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In this paper, we define two kinds of dimensions, calledA-injective dimension andA-

flat dimension, which measure how far away a ring is from being a Baer ring. These

dimensions have nice properties when the ring in question is anAC ring, whereR is

said to be a leftAC ring in case the left annihilator of each nonempty subset ofR is a

cyclic left ideal.
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1. NOTATION

In this section, we recall some known notions and facts needed in the sequel.

LetC be a class ofR-modules andM anR-module. Following [8], we say that a homomorphism

φ : M → C is aC-preenvelopeif C ∈ C and the abelian group homomorphism HomR(φ,C ′) :
HomR(C,C ′) → HomR(M, C ′) is an epimorphism for eachC ′ ∈ C. A C-preenvelopeφ : M → C

is said to be aC-envelopeif every endomorphismg : C → C such thatgφ = φ is an isomorphism.

Dually we have the definitions of aC-precover and aC-cover. C-envelopes (C-covers) may not

exist in general, but if they exist, they are unique up to isomorphism. SpecializingC to the class

of injective modules and projective modules respectively,C-envelopes andC-covers agree with the

usual injective envelopes and projective covers respectively (see [27])).

Given a classL of R-modules, we will denote byL⊥ = {C : Ext1R(L,C) = 0 for all L ∈ L}
the right orthogonal class ofL, and by⊥L = {C : Ext1R(C, L) = 0 for all L ∈ L} the left

orthogonal class ofL.
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A pair (F , C) of classes ofR-modules is called a cotorsion theory [9] ifF⊥ = C and⊥C = F .

A cotorsion theory (F , C) is called perfect [13] if everyR-module has aC-envelope and anF-

cover. A cotorsion theory (F , C) is called complete [25] if for anyR-moduleM , there are exact

sequences0 → M → C → F → 0 with C ∈ C andF ∈ F , and0 → K → G → M → 0 with

G ∈ F andK ∈ C. Obviously, if (F , C) is a complete cotorsion theory, then everyR-module has a

C-preenvelope and anF-precover.

A cotorsion theory (F , C) is said to be hereditary [11, 13] if whenever0 → L
′ → L → L

′′ → 0
is exact withL,L

′′ ∈ F , thenL
′
is also inF . By [10, Proposition 1.2], a cotorsion theory (F , C) is

hereditary if and only if whenever0 → C
′ → C → C

′′ → 0 is exact withC, C
′ ∈ C, thenC

′′
is

also inC.

Throughout this paper,R is an associative ring with identity and all modules are unitary.MR

(RM ) denotes a right (left)R-module. For anR-moduleM , the character moduleM+ is defined

by M+ = HomZ(M,Q/Z), pd(M) and fd(M) stand for the projective and flat dimension of

M . lD(R) (wD(R)) stands for the left (the weak) global dimension ofR. By the terminology

“left annihilatorI”, we will mean that there exists a nonempty subsetS of R such thatI is a left

annihilator ofS in R. Fora ∈ R, l(a) denotes the left annihilator ofa in R.

Let M andN be R-modules. Hom(M, N) (resp. Extn(M,N)) means HomR(M, N) (resp.

ExtnR(M, N)), and similarlyM ⊗N (resp. Torn(M,N)) denotesM ⊗R N (resp. TorRn (M, N)) for

an integern ≥ 1.

For unexplained concepts and notations, we refer the reader to [1, 9, 18, 22, 26, 27].

2. INTRODUCTION

Recall that a ringR is called Baer if the left annihilator of each nonempty subset ofR is generated,

as a left ideal, by an idempotent ofR. It is easy to see that the Baer property is left-right symmetric

(see [17]). Examples of Baer rings include domains, right (or left) Noetherian right (or left)PP

rings, and right (or left) self-injective von Neumann regular rings. The study of Baer rings has its

roots in functional analysis. Kaplansky introduced Baer rings to abstract various properties of von

Neumann algebras and complete∗-regular rings [17]. Baer rings have been investigated by several

authors (e.g., [2, 4, 14, 17, 18, 19, 21, 23]).

The main goal of this paper is to define some kinds of homological dimensions to measure how

far away a ring is from being a Baer ring. Let us describe the contents of the paper in more detail.

In Section 3, the concept ofA-injective modules andA-flat modules are first introduced. A

left R-moduleM is said to beA-injectiveif Ext1(R/I,M) = 0 for any left annihilatorI. A right

R-moduleN is calledA-flat if Tor1(N,R/I) = 0 for any left annihilatorI. Several elementary

properties ofA-flat andA-injective modules are obtained.

In Section 4, we define the concept ofAC rings, which is a generalization of Baer rings.
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R is said to be a leftAC ring in case the left annihilator of each nonempty subset ofR is a cyclic

left ideal. We obtain some special properties ofA-injective modules andA-flat modules overAC

rings. For example, it is proven that, ifR is a left AC ring, then every rightR-module has an

AF-preenvelope, and every leftR-module has anAI-cover, whereAI stands for the class of all

A-injective leftR-modules, andAF denotes the class of allA-flat right modules.

In Section 5, we first introduce leftA-injective dimension and rightA-flat dimension for rings,

denoted byl.ai−D(R) andr.af−D(R) respectively. TheA-injective dimension measures how far

away a ring is from being a Baer ring. Then we show that these dimensions have the properties that

we expect of a “dimension” when the ring in question is a leftAC ring. For example, it is true that

l.ai−D(R) = r.af −D(R) for any leftAC ring R. It is proven that the following are equivalent

for a left AC ring R: (1) l.ai − D(R) ≤ 1. (2) Every leftR-module has a monicAI-cover. (3)

Every rightR-module has an epicAF-envelope. We also show that the following are equivalent for

a leftAC ring R: (1) l.ai−D(R) ≤ 2. (2) Every leftR-module has anAI-cover with the unique

mapping property. Finally, we get that, if a leftAC ring R satisfies one of the following equivalent

conditions: (1)R is a leftA-injective ring; (2) Every rightR-module has a monicAF-preenvelope;

(3) Every leftR-module has an epicAI-cover, thenl.ai−D(R) = 0 or∞.

3.A-INJECTIVE MODULES ANDA-FLAT MODULES

We start with the following

Definition3.1 — LetR be a ring. A leftR-moduleM is said to beA-injectiveif Ext1(R/I,M)
= 0 for any left annihilatorI. A right R-moduleN is calledA-flat if Tor1(N, R/I) = 0 for any

left annihilatorI.

Clearly, any flat (injective) module isA-flat (A-injective). However, the converse is not true in

general. For example, any module over the ringZ of integers isA-flat (A-injective). But not all

Z -modules are flat (injective).

The next lemma will be used frequently in the sequel.

Lemma3.2 — The following are equivalent for a rightR-moduleM :

(1) M isA-flat.

(2) M+ isA-injective.

PROOF: It holds by the standard isomorphism: Ext1(R/I, M+) ∼= Tor1(M, R/I)+ for any left

annihilatorI. ¤

In what follows,AI stands for the class of allA-injective leftR-modules, andAF denotes the

class of allA-flat right modules.

Proposition3.3 — The following are true for any ringR:

1. AI is closed under extensions, direct products, direct summands;
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2. AF is closed under extensions, direct sums and direct summands.

PROOF : It is straightforward.

Theorem3.4— Let R be a ring. Then

1. (⊥AI,AI) is a complete cotorsion theory.

2. (AF ,AF⊥) is a perfect cotorsion theory.

PROOF : (1). LetX be the set of representatives of all leftR-modulesR/I with I any left annihi-

lator. ThenAI = X⊥, and so (⊥AI,AI) is a cotorsion theory cogenerated by the setX. Thus the

result follows from [7, Theorem 10] and [9, Definition 7.1.5].

(2) follows from [25, Lemma 1.11 and Theorem 2.8]. ¤

4. AC RINGS

Definition4.1 — R is said to be a leftAC ring in case for any nonempty subsetX of R, the left

annihilator ofX in R is a cyclic left ideal. Similarly, we have the concept of rightAC rings.

Obviously, Baer rings are left and rightAC rings. But the converse is not true in general. For

example,Z4 is anAC ring which is not a Baer ring.

Recall that a leftR-moduleM is calledFP -injective [24] if Ext1(N, M) = 0 for all finitely

presented leftR-modulesN . R is called a left (right)FP -injective ring ifRR (RR) is FP -injective.

Proposition4.2 — The following are equivalent for a ringR:

(1) R is a Baer and rightFP -injective ring.

(2) R is a Baer and leftFP -injective ring.

(3) R is a von Neumann regular and rightAC ring.

(4) R is a von Neumann regular and leftAC ring.

PROOF : (1)⇒ (3) and (4). Every cyclic left idealI is a left annihilator of a nonempty subset

of R by [15, Corollary 2.5] sinceR is rightFP -injective, and soI is a direct summand ofRR since

R is a Baer ring. ThusR is a von Neumann regular ring.

The others are easy. ¤
Although the concept of Baer rings is left-right symmetric, the next example shows that it is not

true forAC rings.

Example4.3 — LetK be a field with a subfieldL such that dimLK = ∞, and there exists a

field isomorphismϕ : K → L (for instance,K = Q(x1, x2, x3, · · ·), L = Q(x2, x3, · · ·)). Let

R = K ×K with multiplication

(x, y)(x′, y′) = (xx′, ϕ(x)y′ + yx′) x, y, x′, y′ ∈ K.
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Then it is easy to see thatR has exactly three right ideals: 0,R and(0, K). ThereforeR is a right

AC ring. On the other hand, leta = (0, 1) ∈ R. Then l(a) is not finitely generated (see [18,

Example 4.46 (e)]). ThusR is not a leftAC ring.

Next we discuss special properties of leftA-injective modules and rightA-flat modules over a

left AC ring.

Proposition4.4 — LetR be a leftAC ring. Then (⊥AI,AI) and(AF ,AF⊥) are hereditary

cotorsion theories.

PROOF : Let 0 → A → B → C → 0 be an exact sequence of leftR-modules withA andB

A-injective. For any left annihilatorI, I = Ra ∼= R/l(a) for somea ∈ R sinceR is a leftAC ring.

Thus Ext2(R/I, A) ∼= Ext1(I, A) ∼= Ext1(R/l(a), A) = 0 sinceA is A-injective. On the other

hand, we have the exact sequence0 = Ext1(R/I,B) → Ext1(R/I,C) → Ext2(R/I, A) sinceB

is A-injective. Thus Ext1(R/I, C) = 0, and soC is A-injective. It follows that (⊥AI,AI) is a

hereditary cotorsion theory. ¤
Let0 → M → N → L → 0 be an exact sequence withN andLA-flat. Then we get an induced

exact sequence0 → L+ → N+ → M+ → 0. Note thatN+ andL+ areA-injective by Lemma

3.2, soM+ isA-injective by the above proof, and henceM isA-flat. Therefore (AF ,AF⊥) is a

hereditary cotorsion theory.

Theorem4.5— The following are true for a leftAC ring R:

(1)AI is closed under pure submodules.

(2)AF is closed under pure submodules.

(3)AF is closed under direct products.

(4)AI is closed under direct limits.

(5) A left R-moduleM isA-injective if and only ifM+ isA-flat.

(6) A left R-moduleM isA-injective if and only ifM++ isA-injective.

(7) A right R-moduleM isA-flat if and only if M++ isA-flat.

PROOF : (1) Let N be a pure submodule of anA-injective left R-moduleM . For any left

annihilatorI, we have the exact sequence

Hom(R/I,M) → Hom(R/I, M/N) → Ext1(R/I, N) → 0.

But the sequence Hom(R/I,M) → Hom(R/I, M/N) → 0 is exact sinceR/I is finitely presented

andN is a pure submodule ofM . Therefore Ext1(R/I, N) = 0 and soN isA-injective.

(2) Let A be a pure submodule of anA-flat right R-moduleB, then the pure exact sequence

0 → A → B → B/A → 0 induces the split exact sequence0 → (B/A)+ → B+ → A+ → 0.

ThusA+ isA-injective sinceB+ isA-injective by Lemma 3.2. SoA isA-flat.

(3) Let (Mi)i∈I be a family ofA-flat rightR-modules andI a left annihilator. Then we have a

commutative diagram with exact rows:
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0 −→ Tor1(
∏

Mi, R/I) −→ (
∏

Mi)⊗ I −→ (
∏

Mi)⊗R

γ↓ α ↓ β ↓
0 −→

∏
Tor1(Mi, R/I) −→

∏
(Mi ⊗ I) −→

∏
(Mi ⊗R).

Note thatI is finitely presented sinceR is a leftAC ring. Thusα is an isomorphism by [9, The-

orem 3.2.22], and soγ is an isomorphism by Five Lemma. Hence Tor1(
∏

Mi, R/I) = 0 since∏
Tor1(Mi, R/I) = 0. That is,

∏
Mi isA-flat.

(4) Let I be any left annihilator, and(Mi)i∈J a family ofA-injective leftR-modules, whereJ

is a directed set. Then we have a commutative diagram with exact rows:

Hom(R, lim→ Mi) −→ Hon(I, lim→ Mi) −→ Ext1(R/I, lim→ Mi) −→ 0

α↓ β ↓ γ ↓
lim→ Hom(R, Mi) −→ lim→ Hom(I,Mi) −→ lim→ Ext1(R/I, Mi) −→ 0.

Note thatI is finitely presented sinceR is a leftAC ring. Soβ is an isomorphism by [16, Propo-

sition 2.5], and henceγ is an isomorphism by Five Lemma. It follows that Ext1(R/I, lim→ Mi) ∼=
lim→ Ext1(R/I, Mi) = 0. That is,lim→ Mi isA-injective.

(5) Note that Tor1(M+, R/I) ∼= Ext1(R/I, M)+ for any leftR-moduleM and any left annihi-

lator I by [5, Lemma 2.7 (2)] sinceR is a leftAC ring. SoM isA-injective if and only ifM+ is

A-flat.

(6) If M is anA-injective left R-module, thenM+ is A-flat by (5) and henceM++ is A-

injective by Lemma 3.2. Conversely, ifM++ isA-injective, thenM isA-injective by (1) sinceM

is a pure submodule ofM++.

(7) If M is anA-flat rightR-module, thenM+ isA-injective and henceM++ isA-flat by (5).

Conversely, ifM++ isA-flat, thenM isA-flat by (2) sinceM is a pure submodule ofM++. ¤

The next lemma is a special case of [3, Theorem 5].

Lemma4.6 – LetR be an arbitrary ring. Then for each cardinalλ, there is a cardinalκ such that

for any leftR-moduleM and for anyL ≤ M such that Card(M) ≥ κ and Card(M/L) ≤ λ, the

submoduleL contains a non-zero submodule that is pure inM .

Theorem4.7— The following are true for a leftAC ring R:

(1) Every rightR-module has anAF-preenvelope.

(2) Every leftR-module has anAI-cover.

PROOF : (1) Let N be any rightR-module. By [9, Lemma 5.3.12], there is a cardinal number

ℵα such that for any homomorphismg : N → L with L A-flat, there is a pure submoduleQ of L
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such that Card(Q) ≤ ℵα andg(N) ⊆ Q. Note thatQ isA-flat by Theorem 4.5 (2), and soN has

anAF-preenvelope by Theorem 4.5 (3) and [9, Proposition 6.2.1].

(2) The proof is motivated by that of [20, Lemma 4.8]. Suppose thatN is a leftR-module with

Card(N) = λ. Let κ be a cardinal as in Lemma 4.6. By [9, Proposition 5.2.2], we only need to

show that any homomorphismf : D → N with D ∈ AI has a factorizationD → C → N with

C ∈ AI and Card(C) ≤ κ.

Without loss of the generality, we may assume that Card(D) ≥ κ. Note that Card(D/K) ≤ λ

sinceD/K embeds inN , whereK = ker(f). ThusK contains a non-zero submoduleD0 which

is pure inD by Lemma 4.6. Note thatD0 is A-injective by Theorem 4.5 (1) and soD/D0 is

A-injective by Proposition 4.4.

If Card(D/D0) ≤ κ, then we have done sincef factors throughD/D0. If Card(D/D0) > κ,

then there existsg : D/D0 → N with ker(g) = K1/D0. SoK1/D0 contains a non-zero submodule

D1/D0 which is pure inD/D0 by Lemma 4.6. ThereforeD/D1
∼= (D/D0)/(D1/D0) is A-

injective.

If Card(D/D1) ≤ κ, then we have done sincef factors throughD/D1. If Card(D/D1) > κ,

then continuing the process above, we will arrive atlim→ (D/Di) such that Card(lim→ (D/Di)) ≤ κ.

Note thatlim→ (D/Di) isA-injective by Theorem 4.5 (4), andf factors throughlim→ (D/Di). SoN

has anAI-precover, and hence has anAI-cover by [9, Corollary 5.2.7].

Proposition4.8 — The following are equivalent for a leftAC ring R:

(1) EveryA-flat rightR-module is flat.

(2) EveryA-injective leftR-module isFP -injective.

PROOF : (1) ⇒ (2). Let M be anyA-injective leftR-module. ThenM+ isA-flat by Theorem

4.5 (5), and soM+ is flat by (1). On the other hand, by [5, Lemma 2.7 (1)], for any finitely presented

left R-moduleN , there is an exact sequence

Tor1(M+, N) → (Ext1(N, M))+ → 0.

Thus Ext1(N, M) = 0, and soM is FP -injective.

(2) ⇒ (1). Let M be anyA-flat right R-module. ThenM+ isA-injective by Lemma 3.2, and

soM+ is FP -injective by (2). HenceM is flat. ¤

5.A-INJECTIVE DIMENSION AND A-FLAT DIMENSION

Definition 5.1 — LetM be a leftR-module andaid(M) denote the smallest integern ≥ 0 such

that Extn+1(R/I, N) = 0 for any left annihilatorI. We callaid(M) theA-injective dimension of

M . If no suchn exists, setaid(M) =∞.

Putl.ai−D(R) = sup{aid(M): M is a leftR-module} and calll.ai−D(R) the leftA-injective

dimension of the ringR.
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Let N be a rightR-module andafd(N) stand for the smallest integern ≥ 0 satisfying that

Torn+1(N, R/I) = 0 for any left annihilatorI. We callafd(N) theA-flat dimension ofN . If no

suchn exists, setafd(N) =∞.

Put r.af − D(R) = sup{afd(M): M is a rightR-module} and callr.af − D(R) the right

A-flat dimension of the ringR.

Theorem5.2— The following are equivalent for any ringR:

(1) l.ai−D(R) = 0.

(2) R is a Baer ring.

(3) Every leftR-module isA-injective.

(4) Every cyclic torsionless leftR-module is projective.

PROOF : (1)⇔ (3) and (2)⇒ (3) are clear.

(3) ⇒ (2). Let I be any left annihilator. Then Ext1(R/I, I) = 0 by (3), and so the exact

sequence0 → I → R → R/I → 0 is split. ThusI is a direct summand ofRR. HenceR is a Baer

ring.

(3) ⇔ (4) follows from the fact that a left idealI is a left annihilator inR if and only if R/I is

a torsionless leftR-module.

Remark5.3 : (1) By Theorem 5.2,l.ai−D(R) measures how far away a ringR is from being

a Baer ring.

(2) Clearly,l.ai−D(R) ≤ lD(R) andr.af −D(R) ≤ wD(R).

The above equalities hold if every left ideal is a left annihilator.

The above inequalities may be strict. For example,l.ai − D(Z) = r.af − D(Z) = 0, but

lD(Z) = wD(Z) = 1.

(3) It is easy to verify the following equalities:

l.ai−D(R) = sup{pd(M): M is a cyclic torsionless leftR-module} and

r.af −D(R) = sup{fd(M): M is a cyclic torsionless leftR-module}.
Thusr.af −D(R) ≤ l.ai−D(R) for any ringR.

Proposition5.4 — LetR be a leftAC ring. The following are equivalent for any leftR-module

M and an integern ≥ 0:

(1) aid(M) ≤ n.

(2) Extn+1(R/I,M) = 0 for any left annihilatorI.

(3) Extn+j(R/I,M) = 0 for any left annihilatorI and anyj ≥ 1.

(4) There exists an exact sequence0 → M → E0 → E1 → · · · → En → 0, where eachEi is

A-injective.
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PROOF : (1)⇒ (2). Suppose aid(M) = m ≤ n. Let I be a left annihilator. SinceR is a left

AC ring, there exist left annihilatorsI1, I2, · · · , In−m (write I0 = I) such thatI ∼= R/I1, I1
∼=

R/I2, · · · , In−m
∼= R/In−m+1. Therefore Extn+1(R/I,M) ∼= Extn(I, M) ∼= Extn(R/I1,M) ∼=

Extn−1(I1,M) ∼= · · · ∼= Extm+1(R/In−m,M) = 0.

(2)⇒ (3) is easy by induction.

(3)⇒ (4). There exists an exact sequence0 → M → E0 → E1 → · · · → En−1 → L → 0,

where eachEi is injective. ThusL isA-injective by dimension shifting.

(4)⇒ (1) is obvious by dimension shifting.

Proposition5.5 — LetR be a leftAC ring. The following are equivalent for any rightR-module

M and an integern ≥ 0:

(1) afd(M) ≤ n.

(2) Torn+1(M,R/I) = 0 for any left annihilatorI.

(3) Torn+j(M,R/I) = 0 for any left annihilatorI and anyj ≥ 1.

(4) There exists an exact sequence0 → Fn → · · · → F1 → F0 → M → 0, where eachFi is

A-flat.

PROOF : (1)⇒ (2). Supposeafd(M) = m ≤ n. Let I be a left annihilator. SinceR is a left

AC ring, there exist left annihilatorsI1, I2, · · · , In−m (write I0 = I) such thatI ∼= R/I1, I1
∼=

R/I2, · · · , In−m
∼= R/In−m+1. Thus Torn+1(M, R/I) ∼= Torn(M, I) ∼= Torn(M,R/I1) ∼=

Torn−1(M, I1) ∼= · · · ∼= Torm+1(M,R/In−m) = 0.

(2)⇒ (3) is easy by induction.

(3)⇒ (4). There exists an exact sequence0 → L → Fn−1 → Fn−2 → · · · → F0 → M → 0,

where eachFi is projective. ThenL isA-flat by dimension shifting.

(4)⇒ (1) is obvious by dimension shifting.

Theorem5.6— The following are equivalent for a leftAC ring R and an integern ≥ 0 :

(1) l.ai−D(R) ≤ n.

(2) r.af −D(R) ≤ n.

(3) Extn+1(R/I,M) = 0 for any left annihilatorI and any leftR-moduleM .

(4) Torn+1(N,R/I) = 0 for any left annihilatorI and any rightR-moduleN .

PROOF : (1)⇔ (3) follows from Proposition 5.4.

(2)⇔ (4) holds by Proposition 5.5.

(3)⇒ (4) follows from the isomorphism:
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Extn+1(R/I, N+) ∼= Torn+1(N,R/I)+ for any left annihilatorI and any rightR-moduleN .

(4)⇒ (3). Let I be any left annihilator andM any leftR-module. SinceR is a leftAC ring,

there is an exact sequence Torn+1(M+, R/I) → (Extn+1(R/I,M))+ → 0 by [5, Lemma 2.7 (1)],

and so (3) holds. ¤

Corollary 5.7 — The following are equivalent for a leftAC ring R:

(1) r.af −D(R) = 0.

(2) R is a Baer ring.

(3) Every rightR-module isA-flat.

(4) Every cyclic torsionless leftR-module is flat.

Remark5.8 : (1) By Corollary 5.7,r.af − D(R) measures how far away a leftAC ring R is

from being a Baer ring.

(2) The condition that “R is a leftAC ring” in Theorem 5.6 and Corollary 5.7 is not superfluous.

In fact, assume thatF is a field, andA = F × F × · · · . Let R be the subring ofA consisting of

“sequences”(a1, a2, · · ·) ∈ A that are eventually constant. ThenR is a commutative von Neumann

regular ring (and hencer.af −D(R) = 0) but it is not anAC ring (and hence not a Baer ring) (see

[18, Example 7.54]). This example shows that the inequalityr.af −D(R) ≤ l.ai−D(R) may be

strict. However, it is true thatl.ai−D(R) = r.af −D(R) for any leftAC ring R by Theorem 5.6.

Theorem5.9 —The following are equivalent for a leftAC ring R:

(1) l.ai−D(R) ≤ 1.

(2) r.af −D(R) ≤ 1.

(3) Every quotient module of anyA-injective leftR-module isA-injective.

(4) Every submodule of anyA-flat right R-module isA-flat.

(5) Every leftR-module has a monicAI-cover.

(6) Every rightR-module has an epicAF-envelope.

PROOF : (1)⇔ (2) follows from Theorem 5.6.

(1)⇔ (3) holds by Proposition 5.4.

(2)⇔ (4) follows from Proposition 5.5.

(4)⇒ (6). For any rightR-moduleM , there is anAF-preenvelopef : M → F by Theorem

4.7. Note that im(f) isA-flat by (4), soM → im(f) is an epicAF-preenvelope, and hence an epic

AF-envelope.

(6) ⇒ (4). Let A be any submodule of anA-flat right R-moduleB. SinceA has an epic
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AF-envelope by (6),A has an isomorphicAF-envelope and soA isA-flat.

(3) ⇒ (5). For any leftR-moduleM , there is anAI-coverf : E → M by Theorem 4.7.

Note that im(f) isA-injective by (3), so im(f) → M is a monicAI-precover, and hence a monic

AI-cover.

(5)⇒ (3). Let X be anyA-injective leftR-module andN any submodule ofX. SinceX/N

has a monicAI-cover,X/N has an isomorphicAI-cover, and henceX/N isA-injective. ¤

Recall thatφ : M → C is said to be aC-envelope with the unique mapping property [6] if for

any homomorphismf : M → C
′

with C
′ ∈ C, there is a unique homomorphismg : C → C

′
such

thatgφ = f . Dually we have the definition of aC-cover with the unique mapping property.

Theorem5.10— The following are equivalent for a leftAC ring R:

(1) l.ai−D(R) ≤ 2.

(2) r.af −D(R) ≤ 2.

(3) Every leftR-module has anAI-cover with the unique mapping property.

Moreover, the above conditions hold if

(4) Every rightR-module has anAF-envelope with the unique mapping property.

PROOF : (1)⇔ (2) holds by Theorem 5.6.

(1)⇒ (3). LetM be any leftR-module. ThenM has anAI-coverf : F → M by Theorem 4.7.

It is enough to show that, for anyG ∈ AI and any homomorphismg : G → F such thatfg = 0,

we haveg = 0. In fact, there existsβ : F/im(g) → M such thatβπ = f since im(g) ⊆ ker(f),
whereπ : F → F/im(g) is the natural map. Note thatF/im(g) isA-injective by Proposition 5.4

sinceaid(ker(g)) ≤ 2. Thus there existsα : F/im(g) → F such thatβ = fα, and sofαπ = f .

Henceαπ is an isomorphism sincef is a cover. Thereforeπ is monic, and sog = 0.

(3)⇒ (1). LetM be any leftR-module. Then we have the exact sequence

0 −→ M −→ E0 ϕ−→E1 ψ−→N −→ 0

whereE0 andE1 are injective. Letθ : H → N be anAI-cover with the unique mapping property.

Then there existsδ : E1 → H such thatψ = θδ. Thusθδϕ = ψϕ = 0 = θ0, and henceδϕ = 0,

which implies thatker(ψ) = im(ϕ) ⊆ ker(δ). Therefore there existsγ : N → H such that

γψ = δ, and soθγψ = ψ. Thusθγ = 1N sinceψ is epic. It follows thatN is isomorphic to a

direct summand ofH, and henceN isA-injective. Soaid(M) ≤ 2 by Proposition 5.4, and hence

l.ai−D(R) ≤ 2.

(4)⇒ (2). LetM be any rightR-module. Then we have the exact sequence

0 −→ N
ψ−→F1

ϕ−→F0 −→ M −→ 0,
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whereF0 andF1 are projective. Letθ : N → H be theAF-envelope with the unique mapping

property. Then there existsδ : H → F1 such thatψ = δθ. Thusϕδθ = ϕψ = 0, and hence

ϕδ = 0, which implies that im(δ) ⊆ ker(ϕ) = im(ψ). So there existsγ : H → N such that

ψγ = δ, and henceψγθ = ψ. Thusγθ = 1N sinceψ is monic. ConsequentlyN is isomorphic to

a direct summand ofH, and henceN isA-flat. Thereforeafd(M) ≤ 2 by Proposition 5.5, and so

r.af −D(R) ≤ 2. ¤

Finally, we give a class of leftAC rings satisfying thatl.ai−D(R) = 0 or∞.

Lemma5.11 — [12, Corollary 3.1.12] LetF be a class of modules closed under direct sums,

extensions, continuous well ordered unions and contain all projective modules. IfF⊥ = S⊥ for a

setS ⊆ F , then(F ,F⊥) is a cotorsion theory.

Theorem5.12— The following are equivalent for a leftAC ring R:

(1) R is a leftA-injective ring.

(2) Every rightR-module has a monicAF-preenvelope.

(3) Every leftR-module has an epicAI-cover.

(4) Every injective rightR-module isA-flat.

(5) Every flat leftR-module isA-injective.

If any of the above conditions holds, thenl.ai−D(R) = r.af −D(R) = 0 or ∞.

PROOF : (1)⇒ (2). Let M be any rightR-module. ThenM has anAF-preenvelopef : M →
F by Theorem 4.7. Since there is an exact sequence0 → M → Π(RR)+, M embeds in anA-flat

right R-module by (1) and Theorem 4.5 (3). Thusf is a monomorphism.

(2)⇒ (4) is obvious.

(4)⇒ (5). Let M be a flat leftR-module. ThenM+ is injective, and soM+ isA-flat by (4).

ThusM isA-injective by Theorem 4.5 (5).

(5)⇒ (3). Let Card(R) = ℵβ andF ∈ AI. By [9, Lemma 5.3.12], for eachx ∈ F , there is

a pure submoduleS of F with x ∈ S such that Card(S) ≤ ℵβ (simply letN = Rx andf = 1N

in the lemma). So we can writeF as a union of a continuous chain(Fα)α<λ of pure submodules

of F such that Card(F0) ≤ ℵβ and Card(Fα+1/Fα) ≤ ℵβ wheneverα + 1 < λ. If N is a left

R-module such that Ext1(F0, N) = 0 and Ext1(Fα+1/Fα, N) = 0 wheneverα + 1 < λ, then

Ext1(F, N) = 0 by [7, Lemma 1] or [9, Theorem 7.3.4]. SinceFα is a pure submodule ofF

for any α < λ, F+ → F+
α → 0 is split. ThenF+

α ∈ AF sinceF+ ∈ AF by Theorem 4.5,

and soFα ∈ AI. On the other hand,Fα is a pure submodule ofFα+1 wheneverα + 1 < λ,

so the exact sequence0 → Fα → Fα+1 → Fα+1/Fα → 0 induces the split exact sequence

0 → (Fα+1/Fα)+ → F+
α+1 → F+

α → 0. Thus(Fα+1/Fα)+ ∈ AF sinceF+
α+1 ∈ AF , and hence

Fα+1/Fα ∈ AI. Let X be a set of representatives of all modulesG ∈ AI with Card(G) ≤ ℵβ.
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ThenAI⊥ = X⊥.

We note thatAI is closed under direct sums, extensions, direct limits (in particular, continuous

well ordered unions) by Proposition 3.3 and Theorem 4.5 sinceR is a leftAC ring, andAI contains

all projective left modules by (5). Therefore (AI,AI⊥) is a cotorsion theory by Lemma 5.11.

Since (AI,AI⊥) is cogenerated by the setX, (AI,AI⊥) is a complete cotorsion theory by [7,

Theorem 10]. Therefore every leftR-module has an epicAI-cover by [9, Theorem 7.2.6] (forAI
is closed under direct limits).

(3)⇒ (1) is clear.

Now suppose that any of the equivalent conditions above holds, andl.ai − D(R) = n < ∞.

For any leftR-moduleM , there exists an exact sequence0 → L → Fn−1 → Fn−2 → · · · →
F0 → M → 0, where eachFi is projective. Thus eachFi isA-injective. SoM isA-injective since

aid(L) ≤ n. It follows thatl.ai−D(R) = 0. ¤

Remark5.13 : LetR = Z4. ThenR is a commutativeQF ring. Sol.ai − D(R) = r.af −
D(R) = ∞ by Theorem 5.12 sinceR is not a Baer ring.
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