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In this article, the integral operator method has been used for the solution of mixed problems
for a class of pseudoparabolic equations. The obtained solutions are constructed on the basis
of the solutions of corresponding problems for the parabolic equations and are represented by
the integral of the multiplication of these solutions by a generalized functions, which are the
generalized solutions of specific differential equation of hyperbolic type.
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1. INTRODUCTION

The theory of heat conduction in medium with memory has already been proposed and studied in
many works [1, 2]. In [1] the authors solved a generalized mixed boundary value problem for the
pseudoparabolic equation of the fou, + Lu = f, whereM andL are second order differential
operators in the space variable altis elliptic. They proved existence, uniqueness and regularity

of the solution and discussed its asymptotic behaviour. Some theoretical problems of these and
other partial differential equations are investigated in [2], which we refer for discussion and bibliog-
raphy of work concerning problems of this type. A control problem governed by a pseudoparabolic
equation, wherd/ and[ are self-adjoint uniformly strongly elliptic second-order partial differential
operators with boundary conditions of Dirichlet type is studied in [3]. Some results of this equation,
when M and L are elliptic-parabolic operators are obtained in [4]. The Riemann function is con-
structed by iteration in [5] for the third order pseudoparabolic equation in one space variable. In [6]
a Riemann function was constructed for a class of pseudoparabolic equations in two space variables

1This work was supported by the Research Found of Istanbul University, Project number 928/090597.
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and used to investigate the analytic behaviour of solutions to such equations. In [7] the authors
discussed the parabolic problem in a bounded domain and reduced the problem to a third-order
evolution equation for which a priori estimates for solutions are obtained, and the existence of solu-
tions is proved. In [8] the authors proved the existence, uniqueness and continuous dependence on
the data of a solution of a mixed initial-boundary value problem with a weighted integral condition
for a parabolic equation. In this work we shall consider the mixed problems for pseudoparabolic
equations of heat conduction in viscoelastic solids which are described by the Voight model.

2. STATEMENT AND SOLUTION OF THE PROBLEM

Let 2 C R"™ be a nonempty open domain with the bound&rywhich we will assume to be a
piecewise smooth surface. In a cylindgy = 2 x (0,7, let us consider a mixed problem for the
linear pseudoparabolic equation

Lu+viu, = u, (z,t) €Qy, 1)
u|t:+0 = UO(ZL‘) YIS Qa (2)
Bul, = 0 t>0, 3

whereL = L(z, 0|0x) is an second order elliptic operatetis a positive constant§ = B(z, 0|0x)
is a linear boundary operator afitis a positive number.

Equations in the form of equation (1) arise in the study of nonsteady simple shearing flow of
second order fluids and also in the theory of the consolidation of clay and the theory of seepage of
homogeneous fluids through fissured rocks [5].

We will suppose that the functiom, and the coefficients of the operatdisand B satisfy the
necessary smoothness conditions for existence of a unique classical (or generalized) solution of
corresponding problem for the parabolic equation

Lv = v, 2e€Q, 7>0, 4)
V] o u,(z) e, (5)
Bvlg = 0 7>0. (6)

The well posed initial-boundary value problems for parabolic equations are well posed for equation
(1). As we see below the solution of a problem (4)—(6) can be obtained as the limit of solutions to
the problem (1)-(3) for — 0. For the solution of the problem (1)—(3), it is necessary to have a
solution of the problem,

w,tw +rvw, = 0 t>0, 7€ (—00,+0), (7)
w|z:+0 = 5(7-)3 (8)
w—=0 , [r[— oo, (9)

whered(7) is the Dirac’s delta function.
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Let us construct the solution of this problem. By using two-sided Laplace transformation with
respect tor we get
dw

1 A
(1+v )dt

+ =0, w|,_,=1

Here we find

The inverse transformations give

w(t,T) = 6(r)e " + H(T)\/?Il(Q\/tT-)e(t”)/”,t >0 (10)
14 T v
wherel!, is a modified Bessel function, arid is Heaviside function.

This function is nonnegative, vanishes wher 0 andr < 0, and whent — oo, 7 — o0.
Moreover, it is infinitely differentiable with respect tand for (¢, 7) # (0,0), locally integrable
in B2, and integral with respect tois 1 fort > 0.

Theorem— Let there be a unique bounded solutigm:, 7) of the problem (4)—(6). Then there
is a unique solutiom(z, t) of the problem (1)—(3), represented by the formula

[e.e]

u(x,t) = /U(l‘,T)w(t,T)dT (11)

-0
which continuously depends on the parametésr v — 0.

PrROOF: Putting (11) into (1), and assuming the possibility of differentitation under the integral
sign, we obtain

o0 [e.o] o0
/L’deT + V/vath = /’thd’l'.
-0 -0 -0

Since the function satisfies the equation (4), the preceding equation can be written in the form

(o.¢] [e.o] o0

/vadT + I//thTdT = /’thdT.

-0 -0 -0
By integrating by parts and considering the conditions (9) we find that

/(wt +w_+vw, Jvdr = 0.
-0
On the basis of (7), this equation is satisfied identically. The initial condition is satisfied on the
basis of conditions (5) and (8). Due to the condition (6), the funciti@n ¢) satisfies the boundary
condition (3).
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The following formulas are got from (11)

o0

—1 —t/v 1 —(t+7)/v t
u, = 7uoe / —1—1/2/12(36,7)6( )/ [IO—\/le]dT,
+0
~t/v 1 bl emterny
Lu = Luge +— v/ —le dr,
v T
+0
—1 1 T
Lu, = —Luge™" 4 — / v, et/ [IO—\/?Il}dT. (12)
v v T
+0

Since the functions andv_ are continuous of2 x (0, c0), the functions under the integral signs

of these formulas are continuous @n t) € ©Q x (0,00), andr € [40,00). Considering the
boundedness af andv_ on [+0, c0), it is easily proved that the integrals included the formulas
(12) are uniformly convergent. Now, let us investigate the behaviour of the solution (11), (10) for
v — 0. For this we use the asymptotic expression of the functjon) for large values of argument

in the form

I ~
(2) P
Then we have
17 PN
lim u(z,t) = limu,(z)e “t/Y 4 lim /ve_(t"‘T)/"\/»dT
Y v v 0 T 47?\/t>7'/1/
= lim fe (Vi=v7)?/ dr
V~>0 \/E

If we denoter = 4a, T = s?, then we have
oo

1/4
lim u(x,t) = lim [ v(x sQ)t e~ (5= VA2 /a_d5

v—0 a—0 ’ 31/2 2\/7['01'

0

Since
e~ (VD o _ (5 — ),

1
I
an0 2/7a
in the weak sense, we have

s 1/4
lim u(z,t) = [v(z, SQ)t—é(s —Vt)ds = v(z, t).
v—0 51/2

0
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Thus, wherv — 0 the solution of mixed problem for pseudoparabolic equation is transferred
into the solution of corresponding problem for parabolic equation. This question was considered
in [1] too and it was the main reason to call considered equations as pseudoparahglia., 1)
andw, (z, 7) are two solutions of problem (4)—(6), corresponding to the small changes of initial data
u,(x), forallz € , 7 > 0, then the same estimate holds for the solution (11). The proof of the
theorem is complete.

Usingl, (z) ~ e*/v/27z itis easy to establish

o)~ BT LSRR B [T,
’ 27 t o/mat—1 27 t t

for ¢t > 1 andv = 4a. Using this expression in the first part of the formula (11), we found

O]‘L@,ﬂfgp s (17 o

u(z,t)

1

[e.9]

= v\r 2L — = v\x
- O/ws)ﬁé(l €)de = v(x,1).

Thus for the sufficiently large values of time the solutions of the mixed problems for the pseu-
doparabolic and parabolic equations coincide with each other. This is the reason why the viscoelas-
tic materials act as elastic materials with long-time modulus, for sufficiently large times.

3. EXAMPLES
1. Let us consider the problem (see [9], p.252)
Lu+vLu =, (x,t) € Qr; ulg =0t > 05uli—g = u,(x) x € Q,

wheref? is a bounded domain,

n

Lu= ‘Zl(aij(a:)uzj)xi — a(z)u.

The solution of this problem is
ula,t) = Y agtp(x)e” A/ 1HA),
k=1

in which thea, = (u,,v,) = [u,¥rdz, while theyy(z) and the\, are the orthonormal functions
Q

and their corresponding eigenvalues for the elliptic problem

Ly, = = Mpbr, Y|y = 0.
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This solution can be obtained directly by the Fourier methods.
2. Let us consider the Cauchy problem

Au+vAu, =u, <€ R", te (0,T]; ul,_,,=u,(r) zcR",

whereA is the Laplacian. The solution is

u(et) = [ [u(@Fale = €7) = vl = e L, (2T )agar,  @3)

1%
+OR"

whered¢ = d¢, - --d¢,,, and

Iy(z,t) = e*‘x|2/4t, t>0,

(47t)n/2

is a fundamental solution of the heat conduction equatign,= =2 + - - - + 2.

The function

D(z—&,t) = i/[rn($ —&,7)— vl (z — 5,7‘)]6JTTIO (%\/E)dﬂ
+0

is the fundamental solution considering pseudo-parabolic operator. Here we find

D(z—&,40) = i/[Fn(x — &, 1) =l (x — €, 7)]e v dr
+0

= _Fn(x_fvT)e_g 0

= I'y(z—&+40)=6(x—¢§).

Using this value we have(z, +0) = wug(z). It is not difficult to prove that the functiolt
satisfies the equatioATl’ + vAL', — I'; = 0 for ¢ > 0.

As in [10] we may prove that if the grow of the initial functiar (x) for large values of: is
uy(z) = ¢, exp{c,|z|>*7}, then the improper integral (13) is divergent; if on the other hayia) =
c,exp{c,|z|>~P} then the integral (13) is convergent for edgchnd ifu, (v) = ¢, exp{c,|z|?} then
(13) is convergent in the interval< t < 17‘25 for0 < e < 1, and it is divergent for other values of
t, whereas:, ¢, andg are positive constants.

3. Suppose thé! is a half-spacé) = {z|z' = (z,, -,z
consider the problem (see[9] p.265)

)€ Rz € (0,00)}. Letus

n—1
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Au+vAu, = u, (z,t)eQ,=Qx (0,17,
ul_y = uy(r) xeQ,

ul, .o = 0 2’ € R"', te(0,7].

Tn

solution is
o
1 2
u(x,t) = //uo (OK (2,&,7) — vE (2, &, 7)) TV <f\/ Tt) dédr
14 v
+0Q
re
K(z,&,7) =Ty 12’ =&, 7)1 (x, —&,,7) —T1(x, +&,,7)], T>0.
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