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We prove a sufficient and necessary condition for a weighted composition operator of the Bloch
space on the unit ball of high dimension to be bounded.
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1. INTRODUCTION

Let U be the unit disk in the complex plane. Lebe an analytic function ofy andy an analytic
self-mapping olU. The linear operatorC,, on a space of analytic functions 6h is defined by

uCyu(f) = ul(f o),

and called a weighted composition operator, which is a generalization of both a multiplication op-
erator(y(z) = z) and a composition operaton(z) = 1). A analytic functionf on U is called a
Bloch function if

1£1ls = sup(1 | 21) | /(2)] <

The class of all Bloch functions is called the Bloch space and denotétl lynder the norm
I flls = 1£(0)| + || f]|g, B becomes a Banach space. In 1982, Arazy [1] characterised the bounded-
ness of multiplication operators @) and later, in 1995, Madigan and Matheson [3] gave a sufficient
and necessary condition for compactness of composition operatétsiReacently, Ohno and Zhao
generalized their results to weighted composition operatois @ee [4]).
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The notion of Bloch functions on the unit disk can be extended to the uniBhaith complex
spaceC” of dimensiom. Bloch functions on the unit balB,, have been investigated deeply (for
example, see [6]). The Bergman metric By is defined by

n+1 (1= [zP)ul?+ (2w
2 (1—z%)? ’

H.(u,u) = )

where(z,u) = 377, z;u; is the inner product. I = 1, the Bergman metric becomes the Poikcar
metric

H,(u,u) =

Let f be a holomorphic function oB,,. f is called a Bloch function o3, if

1flls = sup Qf(z) < o0,

where

Qr(z) = sup{’vf(z)u| cu € (C"\{O}},

Vi) - (852(12)552@) g 62]

The class of all Bloch functions aB,, is called the Bloch space d,, and denoted by3(B,,).
Under the norn| f ||z = | f(0)| + || |3, B(Bx) becomes a Banach space.

Let ¢ be a holomorphic self-mapping @, and letu be a holomorphic function om,,. The
composition operator§', and weighted composition operatar€’, are defined in the same way
asn = 1. Shi and Luo [5] generalized the result on composition operators of Madigan and Math-
eson fromn = 1 to an arbitraryn. A composition operator o3(B,,) is always bounded by the
Schwarz lemma. However, the situation is different for weighted composition operators. In this
paper, we prove a sufficient and necessary condition for a weighted composition operator on the
Bloch spacé3(B,,) to be bounded. This extends the results of Arazy, Ohno and Zhao to the case of
high dimension .

2. SOME LEMMAS

Lemmal — Let f € B(B,). Then, for every: € B,,, we have

IN

)~ FO) < Callflslog 2| 5 @)

F(2)]

IN

2
Cullfllslog T—— TP 3)

whereC,, is a constant depending @nonly.
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ProOOF: Forz € B,,, we have

@10l - |f Vf(w)dw'
1 1
_ ] / Vf(zt)zdt’<||f||ﬁ | iz
0 0
n+1\2 L zjat
< L R D
< (55) s [
n+1\2 1+ |2 2
< < r——
< () Wrlatos T < Cullton =
This shows (2), and (3) follows from (2). O

Lemma2 — Letyp = (41, - -, vy) is @ holomorphic self-mapping @3,

Then Hy)(Jp(2)u, Jp(2)u) < H,(u,u) for = € B, andu € C", whereJ,(z) =
(0¢j(2)/0zk)1<jk<n denotes the Jacobian matrix ¢f The equality holds if and only ifp €
Aut(B,,), hereAut(B,,) is an automorphism group adB,.

Lemma3 — Let f be a holomorphic function oB,, andy a holomorphic self-mapping @8,,.
Then, forz € B,,, we have

Qfop(2) < Qf(p(2)) sup T
v#0 HZ2 (v, v)

andQ ro,(2) < Qf(¢(2)). Consequently, f o ¢||g < [|f][g. If ¢ € Aut(By,), thenQ to,(2)
= Qy(p(2)) for z € By and|[f o ¢l|s = [ f]ls-

Lemmad — Let f be a holomorphic function oB,,. Then, forz € B,,,

nil(l — P)VER)] < Qpz) <

2
n+1

(1= )2V £(2)]-
Lemma 5— Let f be a holomorphic function of,, and

m(f) = sup (1 —[2]*)|Vf(2)].

ZGBn
ThenCm(f) <||fllg < C;,m(f), whereC;, andC,, are constants depending aronly.

Lemma 2 is the well-known Schwarz lemma for the Bergman metric (for a proof, see [2]), and
Lemma 3 can be proved by using the chain rule and Lemma 2. Lemma 4 is easy to verify. Lemma
5 is due to Timoney; for the proof refer to [6].
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3. THE MAIN RESULT AND ITS PROOF

Theorem— Let ¢ be a holomorphic self-mapping @8, and v a holomorphic function on
B,. ThenuC, is a bounded linear operator oB8(B,,) if and only if the following conditions are
satisfied

2
sup Qu(z)log ———= < o0; ®
i POk
1
H?2 (Jp(2)v, Jp(2)v)
sup sup #() Wl 7 lu(z)| < oc. (i)
z€By, v#0 Hzi (1/7 y)

PrROOF Assume that (i) and (ii) are satisfied. Létbe a holomorphic function om,, with
| fllz < 1. Forz € B, using Lemma 3, we have

Qupop(2) < Qu(2)|f(0(2))] + [u(2)|Qrop(2)

H 2 (Jo(2)v, Jo(2)v)
()7 e
< QISP+ IR e s == =

Since| f||s < 1, Qf(¢(2)) < 1and, by lemma 1,
2
fle(2)| < Cplog ———.
In particular,

[4(0)F((0))] < Culu(0)]log

T jep M

Thus,

Qu(fop)(2) < C’nQu(z)logW

+|u(z)| sup H;g)(*]sv(@’/a Jo(2)v)

v#0 HZ1/2(V, V)

By (i) and (i), we have
HUCSOfHﬁ = SHBP Qufogo(z) < My < o0.
zEDbn

ConsequentlyijuCy, f||g < My + M,, whereM; and M, are constants independentfofThe
sufficiency is proved.

To prove the necessity, assume that, is a bounded operator df\ 3,,) and||uC,|| = M <
oo. First we proceeding to prove the condition (ii). Lete B, be fixed andy € Aut(B,)
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such that)(o(w)) = 0, ¥(0) = p(w) andy = ¢~1. For a givenw # 0, letT = J,(w)v and
p = Jy(e(w))r. Without loss of generality, assume that = 1. Defineh(¢) = (¢, n) and
g(z) = h(y(z)) for z € B,. Then,|g(0)| < 1, g(¢(w)) = 0. By Lemma 4, |h||g < \/2/(n+ 1)
since|Vh(¢)| = || = 1 for ¢ € B,,. Thus, by Lemma 3]g||g < v/2/(n + 1).
Since

V(iugop)(w)yr o(o(w)) Vu(w)v +u(w)V(gos0)(w)V

HY(v.0) S w0) 1 (0,0)
L V(e Fg(pw)r Ho (727)
= gl ))Hfu/Q(u,z/)Jr B () (0 0) @)
we have
Vg(p(w))r| oy (T:7)
Ju(w)] 1 (o H;/Q o) < Qugop(w) + Qu(w)|g(p(w))]
< M@A++2/(n+1)). (5)

On the other hand, by the chain rule and Lemma 2,

[Vglow)r| _ [VA((o(w)))Jy(o(w))T]
1/2 1/2
H oy (72 ) H oy (72 )

VA (o)) a] Hoany (s 1)
1/2 1/2
Hy b 1) oo (7, 7)

VR(O)p| [ 2
Hy () VL ©)

HY? (1,7)
ru<w>r;f/;(w) M(1++/(n+1)/2) (7)

Combining (5) and (6), we obtain

forall v # 0 such thatr = J,(w)v # 0. (i) is proved since this is obviously trueif= 0.
To prove (i), for fixedw € B,,, define

g(2) = log 1_<z’2¢(w)>, 1€ B,
Then,g(0) = log 2 and
o)) = 108 = ®)
V(=) = 2@/ (1 - (2, p(w))) and
(1 - 1PIve) < 22 <
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By Lemma 5)|g||g < 2C},. Since the first equality of (4) holds for any fucntigmolomorphic
in By, by Lemma 4 and (7), it follows that

Qu(w)lglp(w))] < Qugop(w) + [u(w)|Qgop(w)

HY2 (J(w)v, J,(w))

< Quunelu) + (wQy () sup — o

< 2MC) +2MC,(1++/(n+1)/2) =2MC}(2+ v/(n+1)/2).

Thus, by (8),
2
This shows (i) and the theorem is proved. O
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