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We prove a sufficient and necessary condition for a weighted composition operator of the Bloch

space on the unit ball of high dimension to be bounded.
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1. INTRODUCTION

Let U be the unit disk in the complex plane. Letu be an analytic function onU andϕ an analytic

self-mapping ofU . The linear operatoruCϕ, on a space of analytic functions onU , is defined by

uCϕ(f) = u(f ◦ ϕ),

and called a weighted composition operator, which is a generalization of both a multiplication op-

erator(ϕ(z) ≡ z) and a composition operator(u(z) ≡ 1). A analytic functionf on U is called a

Bloch function if

‖f‖β = sup
z∈U

(1− |z|2) ∣∣f ′(z)
∣∣ < ∞.

The class of all Bloch functions is called the Bloch space and denoted byB. Under the norm

‖f‖B = |f(0)|+ ‖f‖β, B becomes a Banach space. In 1982, Arazy [1] characterised the bounded-

ness of multiplication operators onB, and later, in 1995, Madigan and Matheson [3] gave a sufficient

and necessary condition for compactness of composition operators onB. Recently, Ohno and Zhao

generalized their results to weighted composition operators onB (see [4]).
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The notion of Bloch functions on the unit disk can be extended to the unit ballBn in complex

spaceCn of dimensionn. Bloch functions on the unit ballBn have been investigated deeply (for

example, see [6]). The Bergman metric onBn is defined by

Hz(u, u) =
n + 1

2
· (1− |z|2)|u|2 + |〈z, u〉|2

(1− |z|2)2 , (1)

where〈z, u〉 =
∑n

j=1 zjuj is the inner product. Ifn = 1, the Bergman metric becomes the Poincaré

metric

Hz(u, u) =
|u|2

(1− |z|2)2 .

Let f be a holomorphic function onBn. f is called a Bloch function onBn if

‖f‖β = sup
z∈Bn

Qf (z) < ∞,

where

Qf (z) = sup

{
|∇f(z)u|
Hz(u, u)

1
2

: u ∈ Cn \ {0}
}

,

∇f(z) =
(

∂f(z)
∂z1

, . . . ,
∂f(z)
∂zn

)
, ∇f(z)u =

n∑

j=1

∂f(z)
∂zj

uj .

The class of all Bloch functions onBn is called the Bloch space onBn and denoted byB(Bn).
Under the norm‖f‖B = |f(0)|+ ‖f‖β, B(Bn) becomes a Banach space.

Let ϕ be a holomorphic self-mapping ofBn and letu be a holomorphic function onBn. The

composition operatorsCϕ and weighted composition operatorsuCϕ are defined in the same way

asn = 1. Shi and Luo [5] generalized the result on composition operators of Madigan and Math-

eson fromn = 1 to an arbitraryn. A composition operator onB(Bn) is always bounded by the

Schwarz lemma. However, the situation is different for weighted composition operators. In this

paper, we prove a sufficient and necessary condition for a weighted composition operator on the

Bloch spaceB(Bn) to be bounded. This extends the results of Arazy, Ohno and Zhao to the case of

high dimension .

2. SOME LEMMAS

Lemma1 — Letf ∈ B(Bn). Then, for everyz ∈ Bn, we have

|f(z)− f(0)| ≤ Cn‖f‖β log
2

1− |z|2 , (2)

|f(z)| ≤ Cn‖f‖B log
2

1− |z|2 , (3)

whereCn is a constant depending onn only.
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PROOF : Forz ∈ Bn, we have

|f(z)− f(0)| =
∣∣∣∣
∫ z

0
∇f(w)dw

∣∣∣∣

=
∣∣∣∣
∫ 1

0
∇f(zt)zdt

∣∣∣∣ ≤ ‖f‖β

∫ 1

0
H

1
2
zt(z, z)dt

≤
(

n + 1
2

) 1
2

‖f‖β

∫ 1

0

|z|dt

1− |z|2t2

≤
(

n + 1
8

) 1
2

‖f‖β log
1 + |z|
1− |z| ≤ Cn‖f‖β log

2
1− |z|2 .

This shows (2), and (3) follows from (2). ¤

Lemma2 — Letϕ = (ϕ1, · · · , ϕn) is a holomorphic self-mapping ofBn.

Then Hϕ(z)(Jϕ(z)u, Jϕ(z)u) ≤ Hz(u, u) for z ∈ Bn and u ∈ Cn, whereJϕ(z) =
(∂ϕj(z)/∂zk)1≤j,k≤n denotes the Jacobian matrix ofϕ. The equality holds if and only ifϕ ∈
Aut(Bn), hereAut(Bn) is an automorphism group onBn.

Lemma3 — Letf be a holomorphic function onBn andϕ a holomorphic self-mapping ofBn.

Then, forz ∈ Bn, we have

Qf◦ϕ(z) ≤ Qf (ϕ(z)) sup
ν 6=0

H
1
2

ϕ(z)(Jϕ(z)ν, Jϕ(z)ν)

H
1
2
z (ν, ν)

andQf◦ϕ(z) ≤ Qf (ϕ(z)). Consequently,||f ◦ ϕ||β ≤ ||f ||β. If ϕ ∈ Aut(Bn), thenQf◦ϕ(z)
= Qf (ϕ(z)) for z ∈ Bn and||f ◦ ϕ||β = ||f ||β.

Lemma4 — Letf be a holomorphic function onBn. Then, forz ∈ Bn,

√
2

n + 1
(1− |z|2)|∇f(z)| ≤ Qf (z) ≤

√
2

n + 1
(1− |z|2)1/2|∇f(z)|.

Lemma 5— Let f be a holomorphic function onBn and

m(f) = sup
z∈Bn

(1− |z|2)|∇f(z)|.

ThenC ′′
nm(f) ≤ ||f ||β ≤ C ′

nm(f), whereC ′
n andC ′′

n are constants depending onn only.

Lemma 2 is the well-known Schwarz lemma for the Bergman metric (for a proof, see [2]), and

Lemma 3 can be proved by using the chain rule and Lemma 2. Lemma 4 is easy to verify. Lemma

5 is due to Timoney; for the proof refer to [6].
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3. THE MAIN RESULT AND ITS PROOF

Theorem— Let ϕ be a holomorphic self-mapping ofBn and u a holomorphic function on

Bn. ThenuCϕ is a bounded linear operator onB(Bn) if and only if the following conditions are

satisfied:

sup
z∈Bn

Qu(z) log
2

1− |ϕ(z)|2 < ∞; (i)

sup
z∈Bn

sup
ν 6=0

H
1
2

ϕ(z)(Jϕ(z)ν, Jϕ(z)ν)

H
1
2
z (ν, ν)

|u(z)| < ∞. (ii)

PROOF: Assume that (i) and (ii) are satisfied. Letf be a holomorphic function onBn with

‖f‖B ≤ 1. Forz ∈ Bn, using Lemma 3, we have

Quf◦ϕ(z) ≤ Qu(z)|f(ϕ(z))|+ |u(z)|Qf◦ϕ(z)

≤ Qu(z)|f(ϕ(z))|+ |u(z)|Qf (ϕ(z)) sup
ν 6=0

H
1/2
ϕ(z)(Jϕ(z)ν, Jϕ(z)ν)

H
1/2
z (ν, ν)1/2

.

Since‖f‖B ≤ 1, Qf (ϕ(z)) ≤ 1 and, by lemma 1,

|f(ϕ(z))| ≤ Cn log
2

1− |ϕ(z)|2 .

In particular,

|u(0)f(ϕ(0))| ≤ Cn|u(0)| log
2

1− |ϕ(0)|2 = M1.

Thus,

Qu(f◦ϕ)(z) ≤ CnQu(z) log
2

1− |ϕ(z)|2

+|u(z)| sup
ν 6=0

H
1/2
ϕ(z)(Jϕ(z)ν, Jϕ(z)ν)

H
1/2
z (ν, ν)

.

By (i) and (ii), we have

‖uCϕf‖β = sup
z∈Bn

Quf◦ϕ(z) ≤ M2 < ∞.

Consequently,‖uCϕf‖B ≤ M1 + M2, whereM1 andM2 are constants independent off . The

sufficiency is proved.

To prove the necessity, assume thatuCϕ is a bounded operator onB(Bn) and||uCϕ|| = M <

∞. First we proceeding to prove the condition (ii). Letw ∈ Bn be fixed andψ ∈ Aut(Bn)
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such thatψ(ϕ(w)) = 0, ψ(0) = ϕ(w) andψ = ψ−1. For a givenν 6= 0, let τ = Jϕ(w)ν and

µ = Jψ(ϕ(w))τ . Without loss of generality, assume that|µ| = 1. Defineh(ζ) = 〈ζ, µ〉 and

g(z) = h(ψ(z)) for z ∈ Bn. Then,|g(0)| < 1, g(ϕ(w)) = 0. By Lemma 4,||h||β ≤
√

2/(n + 1)
since|∇h(ζ)| = |µ| = 1 for ζ ∈ Bn. Thus, by Lemma 3,||g||β ≤

√
2/(n + 1).

Since

∇(ug ◦ ϕ)(w)ν

H
1/2
w (ν, ν)

= g(ϕ(w))
∇u(w)ν

H
1/2
w (ν, ν)

+ u(w)
∇(g ◦ ϕ)(w)ν

H
1/2
w (ν, ν)

= g(ϕ(w))
∇u(w)ν

H
1/2
w (ν, ν)

+ u(w)
∇g(ϕ(w))τ

H
1/2
ϕ(w)(τ, τ)

H
1/2
ϕ(w)(τ, τ)

H
1/2
w (ν, ν)

, (4)

we have

|u(w)| |∇g(ϕ(w))τ |
H

1/2
ϕ(w)(τ, τ)

H
1/2
ϕ(w)(τ, τ)

H
1/2
w (ν, ν)

≤ Qug◦ϕ(w) + Qu(w)|g(ϕ(w))|

≤ M(1 +
√

2/(n + 1)). (5)

On the other hand, by the chain rule and Lemma 2,

|∇g(ϕ(w))τ |
H

1/2
ϕ(w)(τ, τ)

=
|∇h(ψ(ϕ(w)))Jψ(ϕ(w))τ |

H
1/2
ϕ(w)(τ, τ)

=
|∇h(ψ(ϕ(w)))µ|
H

1/2
ψ(ϕ(w))(µ, µ)

H
1/2
ψ(ϕ(w))(µ, µ)

H
1/2
ϕ(w)(τ, τ)

=
|∇h(0)µ|

H
1/2
0 (µ, µ)

=

√
2

n + 1
. (6)

Combining (5) and (6), we obtain

|u(w)|
H

1/2
ϕ(w)(τ, τ)

H
1/2
w (ν, ν)

≤ M(1 +
√

(n + 1)/2) (7)

for all ν 6= 0 such thatτ = Jϕ(w)ν 6= 0. (ii) is proved since this is obviously true ifτ = 0.

To prove (i), for fixedw ∈ Bn, define

g(z) = log
2

1− 〈z, ϕ(w)〉 , z ∈ Bn.

Then,g(0) = log 2 and

g(ϕ(w)) = log
2

1− |ϕ(w)|2 , (8)

∇g(z) = ϕ(w)/(1− 〈z, ϕ(w)〉) and

(1− |z|2)|∇g(z)| ≤ 1− |z|2
1− |z| < 2.
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By Lemma 5,||g||β ≤ 2C ′
n. Since the first equality of (4) holds for any fucntiong holomorphic

in Bn, by Lemma 4 and (7), it follows that

Qu(w)|g(ϕ(w))| ≤ Qug◦ϕ(w) + |u(w)|Qg◦ϕ(w)

≤ Qug◦ϕ(w) + |u(w)|Qg(ϕ(w)) sup
ν 6=0

H
1/2
ϕ(w)(Jϕ(w)ν, Jϕ(w)ν)

H
1/2
w (ν, ν)

≤ 2MC ′
n + 2MC ′

n(1 +
√

(n + 1)/2) = 2MC ′
n(2 +

√
(n + 1)/2).

Thus, by (8),

Qu(w) log
2

1− |ϕ(w)|2 ≤ 2MC ′
n(2 +

√
(n + 1)/2).

This shows (i) and the theorem is proved. ¤
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