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In this paper, we define two kinds of dimensions, callethjective dimension andi-

flat dimension, which measure how far away a ring is from being a Baer ring. These
dimensions have nice properties when the ring in question id@ming, whereR is

said to be a lefAC ring in case the left annihilator of each nonempty subsédt of a
cyclic left ideal.
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1. NOTATION

In this section, we recall some known notions and facts needed in the sequel.

LetC be a class oRR-modules and/ an R-module. Following [8], we say that a homomorphism
¢ : M — C'is aC-preenvelopéf C' € C and the abelian group homomorphism Hefm, C') :
Homg(C, C") — Homg (M, C") is an epimorphism for eaahl’ € C. A C-preenvelope : M — C
is said to be &-envelopef every endomorphisng : C' — C such thalyp = ¢ is an isomorphism.
Dually we have the definitions of @-precover and &-cover. C-envelopes {-covers) may not
exist in general, but if they exist, they are unique up to isomorphism. Speciafizioghe class
of injective modules and projective modules respectivelgnvelopes and-covers agree with the
usual injective envelopes and projective covers respectively (see [27])).

Given a clas<C of R-modules, we will denote b+ = {C : Exth(L,C) =0 for all L € £}
the right orthogonal class of, and by*£ = {C : Ext4(C,L) = 0 forall L € L} the left
orthogonal class of.



130 LIXIN MAO

A pair (F, C) of classes of2-modules is called a cotorsion theory [9J#- = C and*C = F.
A cotorsion theory F, C) is called perfect [13] if everyR-module has &-envelope and arfF-
cover. A cotorsion theoryX, C) is called complete [25] if for anyz-module M, there are exact
sequence8 - M — C — F — 0withC € CandF € F,and0 - K — G — M — 0 with
G € FandK € C. Obviously, if (F, C) is a complete cotorsion theory, then evétymodule has a
C-preenvelope and af-precover.

A cotorsion theory ¥, C) is said to be hereditary [11, 13] if whenevier— L' — L — L" — 0
is exact withL, L” € F, thenL’ is also inF. By [10, Proposition 1.2], a cotorsion theot§ (C) is
hereditary if and only if whenever — C' — C — C” — 0 is exact withC,C" € C, thenC” is
also inC.

Throughout this papef? is an associative ring with identity and all modules are unitédy,
(rM) denotes a right (leftR-module. For anR-module M, the character modul®/* is defined
by M* = Homz(M,Q/Z), pd(M) and fd(M) stand for the projective and flat dimension of
M. ID(R) (wD(R)) stands for the left (the weak) global dimensionff By the terminology
“left annihilator 77, we will mean that there exists a nonempty subSeif R such that/ is a left
annihilator ofS in R. Fora € R, I(a) denotes the left annihilator afin R.

Let M and N be R-modules. Homi//, N) (resp. Ext(M, N)) means Hom (M, N) (resp.
Exti(M, N)), and similarlyM @ N (resp. Top, (M, N)) denotes\] @ N (resp. Tof(M, N)) for
an integem > 1.

For unexplained concepts and notations, we refer the reader to [1, 9, 18, 22, 26, 27].
2. INTRODUCTION

Recall that a ringR is called Baer if the left annihilator of each nonempty subset &f generated,

as a leftideal, by an idempotent Bf It is easy to see that the Baer property is left-right symmetric
(see [17]). Examples of Baer rings include domains, right (or left) Noetherian right (orH&ft)
rings, and right (or left) self-injective von Neumann regular rings. The study of Baer rings has its
roots in functional analysis. Kaplansky introduced Baer rings to abstract various properties of von
Neumann algebras and completeegular rings [17]. Baer rings have been investigated by several
authors (e.qg., [2, 4, 14, 17, 18, 19, 21, 23]).

The main goal of this paper is to define some kinds of homological dimensions to measure how
far away a ring is from being a Baer ring. Let us describe the contents of the paper in more detail.

In Section 3, the concept od-injective modules ant4-flat modules are first introduced. A
left R-moduleM is said to bed-injectiveif Ext'(R/I, M) = 0 for any left annihilatorl. A right
R-moduleN is called A-flat if Tor; (N, R/I) = 0 for any left annihilator. Several elementary
properties ofA-flat and.4-injective modules are obtained.

In Section 4, we define the concept4f’ rings, which is a generalization of Baer rings.
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R is said to be a lefAC ring in case the left annihilator of each nonempty subsedt &f a cyclic
left ideal. We obtain some special properties/fnjective modules and!-flat modules oveAC'
rings. For example, it is proven that, R is a left AC ring, then every rightR-module has an
AF-preenvelope, and every leR-module has amdZ-cover, whereAZ stands for the class of all
A-injective left R-modules, anddF denotes the class of all-flat right modules.

In Section 5, we first introduce lefi-injective dimension and rightl-flat dimension for rings,
denoted by.ai— D(R) andr.a f — D(R) respectively. Thed-injective dimension measures how far
away a ring is from being a Baer ring. Then we show that these dimensions have the properties that
we expect of a “dimension” when the ring in question is a J&ft ring. For example, it is true that
l.ai — D(R) = r.af — D(R) for any left AC ring R. Itis proven that the following are equivalent
for a left AC ring R: (1) l.ai — D(R) < 1. (2) Every leftR-module has a moniglZ-cover. (3)
Every right R-module has an epid F-envelope. We also show that the following are equivalent for
aleft AC ring R: (1) l.ai — D(R) < 2. (2) Every leftR-module has atdZ-cover with the unique
mapping property. Finally, we get that, if a lediC ring R satisfies one of the following equivalent
conditions: (1)R is a left.A-injective ring; (2) Every righiR-module has a monig F-preenvelope;

(3) Every leftR-module has an epidZ-cover, therl.ai — D(R) = 0 or co.

3. A-INJECTIVEMODULES AND A-FLAT MODULES

We start with the following

Definition3.1 — LetR be a ring. A leftR-module) is said to bed-injectiveif Ext'(R/I, M)
= 0 for any left annihilator/. A right R-moduleN is called.A-flat if Tor; (N, R/I) = 0 for any
left annihilator!.

Clearly, any flat (injective) module igd-flat (4-injective). However, the converse is not true in
general. For example, any module over the fihgf integers isA-flat (A-injective). But not all
Z -modules are flat (injective).

The next lemma will be used frequently in the sequel.
Lemma3.2 — The following are equivalent for a rigli-module:
(1) M is A-flat.

(2) Mt is A-injective.

PROOF: It holds by the standard isomorphism: Ex®/I, M) = Tor; (M, R/I)" for any left
annihilator/. O

In what follows, A7 stands for the class of all-injective left R-modules, andd.F denotes the
class of allA-flat right modules.

Proposition3.3 — The following are true for any ring:

1. AT is closed under extensions, direct products, direct summands;
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2. AF is closed under extensions, direct sums and direct summands.

PROOF: It is straightforward.
Theorem3.4— Let R be aring. Then

1. (*AZ, AT) is a complete cotorsion theary
2. (AF, AF') is a perfect cotorsion theory

PROOF: (1). Let X be the set of representatives of all I&ftmodulesR/I with I any left annihi-
lator. ThenAZ = X, and so t.AZ, AT) is a cotorsion theory cogenerated by theXefThus the
result follows from [7, Theorem 10] and [9, Definition 7.1.5].

(2) follows from [25, Lemma 1.11 and Theorem 2.8]. 0
4. AC RINGS

Definition4.1 — R is said to be a lefAC ring in case for any nhonempty subsgtof R, the left
annihilator of X in R is a cyclic left ideal. Similarly, we have the concept of right’ rings.

Obviously, Baer rings are left and rigltC' rings. But the converse is not true in general. For
exampleZ, is an AC ring which is not a Baer ring.

Recall that a leftR-module M is called FP-injective [24] if Ext'(N, M) = 0 for all finitely
presented lefR-modulesN. R is called a left (right)F'P-injective ring if R (RR) is FP-injective.

Proposition4.2 — The following are equivalent for a ring:

(1) R is a Baer and righF'P-injective ring.

(2) R is a Baer and leff’P-injective ring.

(3) R is a von Neumann regular and rightC ring.
(4) R is a von Neumann regular and left ring.

PrROOF: (1) = (3) and (4). Every cyclic left ideal is a left annihilator of a nonempty subset
of R by [15, Corollary 2.5] sinceR is right FP-injective, and sd is a direct summand gf R since
Ris a Baer ring. Thug is a von Neumann regular ring.

The others are easy. O

Although the concept of Baer rings is left-right symmetric, the next example shows that it is not
true for AC rings.

Example4.3 — Let K be a field with a subfield. such that dim K = oo, and there exists a
field isomorphismp : K — L (for instance,K = Q(z1,z2,23,---),L = Q(x9,x3,---)). Let
R = K x K with multiplication

(z,y) (@', ) = (za’, o(x)y +ya')  x,y,2',y € K.
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Then it is easy to see that has exactly three right ideals: & and (0, K'). ThereforeR is a right
AC ring. On the other hand, let = (0,1) € R. Thenl(a) is not finitely generated (see [18,
Example 4.46 (e)]). Thug is not a leftAC ring.

Next we discuss special properties of Igftinjective modules and righti-flat modules over a
left AC ring.

Proposition4.4 — LetR be a leftAC ring. Then ¢ AZ, AT) and(AF, AF') are hereditary
cotorsion theories.

PrROOF: Let0 — A — B — C — 0 be an exact sequence of légttmodules withA and B
A-injective. For any left annihilataf, I = Ra = R/I(a) for somea € R sinceR is a left AC ring.
Thus Ext(R/I,A) = Ext'(I, A) = Ext'(R/I(a), A) = 0 sinceA is A-injective. On the other
hand, we have the exact sequefice Ext'(R/I, B) — Ext'(R/I,C) — Ext?(R/I, A) sinceB
is A-injective. Thus Ext(R/I,C) = 0, and soC is A-injective. It follows that ¢ A7, A7) is a
hereditary cotorsion theory. O

Let0 — M — N — L — 0be an exact sequence withandL A-flat. Then we get an induced
exact sequenceé — LT — Nt — M™* — 0. Note thatN*t and L™ are A-injective by Lemma
3.2, soM* is A-injective by the above proof, and hend& is A-flat. Therefore dF, AF") is a
hereditary cotorsion theory.

Theorem4.5— The following are true for a lefdC ring R:

(1) AZ is closed under pure submodules

(2) AF is closed under pure submodules

(3) AF is closed under direct products

(4) AT is closed under direct limits

(5) A left R-moduleM is A-injective if and only if M/ T is A-flat.

(6) A left R-moduleM is A-injective if and only if A/ ™ is A-injective
(7) A right R-moduleM is A-flat if and only if M+ is A-flat.

PROOF: (1) Let N be a pure submodule of aA-injective left R-module M. For any left
annihilator/, we have the exact sequence

Hom(R/I, M) — Hom(R/I, M/N) — Ext'(R/I, N) — 0.

But the sequence Hof® /I, M) — Hom(R/I, M/N) — 0is exact since?/I is finitely presented
andN is a pure submodule df/. Therefore Ext(R/I, N) = 0 and soN is A-injective.

(2) Let A be a pure submodule of a#-flat right R-module B, then the pure exact sequence
0 — A — B — B/A — 0 induces the split exact sequerite~ (B/A)"™ — Bt — At — 0.
ThusA™ is A-injective sinceB™ is A-injective by Lemma 3.2. Sd is A-flat.

(3) Let (M;);c; be a family of A-flat right R-modules and a left annihilator. Then we have a
commutative diagram with exact rows:
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0 — Tory ([ M, B/T) — ([ M) o T — (][ M) @ R
vl ol Bl
0 — [[ Tory(M;, R/T) — [[(M; @ I) — [[(Mi © R).
Note that! is finitely presented sinc® is a left AC ring. Thusa is an isomorphism by [9, The-

orem 3.2.22], and sg is an isomorphism by Five Lemma. Hence [1qq M;, R/I) = 0 since
[[Tor (M;, R/I) = 0. Thatis,[[ M; is A-flat.

(4) Let I be any left annihilator, an/;);c; a family of A-injective left R-modules, where/
is a directed set. Then we have a commutative diagram with exact rows:
Hom(R, lim M;) — Hon([, lim M;) — Ext!'(R/I,lim M;) — 0

ol gl vl
lim Hom(R, M;) — lim Hom(I, M;) — lim Ext*(R/I, M;) — 0.

Note that! is finitely presented sincg is a left AC ring. So( is an isomorphism by [16, Propo-
sition 2.5], and hence is an isomorphism by Five Lemma. It follows that Ex®/ 1, lim M;) =

lim Ext'(R/I, M;) = 0. That is,lim M,; is A-injective.

(5) Note that Tof(M*+, R/I) = Ext'(R/I, M) for any left R-moduleM and any left annihi-
lator I by [5, Lemma 2.7 (2)] sincé® is a left AC ring. SoM is A-injective if and only if M+ is
A-flat.

(6) If M is an A-injective left R-module, thenM ™ is A-flat by (5) and hencé/ ™ is A-
injective by Lemma 3.2. Conversely, M ™ is A-injective, thenM is A-injective by (1) sinceV/
is a pure submodule gf/ ™.

(7) If M is an.A-flat right R-module, then/ T is A-injective and hencé/ ™ is A-flat by (5).
Conversely, ifM ™ is A-flat, thenM is A-flat by (2) sinceM is a pure submodule df/ . O

The next lemma is a special case of [3, Theorem 5].

Lemma4.6 — LetR be an arbitrary ring. Then for each cardinathere is a cardinat such that
for any left R-moduleM and for anyL < M such that Card\/) > « and Card)M /L) < A, the
submodulel, contains a non-zero submodule that is puré4n

Theorem4.7— The following are true for a lefdC ring R:
(1) Every right R-module has apd F-preenvelope
(2) Every leftR-module has atdZ-cover.

PROOF: (1) Let V be any rightR-module. By [9, Lemma 5.3.12], there is a cardinal number
N, such that for any homomaorphisgn: N — L with L A-flat, there is a pure submoduigof L
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such that Car@?) < X, andg(NN) C Q. Note thatQ) is .A-flat by Theorem 4.5 (2), and S8 has
an AF-preenvelope by Theorem 4.5 (3) and [9, Proposition 6.2.1].

(2) The proof is motivated by that of [20, Lemma 4.8]. Suppose M a left R-module with
Card N) = \. Letx be a cardinal as in Lemma 4.6. By [9, Proposition 5.2.2], we only need to
show that any homomorphisih: D — N with D € A7 has a factorizatiod — C — N with
C € AT and CardC) < k.

Without loss of the generality, we may assume that Cajd> «. Note that CardD/K) < A
sinceD/K embeds inV, where K = ker(f). ThusK contains a non-zero submodulg which
is pure inD by Lemma 4.6. Note thab, is A-injective by Theorem 4.5 (1) and s0/Dy is
A-injective by Proposition 4.4.

If Card(D/Dy) < k, then we have done singefactors throughD/Dy. If Card(D/Dy) > k,
then there existg : D/Dy — N with ker(g) = K1/Dy. S0K /Dy contains a non-zero submodule
D1/Dy which is pure inD/Dy by Lemma 4.6. Therefor®/D; = (D/Dy)/(D1/Dy) is A-
injective.

If Card(D/D;) < k, then we have done singefactors throughD/D;,. If Card(D/D;) > &,
then continuing the process above, we will arrivéiat(D/D;) such that Cardim(D/D;)) < k.
Note thatlim(D/D;) is A-injective by Theorem 4.574), anfifactors throughi;(D/Di). SoN
has arle—_p>recover, and hence has 4@ -cover by [9, Corollary 5.2.7]. -

Proposition4.8 — The following are equivalent for a leftC ring R:
(1) Every.A-flat right R-module is flat.

(2) Every A-injective left R-module isFP-injective.

PROOF: (1) = (2). Let M be any.A-injective left R-module. Then\/* is A-flat by Theorem
4.5 (5), and sd/ " is flat by (1). On the other hand, by [5, Lemma 2.7 (1)], for any finitely presented
left R-moduleN, there is an exact sequence

Tor (M, N) — (Ext}(N, M))* — 0.
Thus Ext(N, M) = 0, and soM is FP-injective.
(2) = (1). Let M be any.A-flat right R-module. Them\/ " is A-injective by Lemma 3.2, and
so M ™ is FP-injective by (2). Hencé/ is flat. O

5. A-INJECTIVE DIMENSION AND A-FLAT DIMENSION

Definition5.1 — Let M be a leftR-module anduid(M) denote the smallest integer> 0 such
that Ext*1(R/I, N) = 0 for any left annihilatorl. We callaid(M) the A-injective dimension of
M. If no suchn exists, setiid(M ) = cc.

Putl.ai—D(R) = sup{aid(M): M is aleft R-modulg and calll.ai— D(R) the left.A-injective
dimension of the ringR.
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Let N be a rightR-module andufd(N) stand for the smallest integer > 0 satisfying that
Tor,+1(N, R/I) = 0 for any left annihilator. We callafd(N) the A-flat dimension ofN. If no
suchn exists, setifd(N) = oc.

Putr.af — D(R) = sup{afd(M): M is a right R-module; and callr.af — D(R) the right
A-flat dimension of the ringR.

Theorem5.2— The following are equivalent for any ring:
(1)l.ai — D(R) = 0.

(2) R is a Baer ring

(3) Every leftR-module isA-injective

(4) Every cyclic torsionless lefé-module is projective

PROOF: (1) & (3) and (2)= (3) are clear.

(38) = (2). LetI be any left annihilator. Then EXtR/I,I) = 0 by (3), and so the exact
sequenc® — I — R — R/I — 0is split. ThusI is a direct summand gf R. HenceR is a Baer
ring.

(3) < (4) follows from the fact that a left idedl is a left annihilator inR if and only if R/1 is
a torsionless leflz-module.

Remark5.3 : (1) By Theorem 5.2,ai — D(R) measures how far away a riffgis from being
a Baerring.

(2) Clearly,l.ai — D(R) < ID(R) andr.af — D(R) < wD(R).
The above equalities hold if every left ideal is a left annihilator.

The above inequalities may be strict. For example; — D(Z) = r.af — D(Z) = 0, but
ID(Z) = wD(Z) = 1.

(3) It is easy to verify the following equalities:

l.ai — D(R) = sup{pd(M): M is a cyclic torsionless lef-module; and
r.af — D(R) =sup{fd(M): M is a cyclic torsionless lefk-modulée.
Thusr.af — D(R) < l.ai — D(R) for any ringR.

Proposition5.4 — Let R be a leftAC ring. The following are equivalent for any leR-module
M and an integer, > 0:

(1) aid(M) < n.
(2) Ext**1(R/I, M) = 0 for any left annihilator] .

(3) Ext*I(R/I, M) = 0 for any left annihilatorl and any; > 1.

(4) There exists an exact sequefices M — EY — E! — ... — E™ — 0, where eacl¥’ is
A-injective.
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PROOF: (1) = (2). Suppose aid/) = m < n. LetI be a left annihilator. Sinc& is a left
AC ring, there exist left annihilator§,, I, - - -, I,,_,,, (write I = I) such thatl = R/I,,I; =
R/Iy, - In—ym = R/Iy_my1. Therefore EXtT(R/I, M) = Ext*(I, M) = EXt*(R/I;, M) =
Ext" Y1y, M) = - 2 Ext"™Y(R/I,,_m, M) = 0.

(2) = (3) is easy by induction.

(3) = (4). There exists an exact sequeices M — E° — E! — ... - E»1 - [ -0,
where eaclE" is injective. ThusL is .4-injective by dimension shifting.

(4) = (1) is obvious by dimension shifting.

Proposition5.5 — LetR be a leftAC ring. The following are equivalent for any rightmodule
M and an integen > 0:

1) afd(M) <n.
(2) Tor,+1 (M, R/T) = 0 for any left annihilator .
(3) Tor,+;(M, R/I) = 0 for any left annihilator and anyj > 1.

(4) There exists an exact sequefice> F,, — --- — Iy — Fy — M — 0, where eaclt; is
A-flat.

PROOF: (1) = (2). Suppose fd(M) = m < n. Let I be a left annihilator. Sinc& is a left
AC ring, there exist left annihilator§,, I, - - -, I,,—,, (write Ip = I) such thatl = R/I,,I; =
R/Iy, -+ Iy = R/Iy_ppy1. Thus Top1(M,R/I) = Tor,(M,I) = Tor,(M,R/I;) =
Tor,—1 (M, 1) = - = Tolp1 (M, R/I—m) = 0.

(2) = (3) is easy by induction.

(3) = (4). There exists an exact sequefices L — F,, 1 — F, o — -+ — Fy — M — 0,
where eaclt; is projective. Therl is A-flat by dimension shifting.

(4) = (1) is obvious by dimension shifting.

Theorem5.6— The following are equivalent for a leAC ring R and an integen > 0 :
(1)l.ai — D(R) < n.

(2)r.af — D(R) < n.

(3) Ext**1(R/I, M) = 0 for any left annihilator! and any leftR-modulel/.

(4) Tor,+1(N, R/I) = 0 for any left annihilator] and any rightR-moduleN.

PROOF: (1) & (3) follows from Proposition 5.4.

(2) & (4) holds by Proposition 5.5.

(3) = (4) follows from the isomorphism:
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Ext**1(R/I, N*) = Tor,,1(N, R/I)* for any left annihilator and any rightR-moduleN.

(4) = (3). LetI be any left annihilator and/ any left R-module. SinceR is a left AC ring,
there is an exact sequence Jor(M*, R/I) — (Ext*"1(R/I, M))* — 0 by [5, Lemma 2.7 (1)],
and so (3) holds. O

Corollary 5.7 — The following are equivalent for a leffC ring R:
(1)r.af — D(R) = 0.

(2) R is a Baer ring.

(3) Every rightR-module isA-flat.

(4) Every cyclic torsionless lefR-module is flat.

Remark5.8 : (1) By Corollary 5.7r.af — D(R) measures how far away a le#tC' ring R is
from being a Baer ring.

(2) The condition thatR is aleft AC ring” in Theorem 5.6 and Corollary 5.7 is not superfluous.
In fact, assume thak is a field, andA = F x F' x ---. Let R be the subring ofd consisting of
“sequenceslay, ag, - - -) € A that are eventually constant. Th&ns a commutative von Neumann
regular ring (and hencea f — D(R) = 0) but it is not anAC ring (and hence not a Baer ring) (see
[18, Example 7.54]). This example shows that the inequality — D(R) < l.ai — D(R) may be
strict. However, it is true thdtai — D(R) = r.af — D(R) for any left AC ring R by Theorem 5.6.

Theorem5.9 —The following are equivalent for a le#C ring R:
(1)l.ai — D(R) < 1.

(2)r.af — D(R) < 1.

(3) Every quotient module of amg-injective leftR-module isA-injective
(4) Every submodule of any-flat right R-module isA-flat.

(5) Every leftR-module has a moniglZ-cover.

(6) Every right R-module has an epiglF-envelope

PROOF: (1) & (2) follows from Theorem 5.6.

(1) < (3) holds by Proposition 5.4.

(2) & (4) follows from Proposition 5.5.

(4) = (6). For any rightkR-module M, there is andF-preenvelope : M — F by Theorem
4.7. Note that inif) is A-flat by (4), soM — im(f) is an epicAF-preenvelope, and hence an epic
AF-envelope.

(6) = (4). Let A be any submodule of ad-flat right R-module B. Since A has an epic
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AF-envelope by (6)A has an isomorphigl.F-envelope and sd is A-flat.

(3) = (5). For any left R-module M, there is andZ-cover f : E — M by Theorem 4.7.
Note that inf f) is A-injective by (3), so inif) — M is a monicAZ-precover, and hence a monic
AZ-cover.

(5) = (3). Let X be any.A-injective left R-module andV any submodule of. SinceX/N
has a monic4AZ-cover,X /N has an isomorphiglZ-cover, and henc& /N is A-injective. O

Recall thatp : M — C' is said to be &-envelope with the unique mapping property [6] if for
any homomorphisnf: M — C’ with ¢ € C, there is a unique homomorphigm C — €’ such
thatgep = f. Dually we have the definition of @cover with the unique mapping property.

Theorem5.10— The following are equivalent for a le#C ring R:

(1) l.ai — D(R) < 2.

(2)r.af — D(R) < 2.

(3) Every leftR-module has amdZ-cover with the uniqgue mapping property
Moreover, the above conditions hold if

(4) Every right R-module has apdF-envelope with the unique mapping property
PROOF: (1) & (2) holds by Theorem 5.6.

(1) = (3). Let M be any leftR-module. ThenV/ has andZ-coverf : F — M by Theorem 4.7.
It is enough to show that, for any € AZ and any homomorphism : G — F' such thatfg = 0,
we haveg = 0. In fact, there existg : F'//im(g) — M such thatsr = f since in{g) C ker(f),
wherer : F — F/im(g) is the natural map. Note th#t/im(g) is A-injective by Proposition 5.4
sinceaid(ker(g)) < 2. Thus there exista : F/im(g) — F such that? = fa, and sofar = f.
Hencear is an isomorphism sincgis a cover. Therefore is monic, and sg = 0.

(3) = (1). Let M be any leftR-module. Then we have the exact sequence
0—M-—E"2 YN0

whereE? andE" are injective. Let : H — N be anAZ-cover with the unique mapping property.
Then there exist§ : E' — H such that) = 65. Thusfde = o = 0 = 60, and hencéy = 0,
which implies thatker(¢)) = im(¢) C ker(d). Therefore there exists : N — H such that
v = §, and sofvyyp) = . Thusfvy = 1y since) is epic. It follows thatV is isomorphic to a
direct summand of{, and henceV is .4-injective. Soaid(M ) < 2 by Proposition 5.4, and hence
l.at — D(R) < 2.

(4) = (2). Let M be any rightR-module. Then we have the exact sequence

0— NP 2 Fy — M — 0,
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where Fy and F, are projective. Let : N — H be the AF-envelope with the unique mapping
property. Then there exists: H — F) such thaty = §6. Thuspdfd = ¢y = 0, and hence
w6 = 0, which implies that intd) C ker(y) = im(¢)). So there existy : H — N such that
Yy = §, and hencesv0 = . Thusy8 = 1y sincey is monic. Consequently¥ is isomorphic to
a direct summand aff, and hencéV is A-flat. Thereforexfd(M) < 2 by Proposition 5.5, and so
raf —D(R) <2. O

Finally, we give a class of lefAC' rings satisfying that.ai — D(R) = 0 or cc.

Lemmab.11 — [12, Corollary 3.1.12] LeF be a class of modules closed under direct sums,
extensions, continuous well ordered unions and contain all projective modulgs. 4 S+ for a
setS C F, then(F, F1) is a cotorsion theory.

Theorem5.12— The following are equivalent for a lefC ring R:

(1) R is a left.A-injective ring

(2) Every right R-module has a moniglF-preenvelope

(3) Every leftR-module has an epiglZ-cover.

(4) Every injective rightR-module isA-flat.

(5) Every flat leftR-module isA-injective

If any of the above conditions holds, thewi — D(R) = r.af — D(R) = 0 or cc.

PROOF: (1) = (2). Let M be any rightR-module. ThenV/ has anAF-preenvelopgf : M —
F by Theorem 4.7. Since there is an exact sequénee M — II(zR)", M embeds in amd-flat
right R-module by (1) and Theorem 4.5 (3). Thigs a monomorphism.

(2) = (4) is obvious.

(4) = (5). Let M be a flat leftR-module. ThenM/* is injective, and sd\/ " is A-flat by (4).
ThusM is A-injective by Theorem 4.5 (5).

(5) = (3). Let CardR®) = Ng andF € AZ. By [9, Lemma 5.3.12], for each € F', there is
a pure submodul® of F' with x € S such that Card{) < Rg (simply letN = Rz andf = 1y
in the lemma). So we can write as a union of a continuous chajf, ), of pure submodules
of F' such that Card{) < Ng and Card{,+1/F.) < Ng whenevera +1 < A. If N is a left
R-module such that EXtFy, N) = 0 and Ext(F,.1/F., N) = 0 whenevera + 1 < ), then
Ext!(F,N) = 0 by [7, Lemma 1] or [9, Theorem 7.3.4]. Sindg, is a pure submodule of
foranya < A\, F* — Ff — 0is split. ThenF} € AF sinceF* € AF by Theorem 4.5,
and soF, € AZ. On the other handf,, is a pure submodule af,;; whenevera + 1 < A,
so the exact sequen¢e — F, — F,y1 — F,+1/F, — 0 induces the split exact sequence
0— (Fag1/Fa)™ — Ff | — Ff — 0. Thus(Foq1/F,)" € AF sinceF,f,, € AF, and hence
Fot1/Fo € AZ. Let X be a set of representatives of all modulés= AZ with CardG) < Rg.
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ThenAZ+ = X+,

We note thatdZ is closed under direct sums, extensions, direct limits (in particular, continuous
well ordered unions) by Proposition 3.3 and Theorem 4.5 sihisaa left AC ring, and AZ contains
all projective left modules by (5). Thereford?, AZ") is a cotorsion theory by Lemma 5.11.

Since (A7, AZ") is cogenerated by the s&t, (AZ, AZ1) is a complete cotorsion theory by [7,
Theorem 10]. Therefore every left-module has an epidZ-cover by [9, Theorem 7.2.6] (foAZ
is closed under direct limits).

(3)= (1) is clear.

Now suppose that any of the equivalent conditions above holds).@nd D(R) = n < cc.
For any left R-module M, there exists an exact sequerice~ L — F,, 1 — F, 9 — -+ —
Fy — M — 0, where eacl¥; is projective. Thus each; is A-injective. SoM is A-injective since
aid(L) < n. It follows thatl.ai — D(R) = 0. O

Remark5.13 : LetR = Z4. ThenR is a commutativ&) F’ ring. Sol.ai — D(R) = r.af —
D(R) = oo by Theorem 5.12 sincg is not a Baer ring.
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