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This paper deals with impulsive delay ordinary differential equations with boundary conditions.
Existence results are formulated when corresponding operators are monotone.

Key Words: Impulsive Ordinary Differential Equations; Delay Problems; Boundary Conditions;
Existence Results

1. INTRODUCTION

ForJ =[0,7], T > 0,let0 =ty < t; < -+ <ty < t;ms1 = T. By L'(J), we denote the Banach
space of measurable functions J — IR which are Lebesgue integrable with norm

T
kuzﬁrmww.

In this paper, we investigate the following first order impulsive delay differential equations of
type

)= (00, (0(0) = Fo(0) o teT=pT) t41,
Ax(ty) = Ir(z(te)), k= -,m, (1)
z(0) = —Bx(T)+r, B> O T’GIR

where as usuahz(t) = z(t)) — z(t;,); =(t; ) andz(t}) denote the left and right limits of at
tx, respectively, and
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Hy :f:JxRxIR — Ris aL!-Caratheodory function, i.ef satisfies the following
conditions:

(a) for everyz,y € IR, f(-,z,y) is Lebesgue measurable dn

(b) fora.e.t € J, f(t,-,-)is continuous ofiR x IR,

(c) for anyq > 0, there existsp € L(J) such that f(t,z,y)| < o(t) for a.e. t € J and all
z,y € R with max(|z|, |y|) < g,

Hy : a0 € C(J,J), at) < t, t € J, I € C(R,R), I, are nondecreasing fdr =
1,2,---,m,andif there exists a poite J suchthatv(t) € {t1,ta, -, t;m}, thent € {t1,t9, -, tm}.

Note that if 3 = 1, r = 0, then (1) reduces to the impulsive problem with an antiperiodic
condition. This has been considered by some authors [6-8, 17, 22, 23].

Recently, antiperiodic boundary value problems have been considered for dynamic equations
[3] and also viscosity solutions [4].

Let us introduce the spaces:

PC(J) = z:J— R, $|(tk:tk+l] € C((tg,tks1),R), k=0,1,---,m
and there exist z(t]) and z(t;) with z(t;) = 2(ty),k = 1,2,---,m [~
and
PCI(J) = ve PC(J)’ x‘(%tkﬂ] € Cl((tk7tk+1],IR), k=0,1,---,m
and xl(0+)7$/<T7)7 xl(t;) and x’(q;) exit for k — 1’ 2’ . .

Indeed,PC(.J) and PC*(J) are Banach spaces with the respective norms:
[zl po = Sup Izl llzllpor = llzllpe + 2] -

By a solution of problem (1) we mean a functienc PC'(J) which satisfies the differential
equation in (1) for every € J \ {t1,t2, -, tn}, the boundary condition in problem (1) and at
everyty, k=1,2,---,m, the functionz satisfies the second condition in problem (1).

We formulate some existence results for problems of type (1) using the monotone iterative
methods, for details see for example [15, 18] and [1, 5, 9-13, 16, 20-23]. This paper extends some
results of [14] on delay impulsive ordinary differential equations with boundary conditions. Some
ideas are taken from papers [2, 14, 17].

2. MAIN RESULTS

For A > 0, let us consider the impulsive boundary problem
() + Ax(t) = G(t,z(t), z(a(t))) = Gx(t), a.e. t€J=10,T], t#tg,
Ax(tk) :Ik(x(tk))v k=1,2,---,m, (2)
z(0)=—Bz(T)+r, >0, reRR,

whereGz(t) = Fx(t)+ Ax(t). Thus, ifz is a solution of problem (2) thenis a solution of problem
(1) too.



FIRST-ORDER IMPULSIVE ORDINARY DIFFERENTIAL EQUATIONS 205

It is possible to translate (1) or (2) into a fixed point problem [18]. Indeed, solving problem
(2) is equivalent to finding € PC'(.J) that satisfies = Ax. The operatod : PC(.J) — PC(J)
has the form

T m
Az(t) = /0 ot )Gw(s)ds + e+ 3 ot i) (et 3)
k=1

whereg is the Green’s function defined by

g<t7 5) =

1 AT if 0<s<t<T,
AT+ 5| =B if 0<t<s<T.

Note that if 3 = 1 andr = 0, then we have an antiperiodic Green'’s function, see formula in
[7,17]:

t,8) = ——
9(t,5) M +1 ] —eMs=)  if 0<t<s<T.

1 { MT=t49) §f 0<s<t<T,
Let
g (t,s) = max{g(t,s),0}, ¢~ (t,s) = max{—g(t,s),0},
andA* : PC(J) — PC(J), A~ : PC(J) — PC(J) are defined by

m

ATa(t) = /Og (t,8)Gx(s)ds + /\T+ﬂ AT+ gt ) I (t)),

k=1

!

T
A z(t) = / g (t,8)Gx(s ds+Zg (t, ti) I ((t1)).
0 k=1
Obviously,g = gt —¢g~,A = AT — A~. Moreover,A™ and A~ are continuous and completely
continuous.
Definition— We say that functions,v € PC*(J,IR) are coupled lower and upper solutions
(CLUS for short) of problem (1) if
u(t) < Atu(t)— A w(t), teJ,
v(t) > Ato(t)— A u(t), ted
We introduce the following assumption:
Hs : 0,20 € PC'(J,IR) are CLUS of problem (1) angh < zo on J.
Consider the sector

[0, 20)x = {w € PCY(J,R) : yo(t) < w(t) < z(t), t € J}.

Definition — Functionsy, z € [yo, 20)« are coupled extremal quasi—solutions of problem (1) if
U € [yo, 20]« IS any solution of (1), themo(t) < y(t) < U(t) < z(t) < z(t), t € J, wherey, z
are solutions of system

{y(t) = ATy(t) - A7z(t), tel

2(t) = Atz(t)— Ay(t), te )
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Theoreml — Let Assumptionsd,, H-, H3 hold. In addition assume that
Hy : f(t,u,v) is nondecreasing with respect to the last two variables o/,

Yo(t) < u < 20(t), yola(t)) < v < zo(alt)).
Then problem (1) has, in the secf{gs, 20]., coupled extremal quasi—solutions.
PROOF: Forn = 0,1, -- -, we construct two sequences by

Yn+1 (t) = A+yn(t) - A_Zn(t)a te J>
Znai1(t) = ATz, (t) — A yn(t), t € J.

Note thatg™ andg™ are nonnegative id x J. In view of Assumptionf, the operatorsi™, A~
are nondecreasing. Hence,

yO(t) <...< yn—l(t) < yn(t) < Zn(t) < Zn—l(t> <-..- < ZO(t); n = O; 1,---.

Operatorsd™ and A~ are completely continuous, and sequenggs and{z,} converge uni-
formly to somey € PC*(J,IR) andz € PC*(J,IR), respectively. Indeedy, z) is a solution of
system (4) and

yo(t) < y(t) < 2(t) < z0(t), te J.

To show thaty, z are coupled extremal quasi-solutions of problem (1)ulet [yo, z0]« be any
solution of (1). Since the operatass™ and A~ are nondecreasing, then by mathematical induction

yn(t) <u(t) < zp(t), teJ, n=0,1,---.
Lettingn — oo, we have
yo(t) < y(t) S wu(t) < z(t) < z(t), teJ (5)

showing that the assertion holds. This ends the proof.

Remarkl: If f is nonincreasing with respect to the last two variables, then Theorem 1 holds
too. [

Note that in this case we have

x(t) = ATx(t) — A 2(t) = Atz(t) — A 2(t),

where
Atz(t) = —A"z(t), A xz(t)=—-AT2(t).

Now, we see thatd™, .4~ are nondecreasing.
Remark2 : Assume that there exist nonnegative constantsv such that

f(t,:l,‘l,l‘g) — f(t,fhf) > —M(azl — i‘l) — N(l‘z — fz)

if e, >z, i=1,2.
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Let

f(t,z(t), z(a(t) = f(t,2(t), z(a(t)) + Ma(t) + Na(a(t)).
Then functionf is nondecreasing with respect to the 2nd and the 3rd variables. We see that
Theorem 1 can be applied to problems of type (1) withstead off.
Remark3 : Suppose that does not depend on the last variable ghé= 1, » = 0. Then
Theorem 1 concerns antiperiodic boundary problems for impulsive ordinary equations.
Theorem2 — Let Assumptionsd;, Hs, H3 hold. Assume that

f(t,x1,x2) — f(t,Z1,22) > —A(x1 — T1)

if 1 > z;1. Let f be nondecreasing with respect to the last variable. Then the assertion of Theorem
1 holds.

In addition assume that there exist nonnegative consfdnis, . such that

— L (M +K)(1-e LN <1
)\(1+667/\T)[( + )( € )+m ] < Y
wheres = max(1, 3).

Then problem (1) has, ifyo, 2o+, @ unique solution.

PROOF: Note that the operatord ™, A~ are nondecreasing and the assertion of Theorem 1
holds. Also the inequalities (5) are satisfied. It is easy to show that

T n _ _ 1= e—AT
/0 [97(t,s) + g™ (t,8)]ds = ﬁm (6)
and o i
> ot + 97 (1)) < e @

Using (6) and (7) we obtain

2(t) —y(t) = AT2(t) - A7y(t) — Aty(t) + A7 =(t)
T
= /0 g7 (8 5) + 97 (t, s)[{Fz(s) — Fy(s) + Alz(s) — y(s)]}ds

+3 Mgt te) + g te)|[Tn(2(t) — Tn(y(te))]
k=1
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< <M+K>|z—y||/ (L) + g™ (t, 5)|ds

+LHZ—y”Z (t,te) + 9 (¢ tx)]

< Tz =yl

Thereforez = y. The proof is complete. |

It is possible to formulate corresponding results for impulsive equations with several delay ar-
gumentsy;, ¢ = 1,2, ---,d. Instead of (1) we have the following problem

Scl(t) = f(t :L‘(t),$(a1(t)),:b(a2(t)), o "$(ad(t)))’ ae teJ= [O7T]7 t 7& ks
Aw(tk) = ( ( ))7 k=1,2,---,m,
z(0) = —pz(T)+r, >0, relR,

wherea; € C(J,J), ai(t) <tforte Jandi=1,2,---,d.
Example— We consider the problem

() = —Az(t) + (;) ve M teg=[0,T]\ {t:},

2(0) = —(T), ®

wherel > 0, 0 < t; < T andI; is nondecreasing.

Note that
) fg AMT=t+5)Gr(s)ds if t <ty,
A* -
x(t) T T t
Jo TH9Ga(s)ds + AT (2(ty)) i > .
) ftT A6V Gx(s)ds + M D (x(ty)) if t < ¢y,
A" z(t) = T i
J; er=IGa(s)ds if t> .
with Gz (t) = z (5t) + e 7.
Takeyo(t) = —e= ', z(t) = e~*T. In addition we assume that there exists a positive constant
L such that
Li(u) — (@) < L(u—mu) for yo(t) Su<u<z), tel, 9)
;[1 —e My LA <1 (10)
A1+ e AT
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and
1 : 2 —A\T At — =T —AT
orgr, i 3 (07 —1) =N (e )] 2 —e
(11)
: 2 —\T —At MNT—t+t =T =T
AT tEl(?lf:T] [3 (e —e2) 4 e DI (e )] > —e T,
2 Y At — AT AT
e g [3 (1 0) — DL ()] <
(12)
s s [3 (1 eT) 4 AT ()] < (T
te(t1,T)

Putl; = I(—e ), I, = I;(e ). ThenGyo(t) = 0, Gzo(t) = 2¢~ ', and

-2 ftT eAMs—t=T)gs — e)‘(t“t)fg if ¢ <tq,

1
A+y0(t) - A Zo(t) = m )
-2 ftT eAs=t=T) gg 4 eA(T‘*'tl_t)Il if t>tq,
. 2(e M —1) —eMuD, if t<t,
> -
M4 _
2 — e M) 4 AT i £ > ¢,

> yO(t) = _e_ATv
by relations (11). By a similar way we can show that

) 2 f(f A dg — AMU=OF if ¢ < ¢y,

At z(t) — A7 yo(t) T

2f0t At ds 4 ATHIOL,  if ¢ > ¢y,
S Zﬂ(t) - €_>\T7

by relations (12). It shows that, zg are CLUS of problem (8). Note thaf = 0, K = 1. In view
of condition (10) and Theorem 2, problem (8) has a unique solution in the $ggtof]...

For example, if we take = T' =1, ¢t; = 0.5 and[;(x) = cx — 0.2, ¢ > 0, then relations
(9)—(12) hold WithL = ¢ < €%%(e™! — 1 + 2795 — 0.2¢%?) =~ 0.414.
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