ of equivalent probability measures

w.r.t. P such that

(1)Pe
τ = {Q ∈ Pτ | Q ∼ P} is L1 Norm dense inPτ , wherePτ is determined in Theorem 2.3;

(2) E[φτ (X)] = infQ∈Pe
τ
EQ(X) andφτ (X) = ess.infQ∈Pe

τ
EQ(X|Fτ ), for X ∈ L∞(F).

PROOF : This theorem can be viewed as the corollary of the Theorem 3.5 in Delbaen [8] and

our Representation Theorem I ( or Theorem 2.3). In fact, according to the Theorem 3.5 in Delbaen

[8] there is aPe
τ satisfying this theorem’s condition (1) such thatE[φτ (X)] = infQ∈Pe

τ
EQ(X) for

X ∈ L∞(F). Then similarly to the proof of Theorem 2.3, we can also obtain that

φτ (X) = ess.infQ∈Pe
τ
EQ(X|Fτ ),

for X ∈ L∞(F). ¥

In order to apply the representation theorem of aFτ -coherent risk adjusted value to the study

of dynamic coherent risk measures, we discuss further theFτ -convexity of the setsPτ andPe
τ

determined in Theorem 2.3 and Theorem 2.4.

Proposition2.5 — The unique setsPτ andPe
τ associated to a relevantFτ -coherent risk adjusted

valueφτ which satisfies the Fatou property satisfy the followingFτ -convexity:

(1) for anyZ1, Z2 ∈ Pτ (or ∈ Pe
τ ) andA ∈ Fτ , we have thatZ = Z11A+Z21Ac ∈ Pτ (or ∈

Pe
τ );

(2) more generally, for anyFτ measurable functionθ, 0 ≤ θ ≤ 1 andZ1, Z2 ∈ Pτ (or ∈ Pe
τ )

we have thatZ = θZ1 + (1− θ)Z2 ∈ Pτ (or ∈ Pe
τ ).
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PROOF : We only prove (1). The second one is completely similar to the proof of (1). It is

obvious that

E(Z | Fτ ) = E(Z1 | Fτ )1A + E(Z2 | Fτ )1Ac = 1.

Then theFτ -convexity follows immediately from the equation below, that is, for anyX ∈ L∞(F)

E(XZ | Fτ ) = E(XZ1 | Fτ )1A + E(XZ2 | Fτ )1Ac

≥ E(XZ1 | Fτ )
∧

E(XZ2 | Fτ )

≥ φτ (X). (6)

¥

Proposition2.6 — For anyX ∈ L∞(F), the set{E(XZ | Fτ ) |Z ∈ Pτ , (orPe
τ )} is a lattice.

PROOF : AssumingZ1, Z2 ∈ Pτ (orPe
τ ), let A = {E(XZ1 | Fτ ) ≤ E(XZ2 | Fτ )}, Z3 =

Z11A + Z21Ac andZ4 = Z11Ac + Z21A. After some easy calculations we have that

E(XZ3 | Fτ ) = E(XZ1 | Fτ )
∧

E(XZ2 | Fτ ) (7)

and

E(XZ4 | Fτ ) = E(XZ1 | Fτ )
∨

E(XZ2 | Fτ ). (8)

Then the lattice property of the set{E(XZ | Fτ ) |Z ∈ Pτ , (orPe
τ )} follows immediately from the

above two equations. ¥

Remark2.3: According to the lattice property of the set{E(XZ | Fτ ) |Z ∈ Pτ , (orPe
τ )}

and the essential infimum existence theorem (see to Theorem 6.2 in Yan [19] ), we know that

φτ (X) = ess.infZ∈Pτ E(XZ | Fτ ) can be attained inPτ , i.e., there exists aZ0 ∈ Pτ such that

φτ (X) = E(XZ0 | Fτ ). Furthermore, there exists a sequence(Zn)n≥1 in the setPe
τ such that

{E(XZn | Fτ )}n≥1 is a decreasing sequence andφτ (X) =
∧

n E(XZn | Fτ ). Therefore, for any

positive numberε > 0 there exists aZ ∈ Pτ such thatE(XZ | Fτ ) ≥ φτ (X) + ε. We will apply

this result to prove in the next section that a dynamic coherent risk adjusted value induced by a

weak-m-stable set satisfies the time consistent property.

3. DYNAMIC COHERENTRISK MEASURES

3.1Dynamic Coherence and Time Consistent Property

In this section we study dynamic coherent risk measures in a multi-period framework. The time

horizon of a financial market is the discrete time set{0, 1, , · · · , N} and the market information

flow F is a discrete-type one, i.e.,F = {Fk}N
k=0. We now present the definition of a dynamic

coherent risk measure.

Definition 3.1 — If for all 0 ≤ k ≤ N − 1, φk is aFk-coherent risk adjusted value, then

φ=̂{φ0, φ1, · · · , φN} is called a dynamic coherent risk adjusted value. If all theφk’s satisfy the
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Fatou property, then we call thatφ satisfies the Fatou property. If all theφk’s are relevant (see to

Definition 2.3) then we call thatφ is relevant.

Remark3.1 : Notice that for a dynamic coherent risk adjusted valueφ=̂{φ0, φ1, · · · , φN}, φ0

is just a coherent risk adjusted value andφN = id, an identical map (see to Remark 2.1 (2)). More-

over according to Theorem 2.3 and Theorem 2.4 there are two collections{Pk}N−1
k=0 and{Pe

k}N−1
t=0

associated to a relevant dynamic coherent risk adjusted value satisfying the Fatou property, where

Pk andPe
k are associated toφk and satisfy the equations below for anyk ≤ N − 1, that is,

Pe
k = {Q ∼ P |Q ∈ Pk}, and E(Z | Fk) = 1, ∀Z ∈ Pk; (9)

and also that

φk(X) = ess.infZ∈Pk
E(XZ | Fk) = ess.infZ∈Pe

k
E(XZ | Fk), (10)

and

E[φk(X)] = inf
Z∈Pk

E(XZ) = inf
Z∈Pe

k

E(XZ). (11)

Up to now a problem arises naturally, that is, when a dynamic coherent risk adjusted value must

be induced by a collection of equivalent probability measures? In order to give an answer to this

question we turn to study the time consistent property of a dynamic coherent risk adjusted value.

Definition3.2 — Givenφ=̂{φk; k = 0, 1, · · · , N} a dynamic coherent risk adjusted value and

X,Y ∈ L∞(F) two arbitrary positions, ifφ satisfies the following property: for anyk ≤ (N − 1)

if φk+1(X) = φk+1(Y ) then φk(X) = φk(Y ), (12)

then we callφ=̂{φk; k = 0, 1, , · · · , N} a time-consistent dynamic coherent risk adjusted value and

call the equation (12) the time-consistent property.

The following proposition is easy to be obtained from the above Definition 3.2.

Proposition3.1 — The time-consistent property (12) is equivalent to each of the following 3

properties.

(1) if φk+m(X) = φk+m(Y ) thenφk(X) = φk(Y ) for k ≤ N − 1 and1 ≤ m ≤ N − k.

(2) recursiveness,φk(X) = φk(φk+1(X)), ∀ k ≤ N − 1, X ∈ L∞(F).
(3) φk(X) = φk(φk+m(X)) for k ≤ N − 1 and1 ≤ m ≤ N − k.

Now we introduce some more notations. We first emphasize here that from now onφ=̂{φk; k =
0, 1, , · · · , N} represents a relevant dynamic coherent risk adjusted value which satisfies the Fatou

property, and for any0 ≤ k ≤ N − 1 the notationsPk andPe
k always represent the two sets

associated toφk, satisfying the equations (9), (10), (11). For any0 ≤ k ≤ N − 1 an element in

Pe
k is denoted byZ(k), and in order to discriminate the different elements inPe

k we use some upper

indexes, such as,Z(k)1, Z(k)2 etc. Denote the setPe
0, k=̂{Z(0)

k =̂E(Z(0) | Fk) |Z(0) ∈ Pe
0}, and the

setPe
k, k+1=̂{Z(k)

k+1=̂E(Z(k) | Fk+1) |Z(k) ∈ Pe
k}. Furthermore, we denote that

Pe
0, k × Pe

k=̂
{

Z
(0)
k · Z(k) |Z(0)

k ∈ Pe
0, k, Z(k) ∈ Pe

k

}
(13)
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and similarly

Pe
k, k+1 ×Pe

k+1=̂
{

Z
(k)
k+1 · Z(k+1) |Z(k)

k+1 ∈ Pe
k, k+1, Z(k+1) ∈ Pe

k+1

}
. (14)

Proposition3.2— Pe
0, k × Pe

k is a convex set andPe
k, k+1 × Pe

k+1 is aFk-convex sets.

PROOF : We only prove thatPe
0, k × Pe

k is convex. The proof of the second one is completely

similar. Assuming thatZ1 = Z
(0)1
k · Z(k)1, Z2 = Z

(0)2
k · Z(k)2, and a numberλ ∈ [0, 1], we let

Z
(0)
k = λZ

(0)1
k + (1− λ)Z(0)2

k and

θ =
λZ

(0)1
k

λZ
(0)1
k + (1− λ)Z(0)2

k

.

It is obvious thatZ(0)
k ∈ Pe

0, k andθ ∈ Fk, 0 ≤ θ ≤ 1. According theFk-convexity ofPe
k (see

to Proposition 2.5) we have thatθZ(k)1 + (1 − θ)Z(k)2 ∈ Pe
k . Therefore the convexity of the set

Pe
0, k × Pe

k follows immediately from the equation below, that is,

λZ1 + (1− λ)Z2 = Z
(0)
k · (θZ(k)1 + (1− θ)Z(k)2). (15)

¥

Lemma3.3— If φ0(X) = φ0(φk(X)) for all X ∈ L∞(F) thenPe
0, k × Pe

k ⊆ Pe
0 .

PROOF : Assume thatZ = Z
(0)
k · Z(k) ∈ Pe

0, k × Pe
k andX ∈ L∞(F). Since

EZ(X) = E(XZ) = E[E(XZ | Fk)]

= E[Z(0)
k · E(XZ(k) | Fk)]

= E
Z

(0)
k

[E(XZ(k) | Fk)]

≥ E
Z

(0)
k

φk(X) ≥ inf
Z

(0)
k ∈Pe

0, k

E[Z(0)
k φk(X)]

= φ0(φk(X)) = φ0(X),

thenZ = Z
(0)
k · Z(k) ∈ Pe

0 because of the uniqueness ofPe
0 . ¥

Corollary 3.4— If φk(X) = φk(φk+1(X)) for all X ∈ L∞(F) thenPe
k, k+1 ×Pe

k+1 ⊆ Pe
k .

PROOF: Since we haveE[φk(X)] = E[φk(φk+1(X))] from the conditionφk(X) = φk(φk+1(X)),
then the conclusion follows if we useE[φk(·)] to substitute theφ0 in the proof of the above

proposition. ¥

Lemma3.5— Providedψ0(X) = infZ∈Pe
0, k×Pe

k
E(XZ) and

ψk(X) = ess.infZ∈Pe
0, k×Pe

k
EZ(X | Fk), thenψ0(X) = φ0(φk(X)) andψk(X) = φk(X).

PROOF : ψk(X) = φk(X) is obvious. We need only to prove the first equation. In fact for any

Z = Z
(0)
k · Z(k) ∈ Pe

0, k ×Pe
k we have that

E(XZ) = E(XZ
(0)
k · Z(k))
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= E[Z(0)E(XZ(k) | Fk)]

≥ φ0(φk(X))

Thus it follows that

ψ0(X) ≥ φ0(φk(X)). (16)

On the other hand, according to Proposition 2.6 and Remark 2.3 for any positive numberε > 0
there exists aZ(k)ε ∈ Pe

k such that

E(XZ(k)ε | Fk) ≤ φk(X) + ε.

Hence for an arbitraryZ(0)
k ∈ Pe

0, k we have that

E(Z(0)
k φk(X)) + ε ≥ E[Z(0)

k E(XZ(k)ε | Fk)]

= E(XZ
(0)
k · Z(k)ε)

≥ ψ0(X).

It follows that

φ0(φk(X)) + ε ≥ ψ0(X).

Finally due to the arbitrariness of the positive numberε we obtain that

ψ0(X) ≤ φ0(φk(X)). (17)

The equationψ0(X) = φ0(φk(X)) follows immediately from the equations (16) and (17). ¥

Corollary 3.6 — If φ0(X) = φ0(φk(X)) for all X ∈ L∞(F), then we have thatPe
0, k × Pe

k =
P0 andPe

0, k ×Pe
k = Pe

0 , wherePe
0, k × Pe

k is the closed hull ofPe
0, k × Pe

k in the spaceL1(F).

PROOF : It is obvious from Lemma 3.3 and Lemma 3.5. ¥

From the analysis above we now can obtain a necessary and sufficient condition for a relevant

dynamic coherent risk adjusted value which satisfies the Fatou property to be time consistent. We

reduce it to the following theorem.

Theorem3.7 — φ=̂{φ0, φ1, · · · , φN = id} is time consistent, if and only if for all0 ≤ k ≤
N − 1, Pe

0, k ×Pe
k = Pe

0 . In this caseφk(X) = ess.infZ∈Pe
0
EZ(X | Fk) for all 0 ≤ k ≤ N − 1.

PROOF : The necessary part follows from Proposition 3.1 and Corollary 3.6. We now show the

sufficient part. In fact it is not difficult for us to get thatPe
k = Pe

k, k+1 × Pe
k+1 from the equations

thatPe
0, k × Pe

k = Pe
0 andPe

0, k+1 × Pe
k+1 = Pe

0 . Consequently, similarly to the proof of Lemma

3.5 we can obtain the following equation, i.e.,

φk(X) = φk(φk+1(X)), (18)

which implies the time consistent property ofφ. ¥
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Corollary 3.8 — φ=̂{φ0, φ1, · · · , φN = id} is time consistent is equivalent to the recursive

condition thatφ0(X) = φ0(φk(X)) for all 0 ≤ k ≤ N − 1.

Remark3.2 : If we denote the set

{
Z(0)

Z
(0)
k

|Z(0) ∈ Pe
0 , Z

(0)
k = E(Z(0) | Fk) ∈ Pe

0, k

}
by Pe

0
Pe

0, k
,

thenPe
0, k × Pe

k = Pe
0 means thatPe

k = Pe
0

Pe
0, k

. Therefore, ifφ=̂{φ0, φ1, · · · , φN = id} is time

consistent, then we obtain that for all0 ≤ k ≤ N − 1, φk(X) = ess.infZ∈Pe
0
EZ(X | Fk) and the

set P
e
0

Pe
0, k

is just the setPe
k associated toφk; and vice versa. The implication of the above theorem is

now clearer. We will show in the next subsection that such a setPe
0 is a weak-m-stable set ( a weak

version of them-stable set defined in Delbaen [10] ).

3.2Time Consistent Property andm-Stable Set

Definition3.3 — Assume thatP is a closed convex set of probability measures which all of the

elements are absolutely continuous with respect toP, andPe=̂{Q ∼ P|Q ∈ P} is L1-norm dense

in P. DenotekA the stopping time which is the constant timek’s restriction toA ∈ Fk, i.e.,

kA =

{
k ω ∈ A

N ω ∈ Ac

If for any 0 ≤ k ≤ N , A ∈ Fk, andZ1, Z2 ∈ Pe, we have thatZ1
kA
· Z2

Z2
kA

∈ Pe whereZi
kA

= E(Zi|FkA
), i = 1, 2, then we callP ( or Pe ) a weak-m-stable set. Furthermore, if for any

stopping timeτ , Z1
τ · Z2

Z2
τ
∈ Pe whereZi

τ = E(Zi|Fτ ), i = 1, 2, then we callP ( or Pe ) a

m-stable set.

Theorem3.9 — φ=̂{φ0, φ1, · · · , φN = id} is time consistent, if and only if for all0 ≤ k ≤
N − 1, φk(X) = ess.infZ∈Pe

0
EZ(X | Fk) andPe

0 is a weak-m-stable set.

PROOF : Actually, sinceZi
kA

= E(Zi|FkA
) = Zi

k1A + Zi1Ac whereZi
k = E(Zi|Fk), then it

follows that

Z1
kA
· Z2

Z2
kA

= (Z1
k1A + Z11Ac) · Z2

(Z2
k1A + Z21Ac)

= Z1
k ·

Z2

Z2
k

1A + Z11Ac

= Z1
k ·

(
Z2

Z2
k

1A +
Z1

Z1
k

1Ac

)
. (19)

Therefore, due to Theorem 3.7 and Remark 3.2 the necessary part thatPe
0 is a weak-m-stable

set is clear now. Reversely, ifPe
0 is a weak-m-stable set, then from the equation (19) we know

that Pe
0

Pe
0, k

is a Fk-convex set. Similarly to the proof of Lemma 3.5, we finally can obtain that

φ0(X) = φ0(φk(X)), which implies the time consistent property ofφ. ¥

Lemma3.10 —φ=̂{φ0, φ1, · · · , φN = id} is time consistent, if and only if for all0 ≤ k ≤
N − 1, φk(X) = ess.infZ∈Pe

0
EZ(X | Fk) and the process{φk(X)}N

k=0 with φN (X) = X is a

Pe
0-submartingale, i.e., a submartingale with respect to anyQ ∈ Pe

0 .
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PROOF : The necessary part is obvious. We only need to show the sufficient part. In fact, on

one hand we have

φk(X) ≥ φk(φk+1(X))

from the representation equations ofφk’s. On the other hand the reverse equation, i.e.,

φk(X) ≤ φk(φk+1(X))

follows immediately from thePe
0-submartingale property of the process{φk(X)}N

k=0. ¥

Assuming thatτ is a stopping time, we turn to study the property ofφτ (X) which is a section at

the stopping timeτ of the risk adjusted value process{φk(X)}N
k=0 whereφN (X) = X. It is clear

that

φτ (X) =
N∑

k=0

φk(X)1(τ=k) =
N∑

k=0

φk(X1(τ=k)). (20)

We may ask now whether theφτ (·) is a relevantFτ -coherent risk adjusted value which satisfies

the Fatou property and whether we have thatφτ (X) = ess.infZ∈Pe
0
E(X | Fτ ), provided a time

consistentφ. The next two lemmas present us affirmative answers.

Lemma3.11 —φτ (·), or simplyφτ is a relevantFτ -coherent risk adjusted value which satisfies

the Fatou property.

PROOF : (1) Fτ -positive homogeneity. Provided aθ ∈ L∞+ (Fτ ), thenθ1(τ=k) ∈ L∞+ (Fk) for

anyk. It follows that

φτ (θX) =
N−1∑

k=0

φk(θX1(τ=k)) + θX1(τ=N)

=
N−1∑

k=0

θ1(τ=k)φk(X) + θ1(τ=N)X

= θφτ (X).

(2) Supper-additivity. In fact, for any twoX, Y ∈ L∞(F),

φτ (X + Y ) =
N−1∑

k=0

φk[(X + Y )1(τ=k)] + (X + Y )1(τ=N)

≥
N−1∑

k=0

[φk(X1(τ=k)) + φk(Y 1(τ=k))] + (X + Y )1(τ=N)

= φτ (X) + φτ (Y ).

(3) Monotony. GivenX ≤ Y , thenφk(X1(τ=k)) ≤ φk(Y 1(τ=k)). It follows thatφτ (X) ≤ φτ (Y ).
(4) Fτ -translation invariance. Assumingα ∈ L∞(Fτ ), the equations below show thatφτ satisfies
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theFτ -translation invariance condition. That is,

φτ (X + α) =
N−1∑

k=0

φk[(X + α)1(τ=k)] + (X + α)1(τ=N)

=
N−1∑

k=0

φk(X1(τ=k) + α1(τ=k)) + (X + α)1(τ=N)

= φτ (X) + α.

(5) Finally, because allφk’s satisfy the Fatou property and relevance condition, it is not difficult to

show thatφτ does too. ¥

Theorem3.12— Assume thatPe
0 is a weak-m-stable set and

φk(X) = ess.infZ∈Pe
0
EZ(X | Fk)

for all 0 ≤ k ≤ N . If for any stopping timeτ ,

φτ (X) = ess.infZ∈Pe
0
EZ(X | Fτ ) (21)

thenPe
0 is am-stable set; and vice versa.

PROOF : ”⇒”. From the equation (21) we obtain that

φ0(X) ≥ φ0(φτ (X)),

and from thePe
0 -submartingale property of the process{φk(X)}N

k=0 we can get that

φ0(X) ≤ φ0(φτ (X)).

It follows that

φ0(X) = φ0(φτ (X)),

for any stopping timeτ ; and then according to Theorem 3.7 and Remark 3.2,Pe
0

Pe
0, τ

is aFτ -convex

set wherePe
0, τ = {Z(0)

τ =̂E(Z(0) | Fτ ) |Z(0) ∈ Pe
0} andPe

0, τ × Pe
0

Pe
0, τ

= Pe
0 . From this equation

now it follows thatPe
0 is a m-stable set.

”⇐”. Denoteψτ (X) = ess.infZ∈Pe
0
E(X | Fτ ) for any stoppingτ . SincePe

0 is a m-stable set,

we then have for any stoppingτ thatψ0(X) = ψ0(ψτ (X)) and Pe
0

Pe
0, τ

is just the uniqueFτ -convex

set associated toψτ , according to Theorem 3.7 It is obviousφk(X) = ψk(X) whenτ ≡ k. Now

assuming thatτ is not a constant, we want to show thatφτ (X) = ψτ (X). DenotePe
τ the unique

Fτ -convex set associated toφτ . Because{φk(X)}N
k=0 isPe

0-submartingale, the following equation

can be obtained, that is,

φτ (X) ≤ ψτ (X), and φ0(X) ≤ φ0(φτ (X)).

Therefore it follows thatP
e
0

Pe
0, τ

⊆ Pe
τ andPe

0, τ × Pe
τ ⊆ Pe

0 . Finally, we obtain thatP
e
0

Pe
0, τ

= Pe
τ and

φτ (X) = ψτ (X). ¥
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4. EXTENSION TO POSITIONSWITH CASH FLOWS

In this section we work again under the framework of a multi-periods market. The interest rate

r 6= 0. We study those financial positions which the holder may make a profit or have a loss

at each period. A future contract is a typical representative of such positions. Simply, we call

such a position a cash flow. In view of mathematics, a cash flow is a bounded random sequence

D = (D0, D1, · · · , DN ) defined on the probability space(Ω, F , P) with a filtrationF = {Fk}N
k=0

whereF0 is trivial andFN = F . We assume that any cash flowD = (D0, D1, · · · , DN ) is

adapted toF. Denote the set of all cash flows byD. We use upper indexes to distinguish the

different elements inD. If we defined‖D‖∞ = max{‖Dm‖∞ | 0 ≤ m ≤ N} then it is clear

that endowed such a norm,D is a Banach space. ForD = (D0, D1, · · · , DN ) ∈ D, we call

D(k,N)=̂{0, · · · , 0, Dk, · · · , DN} the restriction ofD, to the lastN − k + 1 periods. The set of all

of such a restrictions is denoted byD(k, N). Particularly, we identify theD(N, N) with L∞(F).

Definition 4.1 — A mapφk : D −→ L∞(Fk) is called aFk-coherent risk adjusted value

defined on the spaceD, if it satisfies the following conditions.

(i) Independent on the past.φk(D) = φk(D(k, N)), ∀D ∈ D.

(ii) Fk-positive homogeneity.φk(Z ·D) = Z · φk(D), ∀Z ∈ L∞+ (Fk).

(iii) Supper-additivity.φk(D1 + D2) ≥ φk(D1) + φk(D2), ∀D1, D2 ∈ D.

(iv) Monotonicity. φk(D1) ≥ φk(D2) if D1
m ≥ D2

m, ∀m ≥ k.

(v) Predictable translation invariance.φk(D + Z · 1{m}) = φk(D) + Z
(1+r)m−k ,

∀Z ∈ L∞(Fk), k ≤ m ≤ N .

Definition 4.2 — A Fk-coherent risk adjusted valueφk : D −→ L∞(Fk) is said to satisfy

the Fatou property ifE[φk(D)] ≥ lim supE[φk(Dn)], P − a.s., for any uniformly bounded

sequence{Dn}n≥1 in D, such thatDn
0 = D0 andDn

k converges toDk in probability (P) for all

1 ≤ k ≤ N .

Definition4.3 — AFk-coherent risk adjusted valueφk : D −→ L∞(Fk) is said to satisfy the

relevant condition ifE[φk(−1(Am) · 1{m})] < 0 for all k ≤ m ≤ N and any elementAm ∈ Fm

with P(Am) > 0.

Definition 4.4 — If for all 0 ≤ k ≤ N − 1, φk is aFk-coherent risk adjusted value, then

φ=̂{φ0, φ1, · · · , φN = id} is called a dynamic coherent risk adjusted value defined on the spaceD;

φ=̂{φ0, φ1, · · · , φN = id} is said to satisfy the Fatou property ( relevant condition ), if all theφk’s

satisfy the Fatou property ( relevant condition ).

Definition4.5 — A dynamic coherent risk adjusted value defined onD, φ=̂{φ′, φ∞, · · · , φN },
is said to satisfy the time consistent property, ifφk(D1) − D1

k = φk(D2) − D2
k for φk+1(D1) =

φk+1(D2), where0 ≤ k ≤ N − 1 andD1, D2 ∈ D.



94 WENCAI CHEN, DEWEN XIONG AND ZHONGXING YE

Now in contrast to the study on final values, the following two problems arise naturally.

(1) Is there any kind of representation for aFk-coherent risk adjusted value defined onD, the

space of cash flows?

(2) What is the necessary and sufficient condition for a dynamic coherent risk adjusted value

defined onD to be time consistent?

The research on the problem (1) is not attempted here and left to future work. As to the problem

(2), we show in the next theorem thatφ=̂{φ0, φ1, · · · , φN} satisfying the Fatou property and the

relevant condition must be defined by a weak-m-stable set, if it is time consistent.

Theorem4.1 — A dynamic coherent risk adjusted valueφ=̂{φ0, φ1, · · · , φN} satisfying the

Fatou property and the relevant condition is time consistent, if and only if there is a weak-m-stable

setPe such that

φk(D) = ess.infQ∈PeEQ


∑

m≥k

Dm

(1 + r)m−k
| Fk


 (22)

for all 0 ≤ k ≤ N .

PROOF : The sufficient part is obvious. So we need only to prove the necessary part. Actu-

ally, it is clear thatφ=̂{φ0, φ1, · · · , φN} is a time consistent dynamic coherent risk adjusted value

satisfying the Fatou property and the relevant condition on the subspaceD(N, N) = L∞(F), when

restricted toD(N, N). According to Theorem 3.9 and Remark 2.2, there exists a weak-m-stable set

Pe such that for all0 ≤ k ≤ N andDN ∈ D(N, N),

φk(DN ) = ess.infQ∈PeEQ

(
DN

(1 + r)N−k
| Fk

)
; (23)

and particularly,φ0(DN ) = infQ∈Pe EQ

(
DN

(1+r)N

)
. Now we show that for allD ∈ D the equation

(22) is true. In fact it is obvious that

φk(D) = φk(D(k, N)) = Dk + φk(D(k+1, N)),

for all 0 ≤ k ≤ N andD ∈ D. Furthermore, if we construct a cash flow(1 + r)N−k−1φk+1(D) ·
1{N} ∈ D(N, N) then we obtain from the predictable translation invariance that

φk+1(D(k+1, N)) = φk+1

[
(1 + r)N−k−1φk+1(D) · 1{N}

]
.

Hence, it follows from the time consistent property that

φk(D(k+1, N) = φk

[
(1 + r)N−k−1φk+1(D) · 1{N}

]
. (24)

Thereforeφ=̂{φ0, φ1, · · · , φN} satisfies the following backward recursive equations, i.e.,
{

φk(D) = Dk + φk[(1 + r)N−k−1φk+1(D) · 1{N}], 0 ≤ k < N

φN (D) = DN .
(25)
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Notice that

φk[(1 + r)N−k−1φk+1(D) · 1{N}] = ess.infQ∈PeEQ

(
φk+1(D)

1 + r
| Fk

)
.

Finally, we can obtain by using backward induction method that

φk(D) = ess.infQ∈PeEQ


∑

m≥k

Dm

(1 + r)m−k
| Fk




for all 0 ≤ k ≤ N . ¥
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