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A formula for the conductor of Lecacheux’s parametric family of cylic quintic fields is given.
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1. INTRODUCTION

Spearman and Williams [7] have given a theorem which enables one to determine the discriminant
of a cyclic field of odd prime degree directly from the coefficients of a defining polynomial. They
applied their theorem to a family of cyclic quintic polynomials due to Lehmer [5]. In this paper
we apply the theorem of Spearman and Williams to a family of cyclic quintic polynomials due to
Lecacheux [3], [4].
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2. SPEARMAN AND WILLIAMS’ THEOREM

In this section we state the theorem of Spearman and Williams [7].

Theoreml — Letp be an odd primeLet f(X) = XP +a, o XP? 2+ -+ a1 X +ag € Z[X]
be such that Gdlf) ~ Z/pZ and such that there does not exist a prign@ith ¢?—* | a;(i = 0,
1,...,p—2). Letd € Cbe aroot of f(X) and setk = Q(#) so thatK is a cyclic extension of)
with [K : Q] = p. Then

q=1 (mod p)
qla; (i=0,1,...,p—2)

whereq runs through primes and

( 0, if pP®=1 tdisc(f) andp|a; (i =1,...,p — 2) does not hold

or
pr®= Y | disc(f) and pP~! || ag, pP~t | ar, pPTI | @
(1 =2,...,p—2) does not hold
2, if pP®=Y ydisc(f) and p | a; (i =1,...,p — 2) holds
or
pP= Y | dise (f) and pP~ ! || ag, pP~ | ar, pPTI | g
(1=2,...,p—2) holds.

3. ODILE LECACHEUX S QUINTICS

Lett € Q and set

fi(X) = X% + ag() X 4+ a3() X3 + az(t) X% + a1 (1) X + ag(t),

where
as(t) = t°—3,
as(t) = —t% =28 —3t"T — 515 —6t° — 2t + 12 — 12 + 3,
ag(t) = 1042t 4 445 4 6¢7 4 10t° + 9% + 4t — 2t3 4 22 — 1,
ap(t) = —t2(t7 + 2% + 3t + 5¢* 4 5¢3 4 262 — ¢ + 1),
ap(t) = t°.

These polynomials were introduced by Odile Lecacheux [3] in 1990. We set

t=u/v, ueZ, vel, (u,v)=1, v>0,
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and define

By = Ei(u,v) = u* — 2030 + 4u?0? — 3uv® 4 v,

Ey, = FEs(u,v) = ut 4 3w + 4u0? + 2u0® + vt

F = F(u,v) = 2u®+ 3uv + 30°,

G = Gu,v) = 4u® —v?v — 2uw? + 203,

H = H(u,v) = v+ v — 3uv® + 303,
J = J(u,v) = —3u’ + 45,
L = L(u,v) = 4u® + 9u'?v — 22uM0? + 22003 4 64505 — 740"0"

+142u507 — 1426508 + 960300 — 84uu!! + T2uv!? — 72013,
M = M(u,v) = Tu®+ 22uv + 29uv? + 1103,
N(u,v) = Tu® — 130’ + 24uv? — 1403,
P = P(u,v) = 20u'? + 77utv — 14u!%? + 75680 + 105070 — 2820%05
+159u°v” — 475u30” + 5u0!® + 3uvt! 4 49012,

Q = Qu,v) = 5u® —2uv + 10uv? + 8v°,

R = R(u,v) = 12u'? + 47uMv — 33u1%? — 750%° + 175080 — 12070°
—267u%° + 108u 0" + 475utv® — 1075u30? + 528u%v!?
+478uv't — 527012,

S = S(u,v) = 3u’+ 14u’v + 24uv® + 160°.

Let 6 be a root off;(X) and setk’ = Q(#). We prove

Theorem2 — Lett be a rational number such thgi(X) is irreducible inQ[X]. ThenK is a
cyclic quintic field

PROOF: As f(X) is assumed to be irreducible @ X |, we have
(K : Q] = deg(fi(X)) =5

so thatK is a quintic field. We next determine the Galois grougkobverQ. We set

g (X) =5f, <X_(t5_3)>

5
so that
ge(X) = X° + g5 X° + g2 X% + g1 X + go,
where
g3 = —5(2t2 + 3t +3)(t + 36> + 4t + 2t + 1) (¢! — 263 + 42 — 3t + 1),

g2 = 5(43 =12 =20+ 2) (t* — 263 + 482 — 3t + 1)(t* + 3% + 447 + 2t + 1)%,
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g = =5 +12—3t+3)(t* — 23 + 4> — 3t +1)(3t° — 4)
X (t1 4 3t3 + 4% + 2t 4 1),
go = (413 4 9t1% — 2241 1 2210 1 6¢% — 7447 + 14265 — 14265 + 9613 — 84t?

+72t — 72)(t* — 263 4 4% — 3t + 1)(t* + 363 + 487 + 2t + 1)
Using MAPLE we find that
disc(g (X)) = 52018 (¢ — 263 + 4t — 3t + 1) (¢ + 3¢3 + 42 + 2t +1)5.

As fo(X) is reducible we have # 0 so that the discriminant af;(X) is a nonzero perfect
square. Thus GéK) is a subgroup of the alternating grou, and so GdlK') ~ Zs, D5 or As.
Using the expression for the resolvent sextic of a quintic polynomial given by Dummit [2], we find
using MAPLE that the resolvent sextic @f( X ) has the rational root

5(th — 263 + 4% — 3t + 1) (4% + 4¢7 — 1245 4 12¢° + 78> — 47¢* + 16t — 16)
x (#4365 + 42 + 2t +1)7.

Thus GalK) is a solvable group and so G&l) ~ Zs or D5. Suppose that Gak') ~ D;. Let
01,...,05 € C be the roots ofy,(X). Set

H z— (0; —6;)) € QIX].

Soicher [6] (see also [1]) has shown tlg@X ) can be determined by using resultants as

resultant (g:(z + X), g:(z))

9(X) = 5

MAPLE gives
9(X) = q1(X)a2(X)g3(X)qa(X),
where eacly; (X) is a quintic polynomial ifQ[X]. Using MAPLE we find that
resultant(q;(X),q; (X)) #0fort #0, 1 <i<j<A4,

and
resultant (¢;(X),q;(X)) #0fort #0, i=1,2,3,4,

so thatg(X) is a squarefree polynomial i@[X]. Then, by [1, Theorem 3.1(i)(X) factors as

a product of two irreducible polynomials of degree 10QnX|. Thus Ga|K) # Ds. Therefore
Gal(K) ~ Zs. O
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4, THE CONDUCTOR OFK.

We apply Spearman and Williams’ theorem to prove the following result.

Theorem3 — Let ¢ be a rational number such thgi(X) is irreducible inQ[X]. Let# be a

root of f;(X). SetK = Q(#) so, by Theoren2, K is a cyclic quintic field. Then the conductor
f(K) is given by
f(K) =52 11 q,
g=1 (mod 5)

qlEq Bg
vq(E1 Eg)#Z0(mod 5)

whereq runs through primes,

~ ) 0,if 2u — v # 0(mod 5),
| 2,if 2u — v = 0(mod 5),

and
qva(ErEz) H EqEs.

PrROOF: As in the proof of Theorem 2, we set
X — (-3
(X)) =5"f, <(5)> = X%+ g3 X% + 92X + 1 X + g0,
wheregs, g2, 91, go are given in the proof of Theorem 2. Next we set

huw(X) = 029, /,(X/0°) = X° + ha X® + ha X? + M X + ho,

where

hy = —5(u* —2udv + 4u*v? — 3uv® + o)
x (ut 4 3uv + 4u?v? 4 2uv® + 0*) (2u? + 3uv + 30?),

hy = 5(u* — 2udv + duv? — 3uv® + v?) (ut + 3uPv + duPo? 4 200 + vt)?

x (4u® — u?v — 2uv® 4 20°),

hi = 5(u* — 2uv + duv? — 3uv® + v?) (ut + 3uPv + 4uPo? + 2uv® + vt)?
x (u3 + u?v — 3uv? + 3v3) (=3u® + 40°),

ho = (u* —2uPv + 4u?0? — 3uv® + o) (u* + 3udv + duv? + 2uv® + vt)?

x (4u'® 4+ 9u'?v — 22ut0? + 2203 + 6uBv® — T4uTV0 + 142:507
—1420°0° + 96u3v'0 — 84uPv! + T2uv'? — 72013,

so that, from the definitions given in Section 3, we have

hy = —5E\EyF, hy = 5FE5G, hy =5F\E5HJ, ho= E|F5L. (4.1)
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Letm denote the largest positive integer such that

m2 | h37 m3 | h27 m4 | h17 m5 | h07 (42)
and set
kuo(X) = hup(mX)/m® = X + k3 X? + ko X2 + k1 X + ko, (4.3)
where
k3:h3/m2, k?gzhg/mg, kl :hl/m4, k‘ozho/m5. (44)

Appealing to MAPLE, we find

disc (kyo(X)) = W, (4.5)
E\M — EoN = 5507, (4.6)
E\P-LQ = 5%, (4.7)
and
EyR — LS = 5%16, (4.8)

Clearly k,, ,(X) is a defining polynomial for the cyclic quintic field. Hence, by Theorem 1,
we have

f(K) = 5" 11 q, (4.9)

g=1 (mod 5)
alkg, qlk1, alks, qlks

whereq runs through primes and

0, if 520y disc(ky) and 5 | k1, 5| ko, 5 | k3 does not hold
or
520 | disc(ky) and 5% || ko, 5% | k1, 5% | ko, 53 | k3
o= does not hold (4.10)
2, if 520 f disc (kyp) and 5 | k1, 5| ko, 5| k3
or
520 | disc(ky ) and 5% || ko, 5% | k1, 5% | k2, 53 | k3.

Let g be a prime with
g =1(mod5), q|ks, q|ks, qlki, q]ko.

We show that
q | ElEQ, Uq(ElEQ) 7_é 0(D’l0d5>

As ¢ = 1(mod 5) we haveg # 2,3,5. Supposey | u. Asq | ho, we see by (4.1) that | E,
orq| Exorq| L. If ¢ | Eyorq | Esthen from the definitions oF; and E; we see thay | v,
contradicting(u,v) = 1. If ¢ | L then asq # 2, 3 we see from the definition of thatq | v,
contradicting(u,v) = 1. Henceq 1 u. Suppose; | v. Asq | ho, we see by (4.1) that | E;
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orqg| Exorqg | L. If g | Eyorq | E, then from the definitions of; and E; we haveq | u,
contradicting(u,v) = 1. If ¢ | L then asq # 2 we have from the definition of thatq | u,
contradicting(u,v) = 1. Thusq { uwv. Asq | f(K) we haveqg | disc(k,,). It follows by (4.5)
thatq | £y orq | B2 asq { u, v, 5. By (4.6) we see thaf | £ or ¢ | E» but not both. Assume that
q | E1. If vg(E1Es) = 0 (mod5) thenv, (E;) = 5w for somew € N. By (4.7) we havey { L. Thus
by (4.1) we have
¢ | ha, ¢ | ha, ¢ [ b1, ¢ || ho,
and by (4.2) we deduce that
q* [l m.
Thus "
qt mf% = ko,
contradictingg | ko. Henceuv,(E1) # 0 (mod 5). Now assume | Es. If v,(E2) = 0 (mod5) then
vy(E2) = 5w for somew € N. By (4.8) we see that { L. As¢°" || E» we haveq'® || E3. Thus
by (4.1) we see that
¢ | hs, ¢ ha, ¢ | he, ¢ || ho,

and by (4.2) we have
¢*" || m.
Thus 5
0
q Jf % = kO?

contradictingy | ko. Hencev,(E3) # 0 (mod 5). Thusy,(E1 E3) # 0 (mod 5).

Now conversely leyy be a prime with

¢ =1(modb), q| E1E2, ve(E1E>2) # 0(mod 5).
We show that
qu(mod5), q ’ k37 q‘k27 Q|k17 q ’ kO-

By (4.6) we see that either| E or g | E» but not both. Asy,(E1 E») # 0 (mod 5) we have
¢°**" || E1E; for some nonnegative integerandr € {1,2,3,4}. Assumeq | E;. Then by (4.7)
we see thag 1 L. We have by (4.1)

q5z+r | hg, q5z+r | hg, q5z+r ‘ h17 q52+r H hOa
and by (4.2) we have
q || m

SO
@ | ks, ¢V | ke @ | k1, 47| Ko

Thus
q| ks, qlks, q|lki, q]ko.
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Now assume | E». Then by (4.8) we havet L. Asv,(E>) = 5z+r we see thag'?*+2" || E3.
Thus by (4.1) we have

q52+r | hg, 10z+4-2r | hg, 10z+2r | hla 10z+2r H hO'

q q q

From the definition ofn it follows that¢®* || m if » = 1, 2 and¢®**! || m if » = 3, 4. In the
second case we note that + ) — (42 +2) = 2+ (r — 2) > 0S0q | k3. Thus

q| ks, qlks, q|lki, q]ko.

We have proved

1T q= 1T q. (4.11)

g=1 (mod 5) g=1 (mod 5)
alkg, alky, alka, alks q|E1 Eg
vg(Eq Eg)#0(mod 5)

It remains to show that
B { 0,if 2u — v % 0 (mod 5),
2,if 2u — v = 0 (mod 5).
The following simple divisibilty result will be useful.
Lemma—
(@) 51 E1, B2, F,G,H, J, L,if 2u —v # 0 (mod 5).
(b) 5| E1, Es, F,G, Hand5? | J, L, if 2u — v = 0 (mod 5).
PrROOF: (a) Suppos@u — v #Z 0 (mod 5). Then: + 2v £ 0 (mod 5) and
By = (u+2v)* £0 (mod5),
Ey = (u+2v)* #0 (mod5),
F = 2(u+2v)* #0 (mod5),
G = 4(u+2v)® #0 (mod5),
H = (u+2v)® #0 (mod5),
J = 2(u+2v)° #0 (mod5),
L = 4(u+2v)" #0 (mod5).

(b) Suppos@u — v = 0 (mod 5). Thenv = 2u + 5w for somew € Z. Thus

E; = 5u? (mod 25),
Ey = 5u* (mod 25),
20u* (mod 25),
10u? (mod 25),
15u® (mod 25),
0 (mod 25),

0 (mod 25).

N oo T
|
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As (u,v) = 1 we haves { u. Thusb || E1,5 || Eo, 5| F,5 || G,5 || H,5% | Jand5? | L. O
We now show tha2u — v £ 0 (mod 5) impliesae = 0. By the Lemma we have

5{E., Ey, F, G, H, J, L, (4.12)
and by (4.1)
5| hs, 51 h2, 5] h1, 51ho.

Thus by (4.2) we have
5¢m (4.13)

and by (4.4) we have
5| ks, 5| k2, 5 k1, 51 ko. (4.14)

Now by (4.5), (4.13) and (4.14) we ha#é" | disc (ky,). By (4.13) the conditions* || ko,
54| k1, 5% | ko, 53 | k3 do not hold. Thus by (4.10) we have= 0.
Finally we show thaRu — v = 0 (mod 5) impliesy = 2. In this casé { u, 5 { v. By the Lemma

we have
5| By, By, F, G, Hand 5% | J, L, (4.15)

and by (4.1)
5 || ha, 5° || ha, 57 | b1, 5° | ho.

As 55 | hg and5® || hs, we see from (4.2) that
5| m (4.16)

and thus from (4.4) we have
52 || k3, 5% ko, 5% k. (4.17)

Now, by (4.5), (4.15) and (4.16), we ha¥¥ || disc (ky,,) SO thats?® { disc (ky.,). By (4.17)
the conditions | k1, 5 | k2, 5 | k3 hold. So by (4.10) we hawe = 2. Thus

if 2u — d
oo 0,if 2u — v # 0(mod 5), (4.18)
2,if 2u — v = 0(mod 5).
Theorem 3 now follows from (4.9), (4.10), (4.11) and (4.18). O
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