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The aim of this paper is to study the order convolution algebraLp(I,X) whereI = [0, 1]

is the compact topological semigroup with multiplication max and usual topology andX is a

commutative Banach algebra with identitye, ||e|| = 1 satisfying Radon Nikodym property

with respect to the Lebesgue measure onI. The multipliers ofLp(I, X) are studied whenX is

also a supremum norm algebra.
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1. INTRODUCTION

Let I = [0, 1] be the compact topological semigroup with multiplication max and usual topology.

The algebraL1(I) with order convolution has been studied by Lardy [9], its multipliers have been

characterized by Larsen [10] and Johnson and Lahr [8]. Baker, Pym and Vasudeva [1] have studied

the algebraLp(I), 1 ≤ p ≤ ∞ and its multipliers for1 < p < ∞. The proof of Theorem 1.3

in [1] is correct only forr = p whereas it has been stated to hold for1 ≤ r ≤ p. Bhatnagar

and Vasudeva [2] studiedHomC(I)(Lr(I), Lp(I)) and their preduals for1 ≤ r ≤ p. Let X be a

commutative Banach algebra with identitye, ||e|| = 1 satisfying Radon Nikodym property (RNP)

with respect to the Lebesgue measure on[0, 1]. The purpose of this note is to study the vector

analogue of the corrected and improved version of [1]. We study the algebraLp(I, X), 1 ≤ p ≤ ∞
and(Lr(I,X), Lp(I,X)) multipliers. The maximal ideal space ofLp(I, X), 1 ≤ p < ∞ turns out

to be homeomorphic to(0, 1]×4(X) where4(X) is the maximal ideal space ofX. The algebras

Lp(I,X), 1 ≤ p < ∞ have an approximate identity. Finally, we characterize the multipliers from
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Lr(I,X) to Lp(I, X) under the additional hypothesis thatX is a supremum norm algebra. For

r ≤ p, the study of multiplier spaces is complete. Forr > p, we get a set of necessary and

another set of sufficient conditions for a map to be a multiplier. An instructive example of a function

satisfying the necessary but not sufficient conditions and is not a multiplier is also provided. For

r = p, we have provided a condition that can be easily checked for a function to define a multiplier.

THE BANACH ALGEBRA Lp(I, X)

Definition— Let (Ω, Σ, µ) be a finite measure space. A Banach spaceX has the Radon Nikodym

property (RNP) with respect to(Ω,Σ, µ) if for eachµ- continuous vector measurem : Σ → X of

bounded variation, there existsg in L1(µ,X) such thatm(E) =
∫
E gdµ for all E ∈ Σ. (see [3]).

Throughout this discussion we shall assume thatX has RNP with respect to the Lebesgue

measure onI.

Let X be a commutative Banach algebra with identitye, ||e|| = 1. Denote byM(I, X) the

set of all countably additive regular vector-valued measures defined on theσ-algebraB(I) of Borel

sets inI = [0, 1] with values inX, which have total variation norm. With total variation as norm,

||m|| = |m|(I),m ∈ M(I, X),M(I, X) is a Banach space [5]. On considering the intervalI =
[0, 1] as a topological semigroup with jointly continuous multiplication max and usual topology, a

product has been introduced intoM(I,X) (see [4]) as follows:

If µ, ν ∈ M(I, X) thenµ ∗ ν ∈ M(I, X) is determined by the equality

∫

I
hd(µ ∗ ν) =

∫

I
{
∫

I
h(st)dµ(t)}dν(s), h ∈ C[0, 1].

This product operation inM(I, X) is usually called order convolution and with order convolution

as multiplicationM(I, X) is a commutative Banach algebra with identity [4]. For1 ≤ p

< ∞, Lp(I, X) stands for the Banach space of all (equivalence classes of)X-valued Bochner

integrable functionsf defined onI with
∫ 1
0 ||f(t)||pdt < ∞. The norm||.||p is defined by

||f ||p = (
∫ 1

0
||f(t)||pdt)1/p, f ∈ Lp(I, X).

For p = ∞, L∞(I,X) stands for the Banach space of X-valued Bochner integrable functions

defined onI that are essentially bounded, i.e., such that

||f ||∞ = ess sup {||f(t)|| : t ∈ I} < ∞.

Eachf ∈ L1(I, X) determines a measureµf ∈ M(I,X) given byµf (E) =
∫
E f(t)dt and the

measureµf is absolutely continuous with respect to the Lebesgue measure and in view of RNP of

X every measure which is absolutely continuous with respect to the Lebesgue measure is of this

form. If f, g ∈ L1(I, X) then using order convolution (as defined above inM(I,X)) for measures
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µf andµg, writing d(µf ∗ µg) = f ∗ g dt in view of RNP ofX with respect to Lebesgue measure

on I we get as in [9]:

f ∗ g(t) = f(t)
∫ t

0
g(s)ds + g(t)

∫ t

0
f(s)ds, a.e., t ∈ I.

For p ≥ 1, Lp(I, X) ⊂ L1(I, X) so one can define the above product forf, g ∈ Lp(I, X). It

may seem that one can define the above convolution product forLp(I,X) analogously as forLp(I)
without using RNP ofX but then the semigroup structure of the intervalI does not come into

picture. By using vector-valued measures the convolution product is defined naturally. We now

have for1 < p < ∞

||f ∗ g(t)|| ≤ ||f(t)||
∫ t

0
||g(s)||ds + ||g(t)||

∫ t

0
||f(s)||ds

≤ ||f(t)|| ||g||p + ||g(t)|| ||f ||p,
using Ḧolder’s inequality so that

||f ∗ g||p ≤ 2||f ||p ||g||p.
Forp = 1, ||f ∗ g||1 ≤ 2||f ||1 ||g||1 and forp = ∞, ||f ∗ g||∞ ≤ 2||f ||∞ ||g||∞.

Theorem1 — Let X be a commutative Banach algebra with identitye, ||e|| = 1 satisfying

RNP with respect to the Lebesgue measure onI. For 1 ≤ p ≤ ∞, Lp(I, X) is a commutative

Banach algebra. It has an approximate identity if1 ≤ p < ∞, which is bounded ifp = 1, but no

approximate identity ifp = ∞.

PROOF: ClearlyLp(I, X) is commutative asX is. It has been shown above that it is a Banach

algebra. To find an approximate identity, consider for0 < δ < 1,

eδ(t) =

{
1
δ e 0 ≤ t < δ

0 δ ≤ t ≤ 1
.

Forf ∈ Lp(I, X),

f ∗ eδ(t) = f(t)
∫ t

0
eδ(s)ds + eδ(t)

∫ t

0
f(s)ds

=





f(t) t
δe + 1

δ e
∫ t
0 f(s)ds 0 ≤ t < δ

f(t) t ≥ δ

.

Forp = 1,

||f ∗ eδ − f ||1 =
∫ δ

0
||f(t)(

t

δ
− 1)e +

1
δ

∫ t

0
f(s)ds||dt

≤ 2
∫ δ

0
||f(t)||dt → 0 as δ → 0 since f ∈ L1(I, X).
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For1 < p < ∞,

||f ∗ eδ − f ||p = [
∫ δ

0
||f(t)(

t

δ
− 1)e +

1
δ

∫ t

0
f(s)ds||pdt]1/p

≤ [
∫ δ

0
||f(t)||p| t

δ
− 1|pdt]1/p + [

∫ δ

0
(
1
t

∫ t

0
||f(s)||ds)pdt]1/p

≤ [
∫ δ

0
||f(t)||pdt]1/p +

p

p− 1
[
∫ δ

0
||f(t)||pdt]1/p,

using Hardy-Littlewood Maximal Theorem ([7], p. 424)

=
2p− 1
p− 1

(
∫ δ

0
||f(t)||pdt)1/p → 0 as δ → 0 since ||f ||p ∈ L1(I).

The rest of the proof is a repetition of that given in [1].

Forp = ∞, if u ∈ L∞(I,X) and||u||∞ = K then for the constant functione ∈ L∞(I, X),

||u ∗ e(t)|| = ||u(t)
∫ t

0
e(s)ds + e(t)

∫ t

0
u(s)ds||

≤ ||u(t)||t +
∫ t

0
||u(s)||ds

≤ 2Kt.

Hence

||u ∗ e− e||∞ = ess supt∈I ||u ∗ e(t)− e(t)|| ≥ limt→0|1− 2Kt| = 1.

SoL∞(I, X) has no approximate identity. This completes the proof.

THE GELFAND REPRESENTATION

The Gelfand theory for commutative Banach algebras provides a representation of these algebras as

algebras of continuous functions on a locally compact space. We show that this representation for

Lp(I, X), 1 ≤ p < ∞ with order convolution is given by the indefinite integral. AsL1(I, X)
= L1(I)

⊗̂
X (see [3], p. 228 Example 10) where the tensor product on the right is the projective

tensor product of the Banach algebrasL1(I) andX, it follows using ([6], [9]) that4(L1(I, X))
∼= 4(L1(I))×4(X) = (0, 1]×4(X). For1 < p < ∞, a similar result in terms of tensor products

does not hold, see ([3], Ch.VIII, p. 253). However, we have the following theorem.

Theorem2 — LetX be a commutative Banach algebra with identitye, ||e|| = 1 satisfying RNP

with respect to the Lebesgue measure onI. The maximal ideal space4(Lp(I, X)), 1 ≤ p < ∞
is homeomorphic to(0, 1] × 4(X) when the latter has product topology which is the product of

interval topology on(0, 1] and the Gelfand topology on4(X).
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PROOF: Clearly each(t,M) ∈ (0, 1] × 4(X) defines a non zero complex homomorphism

φt,M of Lp(I, X) by means of the formulaφt,M (f) = FM (
∫ t
0 f(s)ds) whereFM represents the

canonical homomorphism fromX ontoC associated with anM ∈ 4(X).

The proof of the converse part is a modification of Theorem 3.2.18 of [13]. Letφ be a non

zero complex homomorphism ofLp(I,X) ontoC. SinceX-valued simple functions are dense in

Lp(I,X), 1 ≤ p < ∞ andφ 6= 0, there existsχE0x such thatφ(χE0x) 6= 0. Defineh(fe) = φ(fe∗
χE0x)/φ(χE0x), f ∈ Lp(I). If χEy is such thatφ(χEy) 6= 0, thenφ(fe ∗ χE0x)/φ(χE0x) =
φ(fe∗χEy)/φ(χEy) sinceφ is multiplicative. Moreover,h(fe∗ge) = φ(fe∗ge∗χE0x)/φ(χE0x) =
φ(fe ∗ ge ∗ χE0x ∗ χE0x)/φ(χE0x)φ(χE0x) = h(fe) h(ge).

Thush is a well defined complex homomorphism onLp(I)e which is isometrically isomorphic

to Lp(I), it follows in view of ([1], [9]) that there existst ∈ (0, 1] such thath(fe) =
∫ t
0 f(s)ds.

Define

k(y) = φ(χE0xy)/φ(χE0x), y ∈ X.

Thenk is a well defined multiplicative linear functional ofX. So there existsM ∈ 4(X) such

thatk(y) = FM (y) for all y ∈ X. Also h(χEe) k(y) = φ(χEy).

Thus,

φ(χEy) = FM (y)
∫ t

0
χE(s)ds = FM (y

∫ t

0
χE(s)ds).

If f ∈ Lp(I, X), 1 ≤ p < ∞, there is a sequence{fn} of X-valued simple functions such that

limn→∞||fn − f ||p = 0.

Moreover,

φ(fn) = FM (
∫ t

0
fn(s)ds).

By Dominated Convergence Theorem and continuity ofφ andFM we get

φ(f) = FM (
∫ t
0 f(s)ds) =

∫ t
0 FM (f(s))ds = φt,M (f).

The second equality follows using ([3], Ch.II Theorem 6). To see that the correspondence is,

in fact, topological, note that the Gelfand topologyτ on4(Lp(I, X)) is the weakest topology for

which the functionsf̂(t,M) = FM (
∫ t
0 f(s)ds) are continuous. Since these functions are con-

tinuous with respect toτ ′ (product topology)τ is weaker thanτ ′. The functionsf̂(t,M) clearly

separate the points of(0, 1]×4(X), vanish at infinity and do not all vanish at a particular point in

(0, 1] ×4(X). Thus the weak topologyτ induced on(0, 1] ×4(X) by these functions coincides

with τ ′ ([12], p. 12). This completes the proof.

Corollary — Lp(I, X) with order convolution is a commutative semisimple Banach algebra iff

X is semisimple.
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Note that forf ∈ Lp(I, X) ⊆ L1(I,X),
∫ t
0 f(s)ds is differentiable a.e. with respect tot

on (0, 1] and d
dt

∫ t
0 f(s)ds = f(t)a.e. ([5], III.12.8), the continuity ofFM gives ∂

∂t f̂(t,M) =
FM (f(t)) a.e.

MULTIPLIERS

A mappingT on a commutative Banach algebraX to itself is called a multiplier ifT (xy) = xT (y)
= (Tx)y for all x, y ∈ X. If X is semisimple andT : X → X is a multiplier then there

exists a unique bounded continuous functionβ on4(X) such thatT̂ x = βx̂ for all x ∈ X and

||β||∞ ≤ ||T || ([11], p. 19).

A multiplier T from Lr(I,X) to Lp(I, X) is a map satisfyingT (f ∗ g) = Tf ∗ g = f ∗ Tg

for all f, g ∈ Lr(I, X). Such maps are automatically continuous linear maps. SinceLr(I, X)
is semisimple wheneverX is, there is a functionβ ∈ C((0, 1] × 4(X)) such thatT̂ f(t,M) =
β(t,M) f̂(t, M). If r = p thenβ is also bounded. In [1], the multiplier fromLr(I) to Lp(I) is

taken as a bounded continuous function which is incorrect.

In this section we also takeX to be a supremum norm Banach algebra, i.e.,X is a Banach

algebra for which Gelfand transform is an isometric isomorphism, i.e.,||x|| = ||x̃||∞, x ∈ X

wherex̃ denotes the Gelfand transform ofx ∈ X ([11], p. 20). The examples of supremum norm

algebra satisfying RNP areC(Ω),Ω finite Hausdorff space,H∗-algebras (see [11]). Obviously,

every supremum norm algebra is semisimple. The following theorem completely characterizes

multipliers fromLp(I, X) to Lp(I,X), 1 ≤ p < ∞.

Theorem3 — LetX be a commutative, supremum norm Banach algebra with identitye, ||e|| =
1 satisfying RNP with respect to the Lebesgue measure onI andT : Lp(I, X) → Lp(I,X), 1 ≤ p

< ∞ be a map. Then the following are equivalent:

(i) T is a multiplier;

(ii) There exists a measurable functionγ : I → X such that
∫ 1
t γ(s)ds is a norm bounded

function of t andγ(t)
∫ t
0 f(s)ds ∈ Lp(I, X) for all f ∈ Lp(I, X). Moreover,

Tf(t) = (ke− ∫ 1
t γ(s)ds)f(t) + γ(t)

∫ t
0 f(s)ds, a.e., f ∈ Lp(I,X) (∗)

wherek ∈ C is a constant;

(iii) There exists a measurable functionγ : I → X such that
∫ 1
t γ(s)ds is a norm bounded

function of t, γ ∈ Lp([ε, 1], X) and
∫ 1
ε ||γ(t)||pdt = O(ε1−p) for all ε > 0 and (*) holds.

PROOF: (i) ⇒ (ii) Let T : Lp(I,X) → Lp(I, X) be a multiplier. Then there existsβ ∈
Cb((0, 1]×4(X)) such that

T̂ f(t,M) = β(t,M)f̂(t,M). (1)

On takingf(t) = e ∈ Lp(I, X) and writingTe = α we havef̂(t,M) = FM (
∫ t
0 eds) = FM

(te) = t so that
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β(t,M) = 1
t FM (

∫ t
0 α(s)ds) = FM (1

t

∫ t
0 α(s)ds) is an almost everywhere partially differen-

tiable function oft ∈ (0, 1]. Thus∂β
∂t exists and

∂β

∂t
= FM (

1
t
α(t)− 1

t2

∫ t

0
α(s)ds)a.e., ([5], III.12.8)

= FM (γ(t)), say. (2)

To showγ is measurable, writeγ = γ1 − γ2 whereγ1(t) = 1
t α(t) andγ2(t) = 1

t2

∫ t
0 α(s)ds.

Now α ∈ Lp(I, X) is measurable so there exists a sequence{fn} of X-valued simple functions

such thatlimn→∞||fn−α|| = 0 a.e.[m] wherem stands for Lebesgue measure. Also the functionh

defined byh(t) = 1
t , t 6= 0 andh(0) = 0 is a non negative measurable function onI so there exists a

sequence{hn} of simple functions such thatlimn→∞hn = h. The sequence{fnhn} is ofX-valued

simple functions andlimn→∞||fnhn − αh|| = 0 a.e.[m]. Thusαh is a measurable function. Since

γ1 = αh a.e.[m] we get thatγ1 is measurable. Similarlyγ2 is measurable. Henceγ is measurable.

For t ∈ [k, 1], k > 0, ||γ(t)|| ≤ 1
k ||α(t)|| + 1

k2

∫ 1
0 ||α(s)||ds. So

∫ 1
t ||γ(s)||ds ≤ ( 1

k + 1
k2 )||α||1.

Thus
∫ 1
t γ(s)ds, t > 0 exists.

Integrating (2) on[t, 1] we get

∫ 1

t

∂β

∂t
dt =

∫ 1

t
FM (γ(s))ds = FM (

∫ 1

t
γ(s)ds)

or

β(1,M)− β(t,M) = FM (
∫ 1

t
γ(s)ds).

On writingk = β(1, M), we have

β(t,M) = k − FM (
∫ 1

t
γ(s)ds)

= FM (ke−
∫ 1

t
γ(s)ds)

=
˜

(ke−
∫ 1

t
γ(s)ds)(FM ).

As β is bounded andX is a supremum norm algebra, we get

supt∈(0,1]||ke−
∫ 1

t
γ(s)ds|| = supt,M |

˜
(ke−

∫ 1

t
γ(s)ds)(FM )|

= supt,M |β(t,M)| < ∞.
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Thus
∫ 1
t γ(s)ds is norm bounded.

Again partially differentiating (1) w.r.t. t we get

FM (Tf(t)) =
∂β

∂t
FM (

∫ t

0
f(s)ds) + β(t,M)FM (f(t))

= FM (γ(t))FM (
∫ t

0
f(s)ds)+FM (ke−

∫ 1

t
γ(s)ds)FM (f(t))a.e.

As FM is multiplicative linear functional andX is semisimple

Tf(t) = γ(t)
∫ t

0
f(s)ds + (ke−

∫ 1

t
γ(s)ds)f(t)

a.e.

Thus (*) holds.

The second expression on the right is always inLp(I, X) as
∫ 1
t γ(s)ds is norm bounded,k is a

constant andf ∈ Lp(I, X) so we get thatγ(t)
∫ t
0 f(s)ds ∈ Lp(I,X) for all f ∈ Lp(I, X). Thus

(ii) holds.

(ii) ⇒ (i) It can be easily checked thatT defined as in (*) is a multiplier onLp(I, X), 1 ≤ p <

∞.

(ii) ⇒ (iii) On takingf = eδ in (*), where{eδ} is the approximate identity forLp(I, X) as

defined in Theorem 1, we getTeδ(t) = γ(t), t > δ.

Thus

γ|[δ,1] ∈ Lp([δ, 1], X)

and

||γ|[δ,1]||p ≤ ||Teδ||p ≤ ||T || ||eδ||p = ||T || δ−1+1/p

so
∫ 1

δ
||γ(s)||pds = O(δ1−p)forallδ > 0.

(iii) ⇒ (ii) Define T as in (*). We have to show thatγ(t)
∫ t
0 f(s)ds ∈ Lp(I,X) for all

f ∈ Lp(I,X). For1 < p < ∞, 0 < a ≤ 1/4
∫ 2a

a
||γ(t)

∫ t

0
f(s)ds||pdt ≤

∫ 2a

a
||γ(t)||p(

∫ t

0
||f(s)||ds)pdt

≤ (
∫ 2a

0
||f(s)||ds)p

∫ 2a

a
||γ(t)||pdt

≤ (
∫ 2a

0
||f(s)||ds)p N a1−p, N is a constant, by hypothesis
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= N1(
∫ 2a

0
||f(s)||ds)p

∫ 4a

2a
t−pdt,

where

N1 =
N(p− 1)

21−p − 41−p

is a constant

≤ N1

∫ 4a

2a
t−p(

∫ t

0
||f(s)||ds)pdt,

= N1

∫ 4a

2a
(
1
t

∫ t

0
||f(s)||ds)pdt.

Takinga = 1/4, 1/8, 1/16, ..... adding we get

∫ 1/2

0
||γ(t)

∫ t

0
f(s)ds||pdt ≤ N1

∫ 1

0
(
1
t

∫ t

0
||f(s)||ds)pdt < ∞,

using Hardy-Littlewood Maximal Theorem.

Also ∫ 1

1/2
||γ(t)

∫ t

0
f(s)ds||pdt ≤ (

∫ 1

0
||f(s)||ds)p

∫ 1

1/2
||γ(t)||pdt

≤ N(1/2)1−p||f ||pp < ∞.

This proves (ii) in case1 < p < ∞.

Forp = 1,
∫ 1
ε ||γ(t)||dt = O(1) implieslimε→0

∫ 1
ε ||γ(t)||dt exists, soγ ∈ L1(I, X).

Also

||
∫ t

0
f(s)ds|| ≤ ||f ||1.

Thus,

||γ(t)
∫ t

0
f(s)ds||1 ≤ ||γ||1 ||f ||1 < ∞.

This proves (ii) forp = 1.

Remarks:

1. Forp = 1, γ ∈ L1(I, X) so that

Tf(t) = (ke−
∫ 1

t
γ(s)ds)f(t) + γ(t)

∫ t

0
f(s)ds

= (ke−
∫ 1

0
γ(s)ds +

∫ t

0
γ(s)ds)f(t) + γ(t)

∫ t

0
f(s)ds

= xf(t) + γ ∗ f(t), x = ke−
∫ 1

0
γ(s)ds ∈ X

= (xδ0 + γ) ∗ f
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whereδ0 is the measure with unit mass att = 0.

Forp = 1, our results are analogous to that of Larsen [10] and for1 < p < ∞ analogous to [1].

2. If we do not assumeX to be supremum norm algebra, then the equivalent conditions (ii) and

(iii) in the above theorem are clearly sufficient but not necessary to define a multiplier.

3. Condition (iii) in the previous theorem is easier to check as compared to (ii). We have

replaced condition (ii) in Theorem 1.3 of [1] by (iii) which is user friendly and easily computable.

Multipliers fromLr(I, X) to Lp(I, X) are given by continuous functionβ ∈ C((0, 1]×4(X))
which may not be bounded.

Theorem4 — LetX be a commutative supremum norm Banach algebra with identitye, ||e|| =
1 satisfying RNP with respect to the Lebesgue measure onI . If T : Lr(I, X) → Lp(I, X), 1 ≤
r < p < ∞ is a multiplier, thenT = 0.

PROOF: For r < p, Lp(I,X) is a proper subset ofLr(I, X). SoT : Lr(I, X) → Lr(I,X) is

a multiplier. By Theorem 3(iii) there exists a measurable functionγ : I → X such that
∫ 1
t γ(s)ds

is a norm bounded function of t,γ ∈ Lr([ε, 1], X) and
∫ 1
ε ||γ(t)||rdt = O(ε1−r) for all ε > 0 and

(*) holds for allf ∈ Lr(I, X).
If ke − ∫ 1

t γ(s)ds = 0 for everyt ∈ (0, 1] thenke − ∫ t2
t1

γ(s)ds = 0 for everyt1, t2 ∈ (0, 1]
and this impliesγ ≡ 0 a.e. Thuskf(t) ∈ Lp(I, X) for all f ∈ Lr(I, X). This is impossible unless

k = 0. ThusT = 0.

Supposem = ||ke − ∫ 1
t γ(s)ds|| > 0 for somet ∈ (0, 1). By continuity there is a neigh-

bourhoodN = (t − ε, t + ε) ⊂ (0, 1] of t such that||ke − ∫ 1
u γ(s)ds|| > m/2 for all u ∈ N .

Therefore, foru ∈ N andf ∈ Lr(I,X), f = 0 on (t− ε, 1],
∫ 1
0 f(s)ds = e we get, using (*), that

Tf(u) = γ(u) ∈ Lp(N,X). This gives(ke− ∫ 1
u γ(s)ds)f(u) ∈ Lp(N,X) for all f ∈ Lr(N, X),

using (*). Sinceke − ∫ 1
u γ(s)ds is anX-valued continuous function bounded below bym/2 > 0,

we get a contradiction. HenceT = 0.

Theorem5 — Let X be a commutative supremum norm Banach algebra with identitye, ||e||
= 1 satisfying RNP with respect to the Lebesgue measure onI. If T : Lr(I,X) → Lp(I, X), r >

p ≥ 1 is a multiplier then there exists a measurable functionγ : I → X such thatγ ∈ Lp([ε, 1], X)
and

∫ 1
ε ||γ(t)||pdt = O(ε−p/r′) for all ε > 0 and (*) holds.

PROOF: There is a continuous functionβ on (0, 1]×4(X) such thatT̂ f = βf̂ , f ∈ Lr(I,X).
Differentiating partially with respect to t and using semisimplicity ofX we get as in Theorem 3

((i) ⇒ (ii)) that there exists a measurable functionγ : I → X such that (*) holds.

For f = eδ where{eδ} is the approximate identity forLp(I,X) as defined in Theorem 1 and

t > δ, Teδ(t) = γ(t) so thatγ|[δ,1] ∈ Lp([δ, 1], X) and

||γ|[δ,1]||p ≤ ||Teδ||p ≤ ||T || ||eδ||r = ||T || δ−1/r′ .

Thus, ∫ 1

δ
||γ(t)||pdt = O(δ−p/r′).

This completes the proof.
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The following theorem gives sufficient conditions to be satisfied byγ so that (*) defines a mul-

tiplier from Lr(I, X) to Lp(I, X), r > p ≥ 1.

Theorem6 — Let X be a commutative semisimple Banach algebra with identitye, ||e|| = 1
satisfying RNP with respect to the Lebesgue measure onI. If r > p ≥ 1, 1

v = 1
p − 1

r , t →∫ 1
t γ(s)ds is in Lv(I,X)

⋂
C(I,X) and

∑∞
n=1(2

−n/r′ ||γ .χ(2−n,2−n+1]||p)p < ∞, then(*) defines

a multiplier fromLr(I,X) to Lp(I,X).
PROOF: If f ∈ Lr(I, X) ⊂ Lp(I,X), thenkf ∈ Lp(I,X). Also

∫ 1
t γ(s)ds ∈ Lv(I, X),

so thatf(t)
∫ 1
t γ(s)ds ∈ Lp(I, X). It remains to show thatγ(t)

∫ t
0 f(s)ds ∈ Lp(I,X) for all

f ∈ Lr(I, X). For0 < a ≤ 1/2,
∫ 2a

a
||γ(t)

∫ t

0
f(s)ds||pdt ≤

∫ 2a

a
||γ(t)||p(

∫ t

0
||f(s)||ds)pdt

≤
∫ 2a

a
||γ(t)||p(||f ||rt1/r′)pdt,

usingHölder′s inequality

≤ (||f ||r)p(2a)p/r′
∫ 2a

a
||γ(t)||pdt.

Takinga = 1/2, 1/4, 1/8, ..... adding we get
∫ 1

0
||γ(t)

∫ t

0
f(s)ds||pdt ≤ (||f ||r)p

∞∑

n=1

(2−n+1)p/r′
∫ 2−n+1

2−n

||γ(t)||pdt < ∞,

by hypothesis. This completes the proof.

Remark: ForX = C, Theorem 5 gives the necessary and Theorem 6 gives the sufficient condi-

tions for the corrected version ofLr(I) to Lp(I) multipliers forr > p ≥ 1.

Example7 — Forr > p ≥ 1, 1
v = 1

p − 1
r , takeγ(t) = t−1/v−1e.

Then,
∫ 1

t
||γ(s)||pds =

∫ 1

t
s−p/v−pds =

1− t−p/v−p+1

1− p/v − p
= O(t−p/r′)

and
∞∑

n=1

(2−n/r′ ||γ χ(2−n,2−n+1]||p)p = ∞.

Moreover,
∫ 1
t γ(t)dt = v(t−1/v − 1)e /∈ Lv((0, 1], X).

Thusγ satisfies the necessary conditions of Theorem 5 but does not satisfy the sufficient condi-

tions of Theorem 6 for being a multiplier fromLr(I, X) to Lp(I, X). It can be checked that with

thisγ, T defined by (*) does not give a multiplier, e.g., take

f(t) =

{
0 t = 0
t−1/r(1− logt)−2/re 0 < t ≤ 1

Thenf ∈ Lr(I, X) butTf /∈ Lp(I, X) if r ≤ 2p.
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