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1. INTRODUCTION

Spearman and Williams [7] have given a theorem which enables one to determine the discriminant

of a cyclic field of odd prime degree directly from the coefficients of a defining polynomial. They

applied their theorem to a family of cyclic quintic polynomials due to Lehmer [5]. In this paper

we apply the theorem of Spearman and Williams to a family of cyclic quintic polynomials due to

Lecacheux [3], [4].
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2. SPEARMAN AND WILLIAMS ’ T HEOREM

In this section we state the theorem of Spearman and Williams [7].

Theorem1 — Letp be an odd prime. Let f(X) = Xp + ap−2X
p−2 + · · ·+ a1X + a0 ∈ Z[X]

be such that Gal(f) ' Z/pZ and such that there does not exist a primeq with qp−i | ai(i = 0,

1, . . . , p− 2). Let θ ∈ C be a root off(X) and setK = Q(θ) so thatK is a cyclic extension ofQ
with [K : Q] = p. Then

d(K) = f(K)p−1,

where the conductorf(K) is given by

f(K) = pα
∏

q≡1 (mod p)
q|ai (i=0,1,...,p−2)

q,

whereq runs through primes and

α =





0, if pp(p−1) - disc(f) and p | ai (i = 1, . . . , p− 2) does not hold
or

pp(p−1) | disc(f) and pp−1 ‖ a0, pp−1 | a1, pp+1−i | ai

(i = 2, . . . , p− 2) does not hold
2, if pp(p−1) - disc(f) and p | ai (i = 1, . . . , p− 2) holds

or
pp(p−1) | disc (f) and pp−1 ‖ a0, pp−1 | a1, pp+1−i | ai

(i = 2, . . . , p− 2) holds.

3. ODILE LECACHEUX’ S QUINTICS

Let t ∈ Q and set

ft(X) = X5 + a4(t)X4 + a3(t)X3 + a2(t)X2 + a1(t)X + a0(t),

where

a4(t) = t5 − 3,

a3(t) = −t9 − 2t8 − 3t7 − 5t6 − 6t5 − 2t4 + t3 − t2 + 3,

a2(t) = t10 + 2t9 + 4t8 + 6t7 + 10t6 + 9t5 + 4t4 − 2t3 + 2t2 − 1,

a1(t) = −t2(t7 + 2t6 + 3t5 + 5t4 + 5t3 + 2t2 − t + 1),

a0(t) = t5.

These polynomials were introduced by Odile Lecacheux [3] in 1990. We set

t = u/v, u ∈ Z, v ∈ Z, (u, v) = 1, v > 0,
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and define

E1 = E1(u, v) = u4 − 2u3v + 4u2v2 − 3uv3 + v4,

E2 = E2(u, v) = u4 + 3u3v + 4u2v2 + 2uv3 + v4,

F = F (u, v) = 2u2 + 3uv + 3v2,

G = G(u, v) = 4u3 − u2v − 2uv2 + 2v3,

H = H(u, v) = u3 + u2v − 3uv2 + 3v3,

J = J(u, v) = −3u5 + 4v5,

L = L(u, v) = 4u13 + 9u12v − 22u11v2 + 22u10v3 + 6u8v5 − 74u7v6

+142u6v7 − 142u5v8 + 96u3v10 − 84u2v11 + 72uv12 − 72v13,

M = M(u, v) = 7u3 + 22u2v + 29uv2 + 11v3,

N = N(u, v) = 7u3 − 13u2v + 24uv2 − 14v3,

P = P (u, v) = 20u12 + 77u11v − 14u10v2 + 75u8v4 + 105u7v5 − 282u6v6

+159u5v7 − 475u3v9 + 5u2v10 + 3uv11 + 49v12,

Q = Q(u, v) = 5u3 − 2u2v + 10uv2 + 8v3,

R = R(u, v) = 12u12 + 47u11v − 33u10v2 − 75u9v3 + 175u8v4 − 12u7v5

−267u6v6 + 108u5v7 + 475u4v8 − 1075u3v9 + 528u2v10

+478uv11 − 527v12,

S = S(u, v) = 3u3 + 14u2v + 24uv2 + 16v3.

Let θ be a root offt(X) and setK = Q(θ). We prove

Theorem2 — Let t be a rational number such thatft(X) is irreducible inQ[X]. ThenK is a

cyclic quintic field.

PROOF : As ft(X) is assumed to be irreducible inQ[X], we have

[K : Q] = deg(ft(X)) = 5

so thatK is a quintic field. We next determine the Galois group ofK overQ. We set

gt(X) = 55ft

(
X − (t5 − 3)

5

)

so that

gt(X) = X5 + g3X
3 + g2X

2 + g1X + g0,

where

g3 = −5(2t2 + 3t + 3)(t4 + 3t3 + 4t2 + 2t + 1)(t4 − 2t3 + 4t2 − 3t + 1),

g2 = 5
(
4t3 − t2 − 2t + 2

)
(t4 − 2t3 + 4t2 − 3t + 1)(t4 + 3t3 + 4t2 + 2t + 1)2,
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g1 = −5(t3 + t2 − 3t + 3)(t4 − 2t3 + 4t2 − 3t + 1)(3t5 − 4)

×(t4 + 3t3 + 4t2 + 2t + 1)2,

g0 = (4t13 + 9t12 − 22t11 + 22t10 + 6t8 − 74t7 + 142t6 − 142t5 + 96t3 − 84t2

+72t− 72)(t4 − 2t3 + 4t2 − 3t + 1)(t4 + 3t3 + 4t2 + 2t + 1)2.

Using MAPLE we find that

disc(gt(X)) = 520t18(t4 − 2t3 + 4t2 − 3t + 1)4(t4 + 3t3 + 4t2 + 2t + 1)8.

As f0(X) is reducible we havet 6= 0 so that the discriminant ofgt(X) is a nonzero perfect

square. Thus Gal(K) is a subgroup of the alternating groupA5, and so Gal(K) ' Z5, D5 or A5.

Using the expression for the resolvent sextic of a quintic polynomial given by Dummit [2], we find

using MAPLE that the resolvent sextic ofgt(X) has the rational root

5
(
t4 − 2t3 + 4t2 − 3t + 1

)
(4t8 + 4t7 − 12t6 + 12t5 + 78t3 − 47t2 + 16t− 16)

× (
t4 + 3t3 + 4t2 + 2t + 1

)2
.

Thus Gal(K) is a solvable group and so Gal(K) ' Z5 or D5. Suppose that Gal(K) ' D5. Let

θ1, . . . , θ5 ∈ C be the roots ofgt(X). Set

g(X) =
5∏

i,j=1
i 6=j

(x− (θi − θj)) ∈ Q[X].

Soicher [6] (see also [1]) has shown thatg(X) can be determined by using resultants as

g(X) =
resultant (gt(x + X), gt(x))

X5
.

MAPLE gives

g(X) = q1(X)q2(X)q3(X)q4(X),

where eachqi(X) is a quintic polynomial inQ[X]. Using MAPLE we find that

resultant(qi(X), qj(X)) 6= 0 for t 6= 0, 1 ≤ i < j ≤ 4,

and

resultant (qi(X), q′i(X)) 6= 0 for t 6= 0, i = 1, 2, 3, 4,

so thatg(X) is a squarefree polynomial inQ[X]. Then, by [1, Theorem 3.1(i)],g(X) factors as

a product of two irreducible polynomials of degree 10 inQ[X]. Thus Gal(K) 6' D5. Therefore

Gal(K) ' Z5. ¤
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4. THE CONDUCTOR OFK.

We apply Spearman and Williams’ theorem to prove the following result.

Theorem3 — Let t be a rational number such thatft(X) is irreducible inQ[X]. Let θ be a

root of ft(X). SetK = Q(θ) so, by Theorem2, K is a cyclic quintic field. Then the conductor

f(K) is given by

f(K) = 5α
∏

q≡1 (mod 5)
q|E1E2

vq(E1E2) 6≡0(mod 5)

q,

whereq runs through primes,

α =

{
0, if 2u− v 6≡ 0(mod 5),
2, if 2u− v ≡ 0(mod 5),

and

qvq(E1E2) ‖ E1E2.

PROOF : As in the proof of Theorem 2, we set

gt(X) = 55ft

(
X − (t5 − 3)

5

)
= X5 + g3X

3 + g2X
2 + g1X + g0,

whereg3, g2, g1, g0 are given in the proof of Theorem 2. Next we set

hu,v(X) = v25gu/v(X/v5) = X5 + h3X
3 + h2X

2 + h1X + h0,

where

h3 = −5(u4 − 2u3v + 4u2v2 − 3uv3 + v4)

×(u4 + 3u3v + 4u2v2 + 2uv3 + v4)(2u2 + 3uv + 3v2),

h2 = 5(u4 − 2u3v + 4u2v2 − 3uv3 + v4)(u4 + 3u3v + 4u2v2 + 2uv3 + v4)2

×(4u3 − u2v − 2uv2 + 2v3),

h1 = 5(u4 − 2u3v + 4u2v2 − 3uv3 + v4)(u4 + 3u3v + 4u2v2 + 2uv3 + v4)2

×(u3 + u2v − 3uv2 + 3v3)(−3u5 + 4v5),

h0 = (u4 − 2u3v + 4u2v2 − 3uv3 + v4)(u4 + 3u3v + 4u2v2 + 2uv3 + v4)2

×(4u13 + 9u12v − 22u11v2 + 22u10v3 + 6u8v5 − 74u7v6 + 142u6v7

−142u5v8 + 96u3v10 − 84u2v11 + 72uv12 − 72v13),

so that, from the definitions given in Section 3, we have

h3 = −5E1E2F, h2 = 5E1E
2
2G, h1 = 5E1E

2
2HJ, h0 = E1E

2
2L. (4.1)
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Let m denote the largest positive integer such that

m2 | h3, m3 | h2, m4 | h1, m5 | h0, (4.2)

and set

ku,v(X) = hu,v(mX)/m5 = X5 + k3X
3 + k2X

2 + k1X + k0, (4.3)

where

k3 = h3/m2, k2 = h2/m3, k1 = h1/m4, k0 = h0/m5. (4.4)

Appealing to MAPLE, we find

disc (ku,v(X)) =
520E4

1E8
2u18v34

m20
, (4.5)

E1M −E2N = 52v7, (4.6)

E1P − LQ = 54v16, (4.7)

and

E2R− LS = 54v16. (4.8)

Clearlyku,v(X) is a defining polynomial for the cyclic quintic fieldK. Hence, by Theorem 1,

we have

f(K) = 5α
∏

q≡1 (mod 5)
q|k0, q|k1, q|k2, q|k3

q, (4.9)

whereq runs through primes and

α =





0, if 520 - disc(ku,v) and 5 | k1, 5 | k2, 5 | k3 does not hold
or

520 | disc(ku,v) and 54 ‖ k0, 54 | k1, 54 | k2, 53 | k3

does not hold
2, if 520 - disc (ku,v) and 5 | k1, 5 | k2, 5 | k3

or
520 | disc(ku,v) and 54 ‖ k0, 54 | k1, 54 | k2, 53 | k3.

(4.10)

Let q be a prime with

q ≡ 1(mod 5), q | k3, q | k2, q | k1, q | k0.

We show that

q | E1E2, vq(E1E2) 6≡ 0(mod5).

As q ≡ 1(mod 5) we haveq 6= 2, 3, 5. Supposeq | u. As q | h0, we see by (4.1) thatq | E1

or q | E2 or q | L. If q | E1 or q | E2 then from the definitions ofE1 andE2 we see thatq | v,

contradicting(u, v) = 1. If q | L then asq 6= 2, 3 we see from the definition ofL that q | v,

contradicting(u, v) = 1. Henceq - u. Supposeq | v. As q | h0, we see by (4.1) thatq | E1
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or q | E2 or q | L. If q | E1 or q | E2 then from the definitions ofE1 andE2 we haveq | u,

contradicting(u, v) = 1. If q | L then asq 6= 2 we have from the definition ofL that q | u,

contradicting(u, v) = 1. Thusq - uv. As q | f(K) we haveq | disc(ku,v). It follows by (4.5)

thatq | E1 or q | E2 asq - u, v, 5. By (4.6) we see thatq | E1 or q | E2 but not both. Assume that

q | E1. If vq(E1E2) ≡ 0 (mod5) thenvq(E1) = 5w for somew ∈ N. By (4.7) we haveq - L. Thus

by (4.1) we have

q5w | h3, q5w | h2, q5w | h1, q5w ‖ h0,

and by (4.2) we deduce that

qw ‖ m.

Thus

q -
h0

m5
= k0,

contradictingq | k0. Hencevq(E1) 6≡ 0 (mod 5). Now assumeq | E2. If vq(E2) ≡ 0 (mod5) then

vq(E2) = 5w for somew ∈ N. By (4.8) we see thatq - L. As q5w ‖ E2 we haveq10w ‖ E2
2 . Thus

by (4.1) we see that

q5w | h3, q10w | h2, q10w | h1, q10w ‖ h0,

and by (4.2) we have

q2w ‖ m.

Thus

q -
h0

m5
= k0,

contradictingq | k0. Hencevq(E2) 6≡ 0 (mod 5). Thusvq(E1E2) 6≡ 0 (mod 5).

Now conversely letq be a prime with

q ≡ 1(mod 5), q | E1E2, vq(E1E2) 6≡ 0(mod 5).

We show that

q ≡ 1(mod 5), q | k3, q | k2, q | k1, q | k0.

By (4.6) we see that eitherq | E1 or q | E2 but not both. Asvq(E1E2) 6≡ 0 (mod 5) we have

q5z+r ‖ E1E2 for some nonnegative integerz andr ∈ {1, 2, 3, 4}. Assumeq | E1. Then by (4.7)

we see thatq - L. We have by (4.1)

q5z+r | h3, q5z+r | h2, q5z+r | h1, q5z+r ‖ h0,

and by (4.2) we have

qz ‖ m

so

q3z+r | k3, q2z+r | k2, qz+r | k1, qr | k0.

Thus

q | k3, q | k2, q | k1, q | k0.
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Now assumeq | E2. Then by (4.8) we haveq - L. Asvq(E2) = 5z+r we see thatq10z+2r ‖ E2
2 .

Thus by (4.1) we have

q5z+r | h3, q10z+2r | h2, q10z+2r | h1, q10z+2r ‖ h0.

From the definition ofm it follows thatq2z ‖ m if r = 1, 2 andq2z+1 ‖ m if r = 3, 4. In the

second case we note that(5z + r)− (4z + 2) = z + (r − 2) > 0 soq | k3. Thus

q | k3, q | k2, q | k1, q | k0.

We have proved ∏
q≡1 (mod 5)

q|k0, q|k1, q|k2, q|k3

q =
∏

q≡1 (mod 5)
q|E1E2

vq(E1E2) 6≡0(mod 5)

q. (4.11)

It remains to show that

α =

{
0, if 2u− v 6≡ 0 (mod 5),
2, if 2u− v ≡ 0 (mod 5).

The following simple divisibilty result will be useful.

Lemma—

(a) 5 - E1, E2, F , G, H, J , L, if 2u− v 6≡ 0 (mod 5).

(b) 5 ‖ E1, E2, F , G, H and52 | J , L, if 2u− v ≡ 0 (mod 5).

PROOF : (a) Suppose2u− v 6≡ 0 (mod 5). Thenu + 2v 6≡ 0 (mod 5) and

E1 ≡ (u + 2v)4 6≡ 0 (mod 5),

E2 ≡ (u + 2v)4 6≡ 0 (mod 5),

F ≡ 2(u + 2v)2 6≡ 0 (mod 5),

G ≡ 4(u + 2v)3 6≡ 0 (mod 5),

H ≡ (u + 2v)3 6≡ 0 (mod 5),

J ≡ 2(u + 2v)5 6≡ 0 (mod 5),

L ≡ 4(u + 2v)13 6≡ 0 (mod 5).

(b) Suppose2u− v ≡ 0 (mod 5). Thenv = 2u + 5w for somew ∈ Z. Thus

E1 ≡ 5u4 (mod 25),

E2 ≡ 5u4 (mod 25),

F ≡ 20u2 (mod 25),

G ≡ 10u3 (mod 25),

H ≡ 15u3 (mod 25),

J ≡ 0 (mod 25),

L ≡ 0 (mod 25).
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As (u, v) = 1 we have5 - u. Thus5 ‖ E1, 5 ‖ E2, 5 ‖ F , 5 ‖ G, 5 ‖ H, 52 | J and52 | L. ¤
We now show that2u− v 6≡ 0 (mod 5) impliesα = 0. By the Lemma we have

5 - E1, E2, F, G, H, J, L, (4.12)

and by (4.1)

5 ‖ h3, 5 ‖ h2, 5 ‖ h1, 5 - h0.

Thus by (4.2) we have

5 - m (4.13)

and by (4.4) we have

5 ‖ k3, 5 ‖ k2, 5 ‖ k1, 5 - k0. (4.14)

Now by (4.5), (4.13) and (4.14) we have520 | disc (ku,v). By (4.13) the conditions54 ‖ k0,

54 | k1, 54 | k2, 53 | k3 do not hold. Thus by (4.10) we haveα = 0.

Finally we show that2u−v ≡ 0 (mod 5) impliesα = 2. In this case5 - u, 5 - v. By the Lemma

we have

5 ‖ E1, E2, F, G, H and 52 | J, L, (4.15)

and by (4.1)

54 ‖ h3, 55 ‖ h2, 57 | h1, 55 | h0.

As 55 | h0 and55 ‖ h2, we see from (4.2) that

5 ‖ m (4.16)

and thus from (4.4) we have

52 ‖ k3, 52 ‖ k2, 53 | k1. (4.17)

Now, by (4.5), (4.15) and (4.16), we have512 ‖ disc (ku,v) so that520 - disc (ku,v). By (4.17)

the conditions5 | k1, 5 | k2, 5 | k3 hold. So by (4.10) we haveα = 2. Thus

α =

{
0, if 2u− v 6≡ 0(mod 5),
2, if 2u− v ≡ 0(mod 5).

(4.18)

Theorem 3 now follows from (4.9), (4.10), (4.11) and (4.18). ¤
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40 (1990), 237–253.



240 ALAN K. SILVESTER, BLAIR K. SPEARMAN AND KENNETH S. WILLIAMS
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