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1. INTRODUCTION

ForJ = [0, T ], T > 0, let 0 = t0 < t1 < · · · < tm < tm+1 = T. By L1(J), we denote the Banach

space of measurable functionsx : J → IR which are Lebesgue integrable with norm

‖x‖L1 =
∫ T

0
|x(s)|ds.

In this paper, we investigate the following first order impulsive delay differential equations of

type





x′(t) = f(t, x(t), x(α(t))) ≡ Fx(t) a.e. t ∈ J = [0, T ], t 6= tk,

∆x(tk) = Ik(x(tk)), k = 1, 2, · · · ,m,

x(0) = −βx(T ) + r, β > 0, r ∈ IR,

(1)

where as usual∆x(tk) = x(t+k ) − x(t−k ); x(t−k ) andx(t+k ) denote the left and right limits ofx at

tk, respectively, and
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H1 : f : J × IR × IR → IR is a L1-Caratheodory function, i.e.f satisfies the following

conditions:

(a) for everyx, y ∈ IR, f(·, x, y) is Lebesgue measurable onJ,

(b) for a.e. t ∈ J, f(t, ·, ·) is continuous onIR× IR,

(c) for anyq > 0, there existsϕ ∈ L1(J) such that|f(t, x, y)| ≤ ϕ(t) for a.e. t ∈ J and all

x, y ∈ IR with max(|x|, |y|) ≤ q,

H2 : α ∈ C(J, J), α(t) ≤ t, t ∈ J, Ik ∈ C(IR, IR), Ik are nondecreasing fork =
1, 2, · · · ,m, and if there exists a point̄t ∈ J such thatα(t̄) ∈ {t1, t2, · · · , tm}, thent̄ ∈ {t1, t2, · · · , tm}.

Note that ifβ = 1, r = 0, then (1) reduces to the impulsive problem with an antiperiodic

condition. This has been considered by some authors [6–8, 17, 22, 23].

Recently, antiperiodic boundary value problems have been considered for dynamic equations

[3] and also viscosity solutions [4].

Let us introduce the spaces:

PC(J) =

{
x : J → IR, x|(tk,tk+1] ∈ C((tk, tk+1], IR), k = 0, 1, · · · ,m
and there exist x(t+k ) and x(t−k ) with x(t−k ) = x(tk), k = 1, 2, · · · ,m

}
,

and

PC1(J) =

{
x ∈ PC(J), x|(tk,tk+1] ∈ C1((tk, tk+1], IR), k = 0, 1, · · · ,m
and x′(0+), x′(T−), x′(t+k ) and x′(t−k ) exit for k = 1, 2, · · · ,m.

}
.

Indeed,PC(J) andPC1(J) are Banach spaces with the respective norms:

‖x‖PC = sup
t∈J

‖x(t)‖, ‖x‖PC1 = ‖x‖PC + ‖x′‖PC .

By a solution of problem (1) we mean a functionx ∈ PC1(J) which satisfies the differential

equation in (1) for everyt ∈ J \ {t1, t2, · · · , tm}, the boundary condition in problem (1) and at

everytk, k = 1, 2, · · · ,m, the functionx satisfies the second condition in problem (1).

We formulate some existence results for problems of type (1) using the monotone iterative

methods, for details see for example [15, 18] and [1, 5, 9–13, 16, 20–23]. This paper extends some

results of [14] on delay impulsive ordinary differential equations with boundary conditions. Some

ideas are taken from papers [2, 14, 17].

2. MAIN RESULTS

Forλ > 0, let us consider the impulsive boundary problem




x′(t) + λx(t) = G(t, x(t), x(α(t))) ≡ Gx(t), a.e. t ∈ J = [0, T ], t 6= tk,

∆x(tk) = Ik(x(tk)), k = 1, 2, · · · ,m,

x(0) = −βx(T ) + r, β > 0, r ∈ IR,

(2)

whereGx(t) = Fx(t)+λx(t). Thus, ifx is a solution of problem (2) thenx is a solution of problem

(1) too.
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It is possible to translate (1) or (2) into a fixed point problem [18]. Indeed, solving problem

(2) is equivalent to findingx ∈ PC1(J) that satisfiesx = Ax. The operatorA : PC(J) → PC(J)
has the form

Ax(t) =
∫ T

0
g(t, s)Gx(s)ds +

r

eλT + β
eλT +

m∑

k=1

g(t, tk)Ik(x(tk)), (3)

whereg is the Green’s function defined by

g(t, s) =
1

eλT + β

{
eλ(T−t+s) if 0 ≤ s < t ≤ T,

−βeλ(s−t) if 0 ≤ t ≤ s ≤ T.

Note that ifβ = 1 andr = 0, then we have an antiperiodic Green’s function, see formula in

[7, 17]:

g(t, s) =
1

eλT + 1

{
eλ(T−t+s) if 0 ≤ s < t ≤ T,

−eλ(s−t) if 0 ≤ t ≤ s ≤ T.

Let

g+(t, s) = max{g(t, s), 0}, g−(t, s) = max{−g(t, s), 0},
andA+ : PC(J) → PC(J), A− : PC(J) → PC(J) are defined by

A+x(t) =
∫ T

0
g+(t, s)Gx(s)ds +

r

eλT + β
eλT +

m∑

k=1

g+(t, tk)Ik(x(tk)),

A−x(t) =
∫ T

0
g−(t, s)Gx(s)ds +

m∑

k=1

g−(t, tk)Ik(x(tk)).

Obviously,g = g+ − g−, A = A+ − A−. Moreover,A+ andA− are continuous and completely

continuous.

Definition— We say that functionsu, v ∈ PC1(J, IR) are coupled lower and upper solutions

(CLUS for short) of problem (1) if
{

u(t) ≤ A+u(t)−A−v(t), t ∈ J,

v(t) ≥ A+v(t)−A−u(t), t ∈ J.

We introduce the following assumption:

H3 : y0, z0 ∈ PC1(J, IR) are CLUS of problem (1) andy0 ≤ z0 onJ.

Consider the sector

[y0, z0]∗ = {w ∈ PC1(J, IR) : y0(t) ≤ w(t) ≤ z0(t), t ∈ J}.

Definition — Functionsy, z ∈ [y0, z0]∗ are coupled extremal quasi–solutions of problem (1) if

U ∈ [y0, z0]∗ is any solution of (1), theny0(t) ≤ y(t) ≤ U(t) ≤ z(t) ≤ z0(t), t ∈ J, wherey, z

are solutions of system
{

y(t) = A+y(t)−A−z(t), t ∈ J,

z(t) = A+z(t)−A−y(t), t ∈ J.
(4)
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Theorem1 — Let AssumptionsH1,H2,H3 hold. In addition assume that

H4 : f(t, u, v) is nondecreasing with respect to the last two variables fort ∈ J,

y0(t) ≤ u ≤ z0(t), y0(α(t)) ≤ v ≤ z0(α(t)).
Then problem (1) has, in the sector[y0, z0]∗, coupled extremal quasi–solutions.

PROOF : Forn = 0, 1, · · · , we construct two sequences by

{
yn+1(t) = A+yn(t)−A−zn(t), t ∈ J,

zn+1(t) = A+zn(t)−A−yn(t), t ∈ J.

Note thatg+ andg− are nonnegative inJ×J. In view of AssumptionH4, the operatorsA+, A−

are nondecreasing. Hence,

y0(t) ≤ · · · ≤ yn−1(t) ≤ yn(t) ≤ zn(t) ≤ zn−1(t) ≤ · · · ≤ z0(t), n = 0, 1, · · · .

OperatorsA+ andA− are completely continuous, and sequences{yn} and{zn} converge uni-

formly to somey ∈ PC1(J, IR) andz ∈ PC1(J, IR), respectively. Indeed,(y, z) is a solution of

system (4) and

y0(t) ≤ y(t) ≤ z(t) ≤ z0(t), t ∈ J.

To show thaty, z are coupled extremal quasi-solutions of problem (1), letu ∈ [y0, z0]∗ be any

solution of (1). Since the operatorsA+ andA− are nondecreasing, then by mathematical induction

yn(t) ≤ u(t) ≤ zn(t), t ∈ J, n = 0, 1, · · · .

Lettingn →∞, we have

y0(t) ≤ y(t) ≤ u(t) ≤ z(t) ≤ z0(t), t ∈ J (5)

showing that the assertion holds. This ends the proof.

Remark1: If f is nonincreasing with respect to the last two variables, then Theorem 1 holds

too. ¥
Note that in this case we have

x(t) = A+x(t)−A−x(t) = A+x(t)−A−x(t),

where

A+x(t) = −A−x(t), A−x(t) = −A+x(t).

Now, we see thatA+, A− are nondecreasing.

Remark2 : Assume that there exist nonnegative constantsM,N such that

f(t, x1, x2)− f(t, x̄1, x̄) ≥ −M(x1 − x̄1)−N(x2 − x̄2)

if xi ≥ x̄i, i = 1, 2.
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Let

f̃(t, x(t), x(α(t))) = f(t, x(t), x(α(t)) + Mx(t) + Nx(α(t)).

Then functionf̃ is nondecreasing with respect to the 2nd and the 3rd variables. We see that

Theorem 1 can be applied to problems of type (1) withf̃ instead off.

Remark3 : Suppose thatf does not depend on the last variable andβ = 1, r = 0. Then

Theorem 1 concerns antiperiodic boundary problems for impulsive ordinary equations.

Theorem2 — Let AssumptionsH1,H2,H3 hold. Assume that

f(t, x1, x2)− f(t, x̄1, x2) ≥ −λ(x1 − x̄1)

if x1 ≥ x̄1. Let f be nondecreasing with respect to the last variable. Then the assertion of Theorem

1 holds.

In addition assume that there exist nonnegative constantsM, K, L such that

f(t, u, v)− f(t, ū, v̄) ≤ −λ(u− ū) + M(u− ū) + K(v − v̄),

Ik(u)− Ik(ū) ≤ L(u− ū)

for y0(t) ≤ ū ≤ u ≤ z0(t), y0(α(t)) ≤ v̄ ≤ v ≤ z0(α(t)), t ∈ J and

Γ ≡ β̄

λ(1 + βe−λT )
[(M + K)(1− e−λT ) + mLλ] < 1,

whereβ̄ = max(1, β).
Then problem (1) has, in[y0, x0]∗, a unique solution.

PROOF : Note that the operatorsA+, A− are nondecreasing and the assertion of Theorem 1

holds. Also the inequalities (5) are satisfied. It is easy to show that

∫ T

0
[g+(t, s) + g−(t, s)]ds = β̄

1− e−λT

λ(1 + βe−λT )
(6)

and
m∑

k=1

[g+(t, tk) + g−(t, tk)] ≤ mβ̄

1 + βe−λT
. (7)

Using (6) and (7) we obtain

z(t)− y(t) = A+z(t)−A−y(t)−A+y(t) + A−z(t)

=
∫ T

0
[g+(t, s) + g−(t, s)]{Fz(s)− Fy(s) + λ[z(s)− y(s)]}ds

+
m∑

k=1

[g+(t, tk) + g−(t, tk)][Ik(z(tk))− Ik(y(tk))]
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≤ (M + K)‖z − y‖
∫ T

0
[g+(t, s) + g−(t, s)]ds

+L‖z − y‖
m∑

k=1

[g+(t, tk) + g−(t, tk)]

≤ Γ‖z − y‖.

Thereforez = y. The proof is complete. ¥
It is possible to formulate corresponding results for impulsive equations with several delay ar-

gumentsαi, i = 1, 2, · · · , d. Instead of (1) we have the following problem

x′(t) = f(t, x(t), x(α1(t)), x(α2(t)), · · · , x(αd(t))), a.e. t ∈ J = [0, T ], t 6= tk,

∆x(tk) = Ik(x(tk)), k = 1, 2, · · · ,m,

x(0) = −βx(T ) + r, β > 0, r ∈ IR,

whereαi ∈ C(J, J), αi(t) ≤ t for t ∈ J andi = 1, 2, · · · , d.

Example— We consider the problem





x′(t) = −λx(t) + x

(
1
2
t

)
+ e−λT , t ∈ J = [0, T ] \ {t1},

x(0) = −x(T ),
∆x(t1) = I1(x(t1)),

(8)

whereλ > 0, 0 < t1 < T andI1 is nondecreasing.

Note that

A+x(t) =
1

eλT + 1





∫ t
0 eλ(T−t+s)Gx(s)ds if t ≤ t1,

∫ t
0 eλ(T−t+s)Gx(s)ds + eλ(T−t+t1)I1(x(t1)) if t > t1.

A−x(t) =
1

eλT + 1





∫ T
t eλ(s−t)Gx(s)ds + eλ(t1−t)I1(x(t1)) if t ≤ t1,

∫ T
t eλ(s−t)Gx(s)ds if t > t1.

with Gx(t) = x
(

1
2 t

)
+ e−λT .

Takey0(t) = −e−λT , z0(t) = e−λT . In addition we assume that there exists a positive constant

L such that

I1(u)− I1(ū) ≤ L(u− ū) for y0(t) ≤ ū ≤ u ≤ z0(t), t ∈ J, (9)

1
λ(1 + e−λT )

[1− e−λT + Lλ] < 1. (10)
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and





1
eλT +1

min
t∈[0,t1]

[
2
λ

(
e−λT − 1

)− eλ(t1−t)I1(e−λT )
] ≥ −e−λT ,

1
eλT +1

inf
t∈(t1,T ]

[
2
λ

(
e−λT − e−λt1

)
+ eλ(T−t+t1)I1(−e−λT )

] ≥ −e−λT ,

(11)





1
eλT +1

max
t∈[0,t1]

[
2
λ

(
1− e−λt1

)− eλ(t1−t)I1(−e−λT )
] ≤ e−λT ,

1
eλT +1

sup
t∈(t1,T ]

[
2
λ

(
1− e−λT

)
+ eλ(T+t1−t)I1(e−λT )

] ≤ e−λT .

(12)

Put Ī1 = I1(−e−λT ), Ī2 = I1(e−λT ). ThenGy0(t) = 0, Gz0(t) = 2e−λT , and

A+y0(t)−A−z0(t) =
1

eλT + 1





−2
∫ T
t eλ(s−t−T )ds− eλ(t1−t)Ī2 if t ≤ t1,

−2
∫ T
t eλ(s−t−T )ds + eλ(T+t1−t)Ī1 if t > t1,

≥ 1
eλT + 1





2
λ(e−λT − 1)− eλ(t1−t)Ī2 if t ≤ t1,

2
λ(e−λT − e−λt1) + eλ(T+t1−t)Ī1 if t > t1,

≥ y0(t) = −e−λT ,

by relations (11). By a similar way we can show that

A+z0(t)−A−y0(t) =
1

eλT + 1





2
∫ t
0 eλ(s−t)ds− eλ(t1−t)Ī1 if t ≤ t1,

2
∫ t
0 eλ(s−t)ds + eλ(T+t1−t)Ī2 if t > t1,

≤ z0(t) = e−λT ,

by relations (12). It shows thaty0, z0 are CLUS of problem (8). Note thatM = 0,K = 1. In view

of condition (10) and Theorem 2, problem (8) has a unique solution in the sector[y0, z0]∗.

For example, if we takeλ = T = 1, t1 = 0.5 andI1(x) = cx − 0.2, c > 0, then relations

(9)–(12) hold withL = c ≤ e0.5(e−1 − 1 + 2e−0.5 − 0.2e0.5) ≈ 0.414.
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