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In this paper, some inequalities are shown, among mixed affine surface areas, mixed projection
bodies and mixed volumes of centroid body. Moreover, the inequality analogous to the Blaschke-
Santab inequality is established for the mixed affine surface areas. The general forms of the
dual Urysohn inequalities are given.
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1. INTRODUCTION AND MAIN RESULTS

During the recent two decades, the isoperimetric inequalities related to the affine surface area have
attracted increasing interest (see [3, 5, 6, 7, 9]).

In particular, Petty established the well-known Petty affine projection inequality (see [9]), Lutwak
showed the Busemann-Petty affine centroid inequality (see [5]). Afterwards, Lutwak defined the
notation of mixed affine surface area for extensive research of the affine isoperimetric inequalities
for the mixed affine surface area (see [6, 7]).

The aim of the present paper is to combine the mixed affine surface area with the mixed
projection body (see [8]) and the mixed volumes of centroid body (see [9]) to obtain the generalization
of Petty affine projection inequality and Busemann-Petty affine centroid inequality, respectively. In
addition, we also report the Blaschke-Santmequality (see [1, 10]) for the mixed affine surface
area.
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Let ™ denote the set of convex bodies (compact, convex subsets with nonempty interiors) in
Euclidean spac®” for the set of convex bodies containing the origin in their interior®Rih,
write K% Let S™~! denote the unit sphere IR"™, denote respectively by (K) and S(K) the
n—dimensional volume and surface area of bddythe standard unit balt in R"; denotew,, =
V(B).

If K € K", then its support functiothx = h(K,-) : R® — R, is defined by (see [2, 11])
h(K,z) =max{zx-y:y € K}, x€R",

wherex - y denotes the standard inner product-afndy.

A body K € K" is said to have a continuous curvature functigfi, -) : S*~1 — (0, c0),
if for eachL € K™, the mixed voluméd/; (K, L) = V(K,- - -, K, L) has the integral representation
(see [2,11)])

Vi(K,L) = ~ /S SO (L, w)dS (), (1.1)

n

where the integration is over the unit sphete! in R™, anddS(u) denotes the area element
atu € S"1. The subset oK™ and Ky consisting of bodies which have a positive continuous
curvature function are respectively denoted®yand 7.

The affine surface area &f € F", Q(K), is defined by (see [6,7])

QK) = /S (K, w)™ DS (u). (1.2)

Petty proved the important affine isoperimetric inequalities between affine surface area and the
projection body (see [2, 11])— Petty affine projection inequality (see [9}X H F™, then

NWp,

Q"H(K)<n ( )n V(IIK), (1.3)

Wn—1
with equality holding good if and only if{ is an ellipsoid.

Lutwak also gave the important affine isoperimetric inequalities between affine surface area and
the centroid body (see [2, 7, 11])- Busemann-Petty affine centroid inequality (see [5]k lF",
then

QnJrl(K) < nn+1w2

n

n Wn (n—1)n
((2::1_)1) Vv I(TK), (1.4)

with equality holding good if and only i is an ellipsoid centered at the origin.
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Further, Lutwak defined the mixed affine surface are& gof- - -, K,, € F", Q(K1,- -+, K,), by
(see [6])
QK-+, K) = / (F(Er ) - F(E,u)) Y dS (), (L.5)
Snfl

ForK,L € F", letQ;(K, L) denote the mixed affine surface ate@ys,---, K, L, - -, L), with
n — i copies of K, andi copies ofLL, 0 < i < n. Obviously,

QK, -, K)=Q(K).
Fori € R, thei-th affine surface area df € F",Q;(K), are defined by (see [6])

Oi(K) = /S (K, w) /D 45 (), (1.6)

Obviously,Qy(K) = Q(K), Q,(K) = nw,, forall K € F".

In this paper, first, we establish the generalizations of Petty affine projection inequality and the
Busemann-Petty affine centroid inequality associated with convex bAdies -, K, in R™.

Theoreml —If Ky,---, K, € F", then

QK- Ky) < 0t (“J”> V%(H(Kl, oo Ky)) Vi (IIK,), (1.7)
Wn—1

with equality holding good if and only if; (i = 1, - - -, n) are homothetic ellipsoids

Specifically, takingk; = - - - = K,, = K in Theorem 1, we shall obtain the well-known Petty
affine projection inequality (1.3).

Theorem2 —If Kq,---, K, € F", then

n+1 nt1, 2 [((n+Dwn =
QK Ky) <0 wl o V" (TKy,- -, TK,), (1.8)
n—1

with equality holding good if and only if; (: = 1,- - -,n) are homothetic ellipsoids centered at
the origin

Specifically, takingk'; = --- = K,, = K in Theorem 2, we shall get the Busemann-Petty affine
centroid inequality (1.4).

Second, we establish Blaschke-Samiakquality for mixed affine surface area.

Theorem3 —If K, -+, K,, € F7, then

QKy, - Kp)QUKT, - - K < nw? (1.9)

n’

with equality holding good if and only iK; (i = 1, - - -, n) are homothetic ellipsoids centered at the
origin.

Moreover, using the property of thith affine surface area, we establish the general version of
the dual Urysohn inequality (see [4]).

Theorem4 —If K € K7,0 <7 < n, then

Wi(K*) > Wiz (K), (1.10)
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with equality holding good if and only i is a ball ofn—dimension centered at the origin
Specifically, for; = 0, it follows that

V(K*) > oW (K),

with equality holding good if and only ik is a ball. This is the well-known dual Urysohn inequality
(see [4]). The proof of Theorem 4 differs from the proof in [4].

Finally, we obtain the inequality similar to the inequalities for Marcus-Lopes, Bergstrom and
Ky Fan (see [2]).

Theorem5 — If K ¢ F",n(K) = min {f(K,u),u € S"'} and0 < t < n(K), then for

1> —1,
B V(K +tB)  _ (K) Q,(tB)

ity (K +1B) = Qi) (K) Qg (ngny(tB)’

wheref(K,u)(u € S"~1) is curvature function ofi.

(1.11)

2. PRELIMINARIES

Associated with a compact subdgtof R"™, which is star-shaped (about the origin), is its radial
function,px = p(K,-) : R"\ {0} — R, defined by (see [2,11])

p(K,z) =max{\>0:  \x e K}, zeRM\{0}.

If px is positive and continuougs will be called a star body (about the origin). L&} denote
the set of star bodies (about the origin)Ri.
If K € K{, the polar body of<, K*, is defined by (see[2, 11])

K'={zeR":z-y<l,ye K}. (2.1)

Obviously, we havg K*)* = K.
From the Definition (2.1), we also know that: &f € K, then the support and radial function
of K*, the polar body of<, are respectively defined by (see [2,11])

1 1
hg« =— and pgx = —. (2.2)
I hi

For s denoting the Santalpoint of K € F™, there is a convex bod§ K € F", unique up to
translation, such that (see [6])

FAK,") = h(—s+ K,-)~"+D), (2.3)

A K will be called the curvature image &f.
For eachK € K", the projection body 1K, of K is the origin-symmetric convex body whose
support function is defined by (see [7, 8])

hiik (u) = v(K |u™), (2.4)
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for all u € S™ !, whereu’ denotes the codimension-1 subspaceRdf orthogonal tou and
v(K |ut) denotes thén — 1)-dimensional volume of<|u=.
If Ky, -+, K,,—1 € K", then the mixed projectiol (K1, - - -, K,,), is defined by (see [8])

ALK e Ko )y = V(B [ut ) K uh), (2.5)

forallu € S"1.
The centroid body" K, of K € K™, is the convex body whose support functionzat R", is
given by (see [7])

1
hri(x —/ x-y | dy, (2.6)
where the integration is with respect to Lebesgue measuRon
ForK,-- K,e K"itK;=---=K,_;=KandK,_;11 = --- = K,, = L, then the mixed

volumeV (K, -+, K,,) iswritten asV; (K, L). If L = B, thenV;(K, B) is theith quermassintegrals
of K and is written adV;(K),0 < i < n (see [2,11]). SpecificallyWy(K) = V(K), and
Wi(K) = wp.

ForK € S}, i € R, theith dual quermassintegr@i(K) are defined (by see [2,11])

W) = [t as ), @7

where dS(u) denotes the area elementate S™~!. Specifically, Wo(K) = V(K), and
Wo(K) = wp.

3. THE PROOF OF THEMAIN RESULTS

We first prove Theorem 1, 2 and 3. The following lemma is essential.
Lemmall¥l —If K, -, K,, € F", then

Q"(K1,- -+ Ky) <QKY) - - Q(Ky,),

with equality holding good if and only if; (i = 1, - - -, n) are homothetic.
PROOF OFTHEOREM 1 : According to the mixed projection inequality (see [8]): If
Ky, -, K, 1€ F" then

V(IIKy) -+ V(IK, 1) < V'Y IN(KY, - K1),

with equality holding good if and only if;(i = 1, - - -,n — 1) are homothetic.
And according to (1.3), we get

Wy,

QLK) - QYK < (n < )n)n VI IN(KY, - - K))V(ITK,),

Wn—1

with equality holding good if and only if;(i = 1, - - -, n) are homothetic ellipsoids.
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From Lemma 1, we have

QM (K K < (n ( i ) ) VIR, - -, Ky))V (IIK),

Wn—1

thus, the inequality of Theorem 1 holds.
Combining these equality conditions, we know that with equality holding good if and only if
K;(i=1,---,n)are homothetic ellipsoids. O
PROOF OF THEOREM 2: According to Busemann-Petty centroid inequality (see [2,5,11]): If

K € F", then
Dwn \"
V(K) < <(n—|—)w) V(I'K),
2wp—1

with equality holding good if and only i is an ellipsoid centered at the origin.
And note that the affine isoperimetric inequality (see [9]))Klfe F™, then

Qn-i-l (K) < nn—l—lwivn—l (K),

with equality holding good if and only i is an ellipsoid.
From Lemma 1, together with the inequality of mixed volume (see [2,11]), we obtain

(n—1)n?
)™ ((n—l—l)wn> V”(”_l)(FKl, - TK,),

Qn(n—}—l) Koo KO) < (nH12?
( 1, ) n) (n w anil

— n

therefore, the inequality of Theorem 2 holds.
Combining these equality conditions, we know that equality holds good if and olly(if =
1,---,n) are homothetic ellipsoids centered at the origin. O
PROOF OFTHEOREM 3 : For K € F', according to the affine isoperimetric inequality (see
[9]), we have
QTR K) < (n" W) VL KOV (EY).

And from Blaschke-Santalinequality (see [1, 10]), we obtain

Qntl (K)Qn+1(K*) < (nn—&-lwi)Q w2(n—1).

n

Thus
QK)QK*) < nPw?

n:

ForKi,---, K, € F}, according to Lemma 1, we get
Qn(Kla o -,Kn)QR(KT, o aK;;) < ( 2‘*}7%)”'

So, the inequality of Theorem 3 holds.

With regard to these equality conditions, we know that equality holding good if and only if
K;(i=1,---,n) are homothetic ellipsoids centered at the origin. O

In order to prove Theorem 4, we shall establish an important equality betivanaffine
surface area and the dual quermassintegrals of the polar for a convex body.



ON INEQUALITIES FOR MIXED AFFINE SURFACE AREA 159

Lemma2 — If K € Kf andi € R, then
Q(AK) = nWi(K*).
PrROOF: For K € K,i € R, from definition (1.6), (2.3) and (2.7), we have

Q(AK) = /S . FAK, u)=0/ (4D g6 (y)
= / h(K,u)~")dS (u)
Sn—l
= [ s ),
Sn—1

= niié(}(*)

In particular, ifi = n + 1, then
i1 (AK) = nWop1 (K*) = nW,, 1 (K),
if 2 =0, then
Q(AK) = nV(K™).

These equalities had been obtained in [6].
To prove Theorem 4, we shall use the following inequality foritheaffine surface area.
Lemmadll —If K, L € F",i,j, k € R, andi < j < k, then

k—j j—i —i
(K, L)Y (K, L) > 957K, L),

with equality holding good if and only ik and L are homothetic.
PROOF OFTHEOREMA4 : According to Lemma 3, lefti, j, k) = (i,n,n+1),i < n, substituting
respectivelyAK, B to K, L, we have

QAK)QIH(AK) > Qi THAK).

From Lemma 2 and the special case of Lemma 2, we obtain
Wi( KW (K) > wp =,

with equality holding good if and i is a ball ofn—dimension. O
Moreover, we establish the inequality for affine surface area of curvature image for the convex
body and its polar.
Corollary 1 — If K € Kf, then

QAK)QAK*) < n*w?

n’
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with equality holding good if and only if{ is an ellipsoid centered at the origin.
PrRoOF: According to Lemma 2, let = 0, we have

Q(AK) =nV(K™).
And from Blaschke-Santalinequality (see [1, 10]), we obtain

QAK)QAK*) < n*w?

ns

thus, the inequality of Corollary 1 holds.

From equality conditions of Blaschke-Saritahequality (see [1, 10]), we know that equality
holds if and only ifK is an ellipsoid centered at the origin. d

For the Blaschke outer parallel bod§/+ A\B, (| A |< (k) = min {f(K,u),u € S"1}), we
have Steiner formula oth mixed affine surface area.

Lemmad® —If K € 7™ and| \ |< n(K) = min {f(K,u),u € S}, then

QAK+ABy:§3C"‘”“”+U)QHNHMKMQ i € R, (2.8)

j=0 J

wheref(K,u)(u € S"~1) is curvature function of.
PROOF OFTHEOREM5 : We define

fi(t) = (K +tB), i€eR.

From Lemma 4, whefnt + ¢ |< n(K), it follows that

Filt+ ) = Filt) + o Fiviain (6 + O(E),
thus ,
J(0) = o Fer o) ()

Using Lemma 3, we have

z‘2+(n+1)(t) < fil) fig2imey (1), i €R.

Therefore, for > —1,

n—i i+1

F®) fisniny @) — fil) fiy ey @) = e ey () + mfi(t)fi—&-ﬂn—&-l)(t)

= P ® = 2 (B ®) = i) ez ()

v

i2+(n+1) (t)
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Let
Qi(K +tB)

Qiy(ny1) (K +tB)

gi(t) =

It follows that
gty >1, i>-1

o]
gi(t) > gi(0)+¢t, t>0
Because of
o),
Qiy(n+1)(tB) ’
we have
YG(K+tB)  _ (K) Q,(tB) B

> , L2
Qigne) (K +1B) ~ Qiyne)(K) Qg g1y (tB)
Wheni = —1, we have (see [6])

Q_1(K+tB)=S(K+tB)=S5(K)+S(tB) =Q_1(K) +Q_1(tB).
And according to (see [6])
Q_ 1441y (K +tB) = Qu(K +tB) = nwy,

So equality of Theorem 5 holds.
Therefore we complete the proof of Theorem 5. O
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