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The aim of this paper is to study the order convolution algelitél, X)) wherel = [0, 1]
is the compact topological semigroup with multiplication max and usual topologyXarsda
commutative Banach algebra with identiy ||e|| = 1 satisfying Radon Nikodym property
with respect to the Lebesgue measurd oithe multipliers ofL? (I, X) are studied wheiX is
also a supremum norm algebra.
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1. INTRODUCTION

Let I = [0, 1] be the compact topological semigroup with multiplication max and usual topology.
The algebral.!(I) with order convolution has been studied by Lardy [9], its multipliers have been
characterized by Larsen [10] and Johnson and Lahr [8]. Baker, Pym and Vasudeva [1] have studied
the algebral?’(I),1 < p < oo and its multipliers forl < p < oo. The proof of Theorem 1.3

in [1] is correct only forr = p whereas it has been stated to hold fox r < p. Bhatnagar
and Vasudeva [2] studiet om¢ () (L"(I), LP(I)) and their preduals fof < r < p. Let X be a
commutative Banach algebra with identity||e|| = 1 satisfying Radon Nikodym property (RNP)
with respect to the Lebesgue measure[@ri]. The purpose of this note is to study the vector
analogue of the corrected and improved version of [1]. We study the algébfaX),1 < p < oo
and(L"(I,X), LP(I, X)) multipliers. The maximal ideal space bf(I, X),1 < p < oo turns out

to be homeomorphic t@, 1] x A(X) whereA(X) is the maximal ideal space of. The algebras
LP(I,X),1 < p < oo have an approximate identity. Finally, we characterize the multipliers from
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L™(I,X) to LP(I, X) under the additional hypothesis th&tis a supremum norm algebra. For
r < p, the study of multiplier spaces is complete. For- p, we get a set of necessary and
another set of sufficient conditions for a map to be a multiplier. An instructive example of a function
satisfying the necessary but not sufficient conditions and is not a multiplier is also provided. For
r = p, we have provided a condition that can be easily checked for a function to define a multiplier.

THE BANACH ALGEBRA LP(1, X)

Definition— Let (2, 3, 1) be a finite measure space. A Banach spddeas the Radon Nikodym
property (RNP) with respect t@?, 3, i) if for eachp- continuous vector measure : ¥ — X of
bounded variation, there exisisn L' (x, X) such thatn(E) = [, gdu forall E € X. (see [3]).

Throughout this discussion we shall assume thiahas RNP with respect to the Lebesgue
measure of.

Let X be a commutative Banach algebra with identityle|| = 1. Denote byM (I, X) the
set of all countably additive regular vector-valued measures defined enalyebral3(Z) of Borel
sets inl = [0, 1] with values inX, which have total variation norm. With total variation as norm,
[|lm|| = |m|(I),m € M(I,X),M(I,X) is a Banach space [5]. On considering the intefvat
[0, 1] as a topological semigroup with jointly continuous multiplication max and usual topology, a
product has been introduced imté(7, X) (see [4]) as follows:

If u,v e M(I,X)thenuxv € M(I,X) is determined by the equality

/Ihd(u*u) _ /I{/I h(st)dp()}du(s), b e Clo,1].

This product operation id/ (I, X) is usually called order convolution and with order convolution
as multiplicationM (I, X') is a commutative Banach algebra with identity [4]. Fog p

< o0, LP(I,X) stands for the Banach space of all (equivalence classeX-afjlued Bochner
integrable functiong defined on/ with fol | f(t)|[Pdt < oo. The norm||.||, is defined by

1
11l = ( /0 I @IPd /. f e IP(I,X).

Forp = oo, L*°(I,X) stands for the Banach space of X-valued Bochner integrable functions
defined onl that are essentially bounded, i.e., such that

1 flloo = ess sup {{[f(t)]| - t € I} < oc.

Eachf € L'(I,X) determines a measurg € M (I, X) given byus(E) = [, f(t)dt and the
measurg. s is absolutely continuous with respect to the Lebesgue measure and in view of RNP of
X every measure which is absolutely continuous with respect to the Lebesgue measure is of this
form. If f,g € L' (I, X) then using order convolution (as defined abové/4l, X)) for measures
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pg andyug, Writing d(up * p1g) = f * g dt in view of RNP of X with respect to Lebesgue measure
onI we getasin [9]:

f*g(t)= f(t)/o g(s)ds —|—g(t)/0 f(s)ds, ae., tel.

Forp > 1,LP(I,X) C L'(I,X) so one can define the above product foy € LP(I, X). It

may seem that one can define the above convolution produttfdr X ) analogously as fof? (1)
without using RNP ofX but then the semigroup structure of the interyadoes not come into
picture. By using vector-valued measures the convolution product is defined naturally. We now
have forl < p < >

A

1f* gl < IIf(t)H/O ||g<s>\|ds+||g<t>|/0 1£(s)]lds
1£® gl + 9@ 11l

IN

using Holder’s inequality so that
1 gllp < 2/ flp [l9]lp-

Forp=1, [If*glli <2If[l llglls and forp = co, [|f * glloc < 2[1lloc |9lloc-

Theoreml1l — Let X be a commutative Banach algebra with identity||e||] = 1 satisfying
RNP with respect to the Lebesgue measurd offor 1 < p < oo, LP(I,X) is a commutative
Banach algebra. It has an approximate identitylit< p < oo, which is bounded i = 1, but no
approximate identity ifp = oo.

PrROOF Clearly LP(I, X) is commutative as( is. It has been shown above that it is a Banach
algebra. To find an approximate identity, considerdfer § < 1,

Forf e LP(I,X),

frest) = (1) /0 es(s)ds + es(t) [ f(s)ds

f(t) t>90
Forp =1,

1) t
I ves=flh = [ 100G =D+ [ rslar

é
< 2/ |f(t)]|dt — 0as § — Osince f € LY(I, X).
0
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Forl < p < o0,

é t
7 wes=flly = [ 100G - Vet 5 [ reaspans

IN

0 1) t
[ e = a1 G [ sy

§ s
p
< ([ Iripane Lo [Clsipan
0 b 0
using Hardy-Littlewood Maximal Theorem ([7], p. 424)

2p—1,[°
L (/0 1£(1)[Pdt) /P — 0 as 6 — O since ||£] € L(1).

The rest of the proof is a repetition of that given in [1].
Forp = oo, if u € L*(I, X) and||u||~c = K then for the constant functione L>(I, X),

uxe®] = [utt) /0 e(s)ds + e(t) /0 u(s)ds]|
< fu@t+ /0 [u(s)]ds

2Kt.

IN

Hence
|lu*xe—e|loo = ess super||u * e(t) — e(t)|| > limi—o|l — 2Kt| = 1.

So L*>(I, X) has no approximate identity. This completes the proof.
THE GELFAND REPRESENTATION

The Gelfand theory for commutative Banach algebras provides a representation of these algebras as
algebras of continuous functions on a locally compact space. We show that this representation for
LP(I,X),1 < p < oo with order convolution is given by the indefinite integral. B5(1, X)
= L1(1)®X (see [3], p. 228 Example 10) where the tensor product on the right is the projective
tensor product of the Banach algebiag /) and X, it follows using ([6], [9]) thatA(L(1, X))
> A(LYI)) x A(X) = (0,1] x A(X). Forl < p < oo, a similar result in terms of tensor products
does not hold, see ([3], Ch.VIII, p. 253). However, we have the following theorem.

Theorem2 — Let X be a commutative Banach algebra with identity|e|| = 1 satisfying RNP
with respect to the Lebesgue measure/omhe maximal ideal spacé (LP(I,X)),1 < p < o©
is homeomorphic td0, 1] x A(X) when the latter has product topology which is the product of
interval topology on0, 1] and the Gelfand topology of\(X).
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ProoF Clearly each(t, M) € (0,1] x A(X) defines a non zero complex homomorphism
¢e.v Of LP(I, X) by means of the formulay i/ (f) = FM(fgf(s)ds) where F); represents the
canonical homomorphism froti onto C associated with an! € A(X).

The proof of the converse part is a modification of Theorem 3.2.18 of [13].¢lsd a non
zero complex homomorphism @ (1, X') ontoC. SinceX-valued simple functions are dense in
LP(I,X),1 <p < ocoandg # 0, there existg g, such that(x g, ) # 0. Defineh(fe) = ¢(fex
XEo2)/9(XE,®), [ € LP(I). If xpy is such tha®(xpy) # 0, theng(fe x xg,z)/d(xB,x) =
o(fexxey)/o(xry) sincep is multiplicative. Moreoverh( fexge) = ¢(fexgexxg,z)/P(XE,T) =
o(fe  ge * Xmyx * X5, ) /(x5 ) D(XEo) = h(fe) hge).

Thush is a well defined complex homomorphism 6/(1)e which is isometrically isomorphic
to LP(I), it follows in view of ([1], [9]) that there exist$ € (0, 1] such thath(fe) = fot f(s)ds.
Define

k(y) = o(xEowy) /d(XENT), Y € X.

Thenk is a well defined multiplicative linear functional &f. So there existd/ € A(X) such
thatk(y) = Fas(y) forally € X. Also h(xge) k(y) = ¢(xrYy).

Thus,
t

bxpy) = Far(y) /0 xE(s)ds = Fu(y /0 x(5)ds).

If fe LP(I,X),1<p< oo,thereisasequendd,} of X-valued simple functions such that

limy, 0| fn — fllp = 0.

Moreover,

6(f) = Fu( /0 fu(s)ds).

By Dominated Convergence Theorem and continuity ahd £, we get

o(f) = Far([fy f(s)ds) = [3 Far(f(s))ds = dear(f).

The second equality follows using ([3], Ch.Il Theorem 6). To see that the correspondence is,
in fact, topological, note that the Gelfand topologpn A(LP(1, X)) is the weakest topology for
which the functionsf (¢, M) = FM(fOtf(s)ds) are continuous. Since these functions are con-
tinuous with respect te’ (product topology)r is weaker tharr’. The functionsf (t, M) clearly
separate the points ¢, 1] x A(X), vanish at infinity and do not all vanish at a particular point in
(0,1] x A(X). Thus the weak topology induced on(0, 1] x A(X) by these functions coincides
with 7/ ([12], p. 12). This completes the proof.

Corollary — LP(I, X) with order convolution is a commutative semisimple Banach algebra iff
X is semisimple.
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Note that forf € LP(I,X) C LY(I,X), fo s)ds is differentiable a.e. with respect to
on (0,1] and 4 fo f( )a.e. ([5], III 12.8), the continuity ofy, gives atf(t M) =
Fu(f(t)) ae.

MULTIPLIERS

A mappingT on a commutative Banach algebXato itself is called a multiplier if'(xy) = xT'(y)
= (Tx)y for all z,y € X. If X is semisimple and” : X — X is a multiplier then there
exists a unique bounded continuous functipon A(X) such thatl'z = £z for all z € X and

[1Blloo < [IT]] ([21], p. 19).

A multiplier 7' from L" (I, X) to LP(I, X ) is a map satisfying'(f xg) = Tfxg = fxTg
for all f,¢g € L"(I,X). Such maps are automatically continuous linear maps. Sificg X)
is semisimple wheneveX is, there is a functio? € C((0,1] x A(X)) such thatl'f(t, M) =
B(t, M) f(t,M). If r = p theng is also bounded. In [1], the multiplier froth” (1) to LP(I) is
taken as a bounded continuous function which is incorrect.

In this section we also tak& to be a supremum norm Banach algebra, iX.is a Banach
algebra for which Gelfand transform is an isometric isomorphism, i€}, = ||Z||c, * € X
wherez denotes the Gelfand transform.ofe X ([11], p. 20). The examples of supremum norm
algebra satisfying RNP ar€((2), 2 finite Hausdorff spaceH *-algebras (see [11]). Obviously,
every supremum norm algebra is semisimple. The following theorem completely characterizes
multipliers fromLP (I, X)) to LP(1, X), 1 < p < oc.

Theorem3 — Let X be a commutativesupremum norm Banach algebra with identityle|| =
1 satisfying RNP with respect to the Lebesgue measudeaond 7" : LP(1, X) — LP(1,X),1<p
< oo be a map Then the following are equivalent

(i) T is a multiplier,

(i) There exists a measurable functian: I — X such thatft s)ds is a norm bounded
function oft andy(t) fo s)ds € LP(I, X)) forall f € LP(I,X). Moreover
Tf(t):(ke—ft v(s)ds fo s)ds, a.e., fe LP(I,X) (%)

wherek € Cis a constant

(iii) There exists a measurable function: I — X such thatft s)ds is a norm bounded
function oft,y € LP([e, 1], X andf l[v(t)||Pdt = O(e!=P) for all € > 0 and (*) holds

PROOE (i) = (i7) LetT : LP(I,X) — LP(I,X) be a multiplier. Then there exist$ €
Cy((0,1] x A(X)) such that

Tf(t7M>:ﬁ(t7M)f(taM)' (1)

On takingf(t) = e € L?(I, X) and writingTe = « we havef (t, M) = Fy( [, eds) = Fy
(te) = t so that
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B(t, M) = %FM(f(f a(s)ds fo s)ds) is an almost everywhere partially differen-
tiable function oft € (0, 1]. Thus 5; €xists and

op 1 1 [t
i FM(ga(t) - t2/0 a(s)ds)a.e., ([5],111.12.8)
= Fu(v(1)), say. 2)
To showy is measurable, write = v — 2 wherey: (t) = ta(t) andya(t) = & [ af

Now o € LP(I, X)) is measurable so there exists a seque{ry‘g@ of X-valued simple functlons
such thatim,,_.|| f» —@|| = 0 a.e.[m] wherem stands for Lebesgue measure. Also the function
defined byh(t) = 1, # 0 andh(0) = 0is a non negative measurable function/cso there exists a
sequencéh,, } of simple functions such thétm,,_..h, = h. The sequencgf,h, } is of X-valued
simple functions andéim,, .|| fnhn, — ah|| = 0 a.e.[m]. Thusah is a measurable function. Since
v1 = ah a.e.[m] we get thaty; is measurable Similarlys is measurable. Hencgis measurable.
Fort € [k, 1),k > 0, Y1)l < tlla®)ll + & [y lla(s)llds. So [, [v(s)llds < (3 + )llalh.
Thusft1 v(s)ds,t > 0 exists.

Integrating (2) orjt¢, 1] we get

1 1
%dt /t Fr(y(s))ds = FM(/t v(s)ds)

t
or

1
B(1, M) — B(t, M) = Fy( / +(s)ds).

On writing k = (1, M), we have

1
B(t, M) = k — Fas( / +(s)ds)

1
= Futke = [ (s)as)

e~

1
— (ke - / +(s)ds)(En).

As [ is bounded and is a supremum norm algebra, we get

1

1
supreqo.nl ke — / +(s)ds]] = supq | (ke — / +()ds)(Fag)|
t t

= supy,m|B(t, M)| < oc.
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Thusft s)ds is norm bounded.
Again partlally differentiating (1) w.r.t. t we get

Far(T(1)) = 2 B / F(s)ds) + B(t, M)Fa(f(1))

t 1
= Fu (o) Eu( | F(5)ds)+ Falhe— [ 4(s)ds)Fur(F(0))ae.
0 t
As F); is multiplicative linear functional and’ is semisimple

t 1
t) /0 £(s)ds + (ke - / +(s)ds) £ (1)

a.e.

Thus (*) holds.

The second expression on the right is alway&7, X) asft1 ~(s)ds is norm bounded; is a
constant andf € LP(I, X) so we get thaty(t) fo s)ds € LP(I,X) forall f € LP(I,X). Thus
(ii) holds.

(73) = (4) It can be easily checked thatdefined as in (*) is a multiplier od?(1, X),1 <p <

(73) = (di7) On takingf = es in (*), where{e;s} is the approximate identity fak” (1, X) as
defined in Theorem 1, we g&te;(t) = y(t), ¢ > 9.
Thus

e € LP([6,1], X)
and
sl < N Teslly < I1T1] lles|l, = T s-1+1/p

SO

1
/ [[7(s)||Pds = O(6'P) foralls > 0.
é

(14i) = (i1) DefineT as in (¥). We have to show tha(¢ fO s)ds € LP(I,X) for all
fell(l,X).Forl<p<oo, 0<a<1/4

a t 2a t
[0 [ seasteacs [ o [ iseapa

2a 2a
s</0 17(s)llds)? / Iy (0) Pt

2a
< (/ 1f(s)||ds)P N a*~P, N is a constant, by hypothesis
0
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2a 4a
=N¢A|ﬂﬂmvétpﬁ

~ N@p-1)
- 2l=p _4l-p

4a t

smé tﬁéwmwmwu
4a

_N1/2 1/ 11£(s)|ds)Pdt.

Takinga = 1/4,1/8,1/16, ..... adding we get

1/2 t ) 1 gt )
[ [ reastpae< w6 [y <,

using Hardy-Littlewood Maximal Theorem.

Also )
[ n [ soasra< [ Cngnasy [

< N(1/2)"7PI I < oo,

where

is a constant

This proves (i) in casé < p < oco.
Forp=1 f l|[y(t)||dt = O(1 )|mpI|eslzmﬁ0f ||v(t)||dt exists, soy € L(I, X).
Also

t
d .
HAf@sHéwm
Thus,
t
mw/f@mmsmeM<m
0

This proves (ii) forp = 1.
Remarks
1. Forp = 1,7 € L'(I, X) so that

1 t
rmﬁﬂm—[v@wﬁ@+ﬂwéf@w
1 t t
=4M—Av@%+év@%ﬁ®+%ﬂéf@%

1
=xf(t)+v= f(t), a::k:e—/o v(s)ds € X

= (zo+7)* f

225
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whered is the measure with unit masstat 0.

Forp = 1, our results are analogous to that of Larsen [10] and farp < oo analogous to [1].

2. If we do not assumg to be supremum norm algebra, then the equivalent conditions (ii) and
(i) in the above theorem are clearly sufficient but not necessary to define a multiplier.

3. Condition (iii) in the previous theorem is easier to check as compared to (ii). We have
replaced condition (ii) in Theorem 1.3 of [1] by (iii) which is user friendly and easily computable.

Multipliers from L" (I, X) to LP(I, X) are given by continuous functighe C((0, 1] x A(X))
which may not be bounded.

Theorem4 — Let X be a commutative supremum norm Banach algebra with identiy|| =
1 satisfying RNP with respect to the Lebesgue measute.oli 7" : L"(I,X) — LP(I,X),1 <
r < p < oo is a multiplier, thenl" = 0.

PROOF. Forr < p, LP(I,X) is a proper subset di"(/, X). SoT : L"(I,X) — L"(I,X) is
a multiplier. By Theorem 3(iii) there exists a measurable function/ — X such thatft1 ~v(s)ds
is a norm bounded function of 4, € L"([e, 1], X) andfel [[v(t)||"dt = O(e'~") for all e > 0 and
(*) holds for all f € L"(I, X).

If ke — ftlfy(s)ds = 0 for everyt € (0, 1] thenke — fttf v(s)ds = 0 for everyty,ty € (0,1]
and this impliesy = 0 a.e. Thusk f(t) € LP(I,X) forall f € L" (I, X). This is impossible unless
k =0.ThusT = 0.

Supposen = ||ke — ftly(s)dsH > 0 for somet € (0,1). By continuity there is a neigh-
bourhoodN = (¢ —€,t +¢) C (0,1] of ¢ such that|ke — ful v(s)ds|| > m/2 forallu € N.
Therefore, forn € Nandf € L"(I,X), f =0o0n(t — 1], fol f(s)ds = e we get, using (*), that
Tf(u) =~(u) € LP(N, X). This gives(ke — ful ~v(s)ds)f(u) € LP(N, X) forall f € L"(N, X),
using (*). Sinceke — ful ~(s)ds is anX-valued continuous function bounded belowsy2 > 0,
we get a contradiction. Hen@é = 0.

Theorem5 — Let X be a commutative supremum norm Banach algebra with identify||
= 1 satisfying RNP with respect to the Lebesgue measuie &n7": L™ (I, X) — LP(I, X),r >
p > 1is a multiplier then there exists a measurable function/ — X such thaty € LP(]e, 1], X)
and [ ||4(t)||Pdt = O(e »/"") for all e > 0 and (*) holds

PROOF. There is a continuous functighon (0, 1] x A(X) such thafl'f = 8f, f € L"(I, X).
Differentiating partially with respect to t and using semisimplicity)6fwe get as in Theorem 3
((7) = (47)) that there exists a measurable function/ — X such that (*) holds.

For f = es where{es} is the approximate identity fok? (I, X') as defined in Theorem 1 and
t >0, Tes(t) =~(t)sothaty|;;q € LP([5,1], X) and

IVlslle < ITeslly < 1T [les]lr = 11T 617

Thus, )
/5 Iy (t)|[Pdt = O(57P/™).

This completes the proof.
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The following theorem gives sufficient conditions to be satisfied lsp that (*) defines a mul-
tiplier from L™ (I, X') to LP(I, X),r > p > 1.

Theorem6 — Let X be a commutative semisimple Banach algebra with identity| = 1
satisfying RNP with respect to the Lebesgue measuré.ofi r > p > 1, 1 = Il) -1t -
S v(s)dsisin LU(I, X) N C(1, X) and 3200 1 (27" ||y .x(a-n g-n+1|[p)? < 00, then(*) defines
a multlpller fromL" (1, X) to LP(I, X).

PROOF. If f e L'(I,X) c LP(I,X), thenkf € LP(I, X). Alsoft v(s)ds € L°(I, X),
so thatf(t) ft s)ds € LP(I,X). It remains to show that(t) fO s)ds € LP(I,X) for all
felL(I,X). ForO <a<1/2,

2a t 2a t
/ () /O f(s)ds|Pdt < / (0117 /0 1£(s)\ds)Pdt

2a
< / O£ P,

using Holder's inequality

2a
< (110 2a)?!" / ()|Pdt.

a

Takinga = 1/2,1/4,1/8, ..... adding we get

1 t 00 " // 9—n+1
p p -n p/r p
) 1he) [} sastiar < 1w el 70 @l < o

by hypothesis. This completes the proof.
Remark For X = C, Theorem 5 gives the necessary and Theorem 6 gives the sufficient condi-
tions for the corrected version &f () to LP(I) multipliers forr > p > 1.

Example7 — Forr >p > 1,1 = % — 1 takey(t) =t/ e,

Then,
1 — ¢—p/v—p+l

= o/
1—p/v—p ( )

1 1
ln(@)Pds = [ s/ rds =
t

and
o0
D@7l X g-ntyllp)? = o0.
n=1

Moreover, [,' y(t)dt = v(t1/* — 1)e ¢ L*((0,1], X).

Thus~y satlsfles the necessary conditions of Theorem 5 but does not satisfy the sufficient condi-
tions of Theorem 6 for being a multiplier frof (7, X') to LP (I, X). It can be checked that with
this~, T defined by (*) does not give a multiplier, e.g., take

0 t=20
t) =
1) { t=Yr(1 —logt) 2"e 0<t<1

Thenf € L™(I, X) butTf ¢ LP(I, X)if r < 2p.
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