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In this article, the integral operator method has been used for the solution of mixed problems

for a class of pseudoparabolic equations. The obtained solutions are constructed on the basis

of the solutions of corresponding problems for the parabolic equations and are represented by

the integral of the multiplication of these solutions by a generalized functions, which are the

generalized solutions of specific differential equation of hyperbolic type.
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1. INTRODUCTION

The theory of heat conduction in medium with memory has already been proposed and studied in

many works [1, 2]. In [1] the authors solved a generalized mixed boundary value problem for the

pseudoparabolic equation of the formMut +Lu = f , whereM andL are second order differential

operators in the space variable andM is elliptic. They proved existence, uniqueness and regularity

of the solution and discussed its asymptotic behaviour. Some theoretical problems of these and

other partial differential equations are investigated in [2], which we refer for discussion and bibliog-

raphy of work concerning problems of this type. A control problem governed by a pseudoparabolic

equation, whenM andL are self-adjoint uniformly strongly elliptic second-order partial differential

operators with boundary conditions of Dirichlet type is studied in [3]. Some results of this equation,

whenM andL are elliptic-parabolic operators are obtained in [4]. The Riemann function is con-

structed by iteration in [5] for the third order pseudoparabolic equation in one space variable. In [6]

a Riemann function was constructed for a class of pseudoparabolic equations in two space variables
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and used to investigate the analytic behaviour of solutions to such equations. In [7] the authors

discussed the parabolic problem in a bounded domain and reduced the problem to a third-order

evolution equation for which a priori estimates for solutions are obtained, and the existence of solu-

tions is proved. In [8] the authors proved the existence, uniqueness and continuous dependence on

the data of a solution of a mixed initial-boundary value problem with a weighted integral condition

for a parabolic equation. In this work we shall consider the mixed problems for pseudoparabolic

equations of heat conduction in viscoelastic solids which are described by the Voight model.

2. STATEMENT AND SOLUTION OF THE PROBLEM

Let Ω ⊆ Rn be a nonempty open domain with the boundaryS, which we will assume to be a

piecewise smooth surface. In a cylinderQT = Ω× (0, T ), let us consider a mixed problem for the

linear pseudoparabolic equation

Lu + νLut = ut (x, t) ∈ QT , (1)

u|t=+0 = u0(x) x ∈ Ω, (2)

Bu|S = 0 t > 0, (3)

whereL = L(x, ∂|∂x) is an second order elliptic operator,ν is a positive constant,B = B(x, ∂|∂x)
is a linear boundary operator andT is a positive number.

Equations in the form of equation (1) arise in the study of nonsteady simple shearing flow of

second order fluids and also in the theory of the consolidation of clay and the theory of seepage of

homogeneous fluids through fissured rocks [5].

We will suppose that the functionu0 and the coefficients of the operatorsL andB satisfy the

necessary smoothness conditions for existence of a unique classical (or generalized) solution of

corresponding problem for the parabolic equation

Lv = vτ x ∈ Ω, τ > 0, (4)

v|τ=+0 = u0(x) x ∈ Ω, (5)

Bv|S = 0 τ > 0. (6)

The well posed initial-boundary value problems for parabolic equations are well posed for equation

(1). As we see below the solution of a problem (4)–(6) can be obtained as the limit of solutions to

the problem (1)–(3) forν → 0. For the solution of the problem (1)–(3), it is necessary to have a

solution of the problem,

ωt + ωτ + νωtτ = 0 t > 0, τ ∈ (−∞, +∞), (7)

ω|t=+0 = δ(τ), (8)

ω → 0 , |τ | → +∞, (9)

whereδ(τ) is the Dirac’s delta function.
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Let us construct the solution of this problem. By using two-sided Laplace transformation with

respect toτ we get

(1 + νλ)
dω

dt
+ λω = 0, ω|t=+0 = 1.

Here we find

ω = e−
λt

1+λν

The inverse transformations give

ω(t, τ) = δ(τ)e−t/ν +
H(τ)

ν

√
t

τ
I1(

2
ν

√
tτ)e−(t+τ)/ν , t > 0 (10)

whereI1 is a modified Bessel function, andH is Heaviside function.

This function is nonnegative, vanishes whent ≤ 0 andτ < 0, and whent → ∞, τ → ∞.

Moreover, it is infinitely differentiable with respect tot andτ for (t, τ) 6= (0, 0), locally integrable

in R2, and integral with respect toτ is 1 for t > 0.

Theorem— Let there be a unique bounded solutionv(x, τ) of the problem (4)–(6). Then there

is a unique solutionu(x, t) of the problem (1)–(3), represented by the formula

u(x, t) =

∞∫

−0

v(x, τ)ω(t, τ)dτ (11)

which continuously depends on the parameterν for ν → 0.

PROOF : Putting (11) into (1), and assuming the possibility of differentitation under the integral

sign, we obtain

∞∫

−0

Lvωdτ + ν

∞∫

−0

Lvωtdτ =

∞∫

−0

vωtdτ.

Since the functionv satisfies the equation (4), the preceding equation can be written in the form

∞∫

−0

ωvτ dτ + ν

∞∫

−0

ωtvτ dτ =

∞∫

−0

vωtdτ.

By integrating by parts and considering the conditions (9) we find that

∞∫

−0

(ωt + ωτ + νωtτ )vdτ = 0.

On the basis of (7), this equation is satisfied identically. The initial condition is satisfied on the

basis of conditions (5) and (8). Due to the condition (6), the functionu(x, t) satisfies the boundary

condition (3).
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The following formulas are got from (11)

ut =
−1
ν

u0e
−t/ν +

1
ν2

∞∫

+0

v(x, τ)e−(t+τ)/ν
[
I0 −

√
t

τ
I1

]
dτ,

Lu = Lu0e
−t/ν +

1
ν

∞∫

+0

vτ

√
t

τ
I1e

−(t+τ)/νdτ,

Lut =
−1
ν

Lu0e
−t/ν +

1
ν2

∞∫

+0

vτ e−(t+τ)/ν
[
I0 −

√
t

τ
I1

]
dτ. (12)

Since the functionsv andvτ are continuous onΩ × (0,∞), the functions under the integral signs

of these formulas are continuous on(x, t) ∈ Ω × (0,∞), andτ ∈ [+0,∞). Considering the

boundedness ofv andvτ on [+0,∞), it is easily proved that the integrals included the formulas

(12) are uniformly convergent. Now, let us investigate the behaviour of the solution (11), (10) for

ν → 0. For this we use the asymptotic expression of the functionI1(z) for large values of argument

in the form

I1(z) ' ez

√
2πz

.

Then we have

lim
ν→0

u(x, t) = lim
ν→0

u0(x)e−t/ν + lim
ν→0

1
ν

∞∫

0

ve−(t+τ)/ν

√
t

τ

e2
√

tτ/ν

√
4π
√

tτ/ν
dτ

= lim
ν→0

∞∫

0

v

√
t

τ
e−(

√
t−√τ)2/ν dτ

2
√

πν
√

tτ
.

If we denoteν = 4α, τ = s2, then we have

lim
ν→0

u(x, t) = lim
α→0

∞∫

0

v(x, s2)
t1/4

s1/2
e−(s−√t)2/4α ds

2
√

πα
.

Since

lim
α→0

1
2
√

πα
e−(s−√t)2/4α = δ(s−

√
t),

in the weak sense, we have

lim
ν→0

u(x, t) =

∞∫

0

v(x, s2)
t1/4

s1/2
δ(s−

√
t)ds = v(x, t).
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Thus, whenν → 0 the solution of mixed problem for pseudoparabolic equation is transferred

into the solution of corresponding problem for parabolic equation. This question was considered

in [1] too and it was the main reason to call considered equations as pseudoparabolic. Ifv1(x, τ)
andv2(x, τ) are two solutions of problem (4)–(6), corresponding to the small changes of initial data

u0(x), for all x ∈ Ω, τ ≥ 0, then the same estimate holds for the solution (11). The proof of the

theorem is complete.

UsingI1(z) ' ez/
√

2πz it is easy to establish

ω(t, τ) ∼ H(τ)
2τ

4

√
τ

t

1

2
√

παt−1
e
−(1−

√
τ/t)2

4αt−1 ∼ H(τ)
2τ

4

√
τ

t
δ

(
1−

√
τ

t

)

for t À 1 andν = 4α. Using this expression in the first part of the formula (11), we found

u(x, t) '
∞∫

0

v(x, τ)
H(τ)
2τ

4

√
τ

t
δ

(
1−

√
τ

t

)
dτ

=

∞∫

0

v(x, tξ2)
1√
ξ
δ(1− ξ)dξ = v(x, t).

Thus for the sufficiently large values of time the solutions of the mixed problems for the pseu-

doparabolic and parabolic equations coincide with each other. This is the reason why the viscoelas-

tic materials act as elastic materials with long-time modulus, for sufficiently large times.

3. EXAMPLES

1. Let us consider the problem (see [9], p.252)

Lu + νLut = ut, (x, t) ∈ QT ; u|S = 0 t > 0;u|t=0 = u0(x) x ∈ Ω,

whereΩ is a bounded domain,

Lu =
n∑

i,j=1

(aij(x)uxj
)xi

− a(x)u.

The solution of this problem is

u(x, t) =
∞∑

k=1

akψk(x)e−tλk/(1+νλk).

in which thea
k

= (u0 , ψk
) =

∫
Ω

u0ψkdx, while theψk(x) and theλk are the orthonormal functions

and their corresponding eigenvalues for the elliptic problem

Lψk = −λkψk, ψ|S = 0.
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This solution can be obtained directly by the Fourier methods.

2. Let us consider the Cauchy problem

∆u + ν∆ut = ut x ∈ Rn, t ∈ (0, T ]; u|t=+0 = u0(x) x ∈ Rn,

where∆ is the Laplacian. The solution is

u(x, t) =
1
ν

∞∫

+0

∫

Rn

u0(ξ)[Γn(x− ξ, τ)− νΓnτ (x− ξ, τ)]e−(t+τ)/νI0

(2
ν

√
tτ

)
dξdτ, (13)

wheredξ = dξ1 · · · dξn , and

Γn(x, t) =
1

(4πt)n/2
e−|x|

2/4t, t > 0,

is a fundamental solution of the heat conduction equation,|x|2 = x2
1
+ · · ·+ x2

n
.

The function

Γ̂(x− ξ, t) =
1
ν

∞∫

+0

[Γn(x− ξ, τ)− νΓnτ (x− ξ, τ)]e−
t+τ

ν I0

(2
ν

√
tτ

)
dτ,

is the fundamental solution considering pseudo-parabolic operator. Here we find

Γ̂(x− ξ,+0) =
1
ν

∞∫

+0

[Γn(x− ξ, τ)− νΓnτ (x− ξ, τ)]e−
τ
ν dτ

= −Γn(x− ξ, τ)e−
τ
ν

∣∣∣
∞

0

= Γn(x− ξ, +0) = δ(x− ξ).

Using this value we haveu(x,+0) = u0(x). It is not difficult to prove that the function̂Γ
satisfies the equation∆Γ̂ + ν∆Γ̂t − Γt = 0 for t > 0.

As in [10] we may prove that if the grow of the initial functionu0(x) for large values ofx is

u0(x) = c1exp{c2 |x|2+β}, then the improper integral (13) is divergent; if on the other handu0(x) =
c1exp{c2 |x|2−β} then the integral (13) is convergent for eacht; and ifu0(x) = c1exp{c2 |x|2} then

(13) is convergent in the interval0 < t < 1−ε
4c2

for 0 < ε < 1, and it is divergent for other values of

t, whereasc1 , c2 andβ are positive constants.

3. Suppose theΩ is a half-spaceΩ = {x|x′ = (x1 , · · · , xn−1) ∈ Rn−1, xn ∈ (0,∞)}. Let us

consider the problem (see[9] p.265)
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∆u + ν∆ut = ut (x, t) ∈ QT = Ω× (0, T ],

u|t=+0 = u0(x) x ∈ Ω,

u|xn=0 = 0 x′ ∈ Rn−1, t ∈ (0, T ].

The solution is

u(x, t) =
1
ν

∞∫

+0

∫

Ω

u0(ξ)[K(x, ξ, τ)− νKτ (x, ξ, τ)]e−(t+τ)/νI0

(2
ν

√
τt

)
dξdτ

where

K(x, ξ, τ) = Γn−1(x′ − ξ′, τ)[Γ1(xn − ξn , τ)− Γ1(xn + ξn , τ)], τ > 0.
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