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In this paper, some inequalities are shown, among mixed affine surface areas, mixed projection

bodies and mixed volumes of centroid body. Moreover, the inequality analogous to the Blaschke-

Santaĺo inequality is established for the mixed affine surface areas. The general forms of the

dual Urysohn inequalities are given.
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1. INTRODUCTION AND MAIN RESULTS

During the recent two decades, the isoperimetric inequalities related to the affine surface area have

attracted increasing interest (see [3, 5, 6, 7, 9]).

In particular, Petty established the well-known Petty affine projection inequality (see [9]), Lutwak

showed the Busemann-Petty affine centroid inequality (see [5]). Afterwards, Lutwak defined the

notation of mixed affine surface area for extensive research of the affine isoperimetric inequalities

for the mixed affine surface area (see [6, 7]).

The aim of the present paper is to combine the mixed affine surface area with the mixed

projection body (see [8]) and the mixed volumes of centroid body (see [9]) to obtain the generalization

of Petty affine projection inequality and Busemann-Petty affine centroid inequality, respectively. In

addition, we also report the Blaschke-Santaló inequality (see [1, 10]) for the mixed affine surface

area.
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Let Kn denote the set of convex bodies (compact, convex subsets with nonempty interiors) in

Euclidean spaceRn for the set of convex bodies containing the origin in their interiors inRn,

write Kn
0 . Let Sn−1 denote the unit sphere inRn, denote respectively byV (K) andS(K) the

n−dimensional volume and surface area of bodyK, the standard unit ballB in Rn; denoteωn =
V (B).

If K ∈ Kn, then its support function,hK = h(K, ·) : Rn −→R, is defined by (see [2, 11])

h(K, x) = max{x · y : y ∈ K}, x ∈ Rn,

wherex · y denotes the standard inner product ofx andy.

A body K ∈ Kn is said to have a continuous curvature function,f(K, ·) : Sn−1 −→ (0,∞),
if for eachL ∈ Kn, the mixed volumeV1(K, L) = V (K, · · ·,K, L) has the integral representation

(see [2,11])

V1(K, L) =
1
n

∫

Sn−1

f(K, u)h(L, u)dS(u), (1.1)

where the integration is over the unit sphereSn−1 in Rn, anddS(u) denotes the area element

at u ∈ Sn−1. The subset ofKn andKn
0 consisting of bodies which have a positive continuous

curvature function are respectively denoted byFn andFn
0 .

The affine surface area ofK ∈ Fn, Ω(K), is defined by (see [6,7])

Ω(K) =
∫

Sn−1

f(K, u)n/(n+1)dS(u). (1.2)

Petty proved the important affine isoperimetric inequalities between affine surface area and the

projection body (see [2, 11])– Petty affine projection inequality (see [9]): IfK ∈ Fn, then

Ωn+1(K) ≤ n

(
nωn

ωn−1

)n

V (ΠK), (1.3)

with equality holding good if and only ifK is an ellipsoid.

Lutwak also gave the important affine isoperimetric inequalities between affine surface area and

the centroid body (see [2, 7, 11])– Busemann-Petty affine centroid inequality (see [5]): IfK ∈ Fn,

then

Ωn+1(K) ≤ nn+1ω2
n

(
(n + 1)ωn

2ωn−1

)(n−1)n

V n−1(ΓK), (1.4)

with equality holding good if and only ifK is an ellipsoid centered at the origin.
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Further, Lutwak defined the mixed affine surface area ofK1, · · ·,Kn ∈ Fn, Ω(K1, · · ·,Kn), by

(see [6])

Ω(K1, · · ·,Kn) =
∫

Sn−1

(f(K1, u) · · · f(Kn, u))1/(n+1) dS(u). (1.5)

ForK, L ∈ Fn, let Ωi(K, L) denote the mixed affine surface areaΩ(K, · · ·, K, L, · · ·, L), with

n− i copies ofK, andi copies ofL, 0 ≤ i ≤ n. Obviously,

Ω(K, · · ·,K) = Ω(K).
For i ∈ R, thei-th affine surface area ofK ∈ Fn, Ωi(K), are defined by (see [6])

Ωi(K) =
∫

Sn−1

f(K,u)(n−i)/(n+1)dS(u). (1.6)

Obviously,Ω0(K) = Ω(K), Ωn(K) = nωn, for all K ∈ Fn.

In this paper, first, we establish the generalizations of Petty affine projection inequality and the

Busemann-Petty affine centroid inequality associated with convex bodiesK1, · · ·,Kn in Rn.

Theorem1 — If K1, · · ·, Kn ∈ Fn, then

Ωn+1(K1, · · ·,Kn) ≤ nn+1

(
ωn

ωn−1

)n

V
n−1

n (Π(K1, · · ·, Kn−1))V
1
n (ΠKn), (1.7)

with equality holding good if and only ifKi (i = 1, · · ·, n) are homothetic ellipsoids.

Specifically, takingK1 = · · · = Kn = K in Theorem 1, we shall obtain the well-known Petty

affine projection inequality (1.3).

Theorem2 — If K1, · · ·, Kn ∈ Fn, then

Ωn+1(K1, · · ·,Kn) ≤ nn+1ω2
n

(
(n + 1)ωn

2ωn−1

)(n−1)n

V n−1(ΓK1, · · ·,ΓKn), (1.8)

with equality holding good if and only ifKi (i = 1, · · ·, n) are homothetic ellipsoids centered at

the origin.

Specifically, takingK1 = · · · = Kn = K in Theorem 2, we shall get the Busemann-Petty affine

centroid inequality (1.4).

Second, we establish Blaschke-Santaló inequality for mixed affine surface area.

Theorem3 — If K1, · · ·, Kn ∈ Fn
o , then

Ω(K1, · · ·,Kn)Ω(K∗
1 , · · ·,K∗

n) ≤ n2ω2
n, (1.9)

with equality holding good if and only ifKi(i = 1, · · ·, n) are homothetic ellipsoids centered at the

origin.

Moreover, using the property of theith affine surface area, we establish the general version of

the dual Urysohn inequality (see [4]).

Theorem4 — If K ∈ Kn
0 , 0 ≤ i < n, then

W̃i(K∗) ≥ ωn−i+1
n W i−n

n−1(K), (1.10)
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with equality holding good if and only ifK is a ball ofn−dimension centered at the origin.

Specifically, fori = 0, it follows that

V (K∗) ≥ ωn+1
n W−n

n−1(K),

with equality holding good if and only ifK is a ball. This is the well-known dual Urysohn inequality

(see [4]). The proof of Theorem 4 differs from the proof in [4].

Finally, we obtain the inequality similar to the inequalities for Marcus-Lopes, Bergstrom and

Ky Fan (see [2]).

Theorem5 — If K ∈ Fn, η(K) = min {f(K, u), u ∈ Sn−1} and 0 ≤ t ≤ η(K), then for

i ≥ −1,
Ωi(K + tB)

Ωi+(n+1)(K + tB)
≥ Ωi(K)

Ωi+(n+1)(K)
+

Ωi(tB)
Ωi+(n+1)(tB)

, (1.11)

wheref(K,u)(u ∈ Sn−1) is curvature function ofK.

2. PRELIMINARIES

Associated with a compact subsetK of Rn, which is star-shaped (about the origin), is its radial

function,ρK = ρ(K, ·) : Rn \ {0} −→ R, defined by (see [2,11])

ρ(K,x) = max{λ ≥ 0 : λx ∈ K}, x ∈ Rn \ {0}.

If ρK is positive and continuous,K will be called a star body (about the origin). LetSn
0 denote

the set of star bodies (about the origin) inRn.

If K ∈ Kn
0 , the polar body ofK,K∗, is defined by (see[2, 11])

K∗ = {x ∈ Rn : x · y ≤ 1, y ∈ K}. (2.1)

Obviously, we have(K∗)∗ = K.

From the Definition (2.1), we also know that: IfK ∈ Kn
0 , then the support and radial function

of K∗, the polar body ofK, are respectively defined by (see [2,11])

hK∗ =
1

ρK
and ρK∗ =

1
hK

. (2.2)

For s denoting the Santaló point ofK ∈ Fn, there is a convex bodyΛK ∈ Fn, unique up to

translation, such that (see [6])

f(ΛK, ·) = h(−s + K, ·)−(n+1), (2.3)

ΛK will be called the curvature image ofK.

For eachK ∈ Kn, the projection body,ΠK, of K is the origin-symmetric convex body whose

support function is defined by (see [7, 8])

hΠK(u) = v(K|u⊥), (2.4)
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for all u ∈ Sn−1, whereu⊥ denotes the codimension-1 subspace ofRn orthogonal tou and

v(K|u⊥) denotes the(n− 1)-dimensional volume ofK|u⊥.

If K1, · · ·,Kn−1 ∈ Kn, then the mixed projectionΠ(K1, · · ·, Kn), is defined by (see [8])

h(Π(K1,···,Kn−1),u) = v(K1|u⊥, · · ·, Kn−1|u⊥), (2.5)

for all u ∈ Sn−1.

The centroid body,ΓK, of K ∈ Kn, is the convex body whose support function, atx ∈ Rn, is

given by (see [7])

hΓK(x) =
1

V (K)

∫

K
| x · y | dy, (2.6)

where the integration is with respect to Lebesgue measure onRn.

ForK1, · · ·, Kn ∈ Kn, if K1 = · · · = Kn−i = K andKn−i+1 = · · · = Kn = L, then the mixed

volumeV (K1, ···,Kn) is written asVi(K, L). If L = B, thenVi(K,B) is theith quermassintegrals

of K and is written asWi(K), 0 ≤ i ≤ n (see [2,11]). Specifically,W0(K) = V (K), and

Wn(K) = ωn.

ForK ∈ Sn
o , i ∈ R, theith dual quermassintegrals̃Wi(K) are defined (by see [2,11])

W̃i(K) =
∫

Sn−1

ρ(K, u)n−idS(u), (2.7)

wheredS(u) denotes the area element atu ∈ Sn−1. Specifically,W̃0(K) = V (K), and

W̃n(K) = ωn.

3. THE PROOF OF THEMAIN RESULTS

We first prove Theorem 1, 2 and 3. The following lemma is essential.

Lemma1[6] — If K1, · · ·,Kn ∈ Fn, then

Ωn(K1, · · ·, Kn) ≤ Ω(K1) · · · Ω(Kn),

with equality holding good if and only ifKi (i = 1, · · ·, n) are homothetic.

PROOF OFTHEOREM 1 : According to the mixed projection inequality (see [8]): If

K1, · · ·,Kn−1 ∈ Fn, then

V (ΠK1) · · · V (ΠKn−1) ≤ V n−1(Π(K1, · · ·,Kn−1)),

with equality holding good if and only ifKi(i = 1, · · ·, n− 1) are homothetic.

And according to (1.3), we get

Ωn+1(K1) · · · Ωn+1(Kn) ≤
(

n

(
nωn

ωn−1

)n)n

V n−1(Π(K1, · · ·,Kn−1))V (ΠKn),

with equality holding good if and only ifKi(i = 1, · · ·, n) are homothetic ellipsoids.
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From Lemma 1, we have

Ωn(n+1)(K1, · · ·,Kn) ≤
(

n

(
nωn

ωn−1

)n)n

V n−1(Π(K1, · · ·,Kn−1))V (ΠKn),

thus, the inequality of Theorem 1 holds.

Combining these equality conditions, we know that with equality holding good if and only if

Ki(i = 1, · · ·, n) are homothetic ellipsoids. ¤
PROOF OFTHEOREM 2: According to Busemann-Petty centroid inequality (see [2,5,11]): If

K ∈ Fn, then

V (K) ≤
(

(n + 1)ωn

2ωn−1

)n

V (ΓK),

with equality holding good if and only ifK is an ellipsoid centered at the origin.

And note that the affine isoperimetric inequality (see [9]): IfK ∈ Fn, then

Ωn+1(K) ≤ nn+1ω2
nV n−1(K),

with equality holding good if and only ifK is an ellipsoid.

From Lemma 1, together with the inequality of mixed volume (see [2,11]), we obtain

Ωn(n+1)(K1, · · ·,Kn) ≤ (nn+1ω2
n)n

(
(n + 1)ωn

2ωn−1

)(n−1)n2

V n(n−1)(ΓK1, · · ·, ΓKn),

therefore, the inequality of Theorem 2 holds.

Combining these equality conditions, we know that equality holds good if and only ifKi(i =
1, · · ·, n) are homothetic ellipsoids centered at the origin. ¤

PROOF OFTHEOREM 3 : For K ∈ Fn
o , according to the affine isoperimetric inequality (see

[9]), we have

Ωn+1(K)Ωn+1(K∗) ≤ (
nn+1ω2

n

)2
V n−1(K)V n−1(K∗).

And from Blaschke-Santaló inequality (see [1, 10]), we obtain

Ωn+1(K)Ωn+1(K∗) ≤ (
nn+1ω2

n

)2
ω2(n−1)

n .

Thus

Ω(K)Ω(K∗) ≤ n2ω2
n.

ForK1, · · ·,Kn ∈ Fn
o , according to Lemma 1, we get

Ωn(K1, · · ·,Kn)Ωn(K∗
1 , · · ·,K∗

n) ≤ (n2ω2
n)n.

So, the inequality of Theorem 3 holds.

With regard to these equality conditions, we know that equality holding good if and only if

Ki(i = 1, · · ·, n) are homothetic ellipsoids centered at the origin. ¤
In order to prove Theorem 4, we shall establish an important equality betweeni−th affine

surface area and the dual quermassintegrals of the polar for a convex body.
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Lemma2 — If K ∈ Kn
0 andi ∈ R, then

Ωi(ΛK) = nW̃i(K∗).

PROOF : ForK ∈ Kn
0 , i ∈ R, from definition (1.6), (2.3) and (2.7), we have

Ωi(ΛK) =
∫

Sn−1

f(ΛK,u)(n−i)/(n+1)dS(u)

=
∫

Sn−1

h(K, u)−(n−i)dS(u)

=
∫

Sn−1

ρ(K∗, u)n−idS(u),

= nW̃i(K∗).

¤
In particular, ifi = n + 1, then

Ωn+1(ΛK) = nW̃n+1(K∗) = nWn−1(K),

if i = 0, then

Ω(ΛK) = nV (K∗).

These equalities had been obtained in [6].

To prove Theorem 4, we shall use the following inequality for theith affine surface area.

Lemma3[6] — If K, L ∈ Fn, i, j, k ∈ R, andi < j < k, then

Ωk−j
i (K, L)Ωj−i

k (K, L) ≥ Ωk−i
j (K,L),

with equality holding good if and only ifK andL are homothetic.

PROOF OFTHEOREM 4 : According to Lemma 3, let(i, j, k) = (i, n, n+1), i < n, substituting

respectivelyΛK, B to K, L, we have

Ωi(ΛK)Ωn−i
n+1(ΛK) ≥ Ωn−i+1

n (ΛK).

From Lemma 2 and the special case of Lemma 2, we obtain

W̃i(K∗)Wn−i
n−1(K) ≥ ωn−i+1

n ,

with equality holding good if and ifK is a ball ofn−dimension. ¤
Moreover, we establish the inequality for affine surface area of curvature image for the convex

body and its polar.

Corollary 1 — If K ∈ Kn
0 , then

Ω(ΛK)Ω(ΛK∗) ≤ n2ω2
n,
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with equality holding good if and only ifK is an ellipsoid centered at the origin.

PROOF : According to Lemma 2, leti = 0, we have

Ω(ΛK) = nV (K∗).

And from Blaschke-Santaló inequality (see [1, 10]), we obtain

Ω(ΛK)Ω(ΛK∗) ≤ n2ω2
n,

thus, the inequality of Corollary 1 holds.

From equality conditions of Blaschke-Santaló inequality (see [1, 10]), we know that equality

holds if and only ifK is an ellipsoid centered at the origin. ¤
For the Blaschke outer parallel bodyK + λB, (| λ |< η(K) = min {f(K, u), u ∈ Sn−1}), we

have Steiner formula ofith mixed affine surface area.

Lemma4[6] — If K ∈ Fn and| λ |< η(K) = min {f(K, u), u ∈ Sn−1}, then

Ωi(K + λB) =
∞∑

j=0

(
(n− i)/(n + 1)

j

)
Ωi+j(n+1)(K)λj , i ∈ R, (2.8)

wheref(K, u)(u ∈ Sn−1) is curvature function ofK.

PROOF OFTHEOREM 5 : We define

fi(t) = Ωi(K + tB), i ∈ R.

From Lemma 4, when| t + ε |< η(K), it follows that

fi(t + ε) = fi(t) + ε
n− i

n + 1
fi+(n+1)(t) +O(ε2),

thus

f ′i(t) =
n− i

n + 1
fi+(n+1)(t).

Using Lemma 3, we have

f2
i+(n+1)(t) ≤ fi(t)fi+2(n+1)(t), i ∈ R.

Therefore, fori ≥ −1,

f ′i(t)fi+(n+1)(t)− fi(t)f ′i+(n+1)(t) =
n− i

n + 1
f2

i+(n+1)(t) +
i + 1
n + 1

fi(t)fi+2(n+1)(t)

= f2
i+(n+1)(t)−

i + 1
n + 1

(f2
i+(n+1)(t)− fi(s)fi+2(n+1)(t))

≥ f2
i+(n+1)(t).
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Let

gi(t) =
Ωi(K + tB)

Ωi+(n+1)(K + tB)
.

It follows that

g′i(t) ≥ 1, i ≥ −1

so

gi(t) ≥ gi(0) + t, t ≥ 0.

Because of
Ωi(tB)

Ωi+(n+1)(tB)
= t,

we have
Ωi(K + tB)

Ωi+(n+1)(K + tB)
≥ Ωi(K)

Ωi+(n+1)(K)
+

Ωi(tB)
Ωi+(n+1)(tB)

, i ≥ −1.

Wheni = −1, we have (see [6])

Ω−1(K + tB) = S(K + tB) = S(K) + S(tB) = Ω−1(K) + Ω−1(tB).

And according to (see [6])

Ω−1+(n+1)(K + tB) = Ωn(K + tB) = nωn,

So equality of Theorem 5 holds.

Therefore we complete the proof of Theorem 5. ¤
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