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We consider some linear operators in weighted spaces of functions of one variable and study

approximation properties of these operators, including theorems on the degree of approxima-

tion.
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1. INTRODUCTION

Approximation properties of Szász-Mirakjan operators

Sn(f ; x) := e−nx
∞∑

k=0

(nx)k

k!
f

(
k

n

)
, x ∈ R0 := [0,∞), n ∈ N := {1, 2, . . .} (1)

in polynomial weighted spacesCp were examined in [1]. The spaceCp, p ∈ N0 := {0, 1, 2, . . .},
considered in [1] is associated with the weighted function

w0(x) := 1, wp(x) := (1 + xp)−1, p ≥ 1, (2)

and consists of all real-valued functionsf(x), continuous onR0 for whichwp(x)f(x) is uniformly

continuous and bounded onR0. The norm onCp is defined by

||f ||p = ||f(.)||p := sup
x∈R0

wp(x)|f(x)|. (3)
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Becker [1] estimated the global approximation theorems for Szász-Mirakjan and Baskakov op-

erators in polynomial weight spaces i.e. forf ∈ Cp. From these theorems it was deduced that

lim
n→∞Sn(f ; x) = f(x),

for everyf ∈ Cp, p ∈ N0 andx ∈ R0.

The Sźasz-Mirakjan operators are important in approximation theory. They have been studied

intensively, and are known their connections with different branches of analysis, such as numerical

analysis and probability theory.

In the recent years many researchers have introduced several modifications of the well-known

positive linear operators. In particular, we cite works of Ismail [5], Lehnhoff [8], Linsen and Xiaop-

ing [9], Sinhaet al. [11], Shunsheng and Qiulan [12], Wood [19], Xiehua [20].

Approximation properties of modified Szász-Mirakjan operators

Bn(f ; m; x) :=
1

g((nx + 1)2; m)

∞∑

k=0

(nx + 1)2k

(k + m)!
f

(
k + m

n(nx + 1)

)
, x ∈ R0, n ∈ N,

where

g(t;m) =
∞∑

k=0

tk

(k + m)!
, t ∈ R0,m ∈ N,

in polynomial weighted spaces which were examined in [15].

In [15] it was proved that iff ∈ Cp, p ∈ N0, then for the operatorsBn one has the following

inequality

||Bn(f ;m; .)− f ||p ≤ M0ω1

(
f ; Cp;

1
n

)
, m, n ∈ N,

whereM0 = constant > 0 andω1(f ;Cp; .) is the modulus of continuity defined by the formula

ω1(f ; Cp; t) := sup
0≤h≤t

|| Mh f ||p, t ∈ R0,

whereMh f(x) = f(x + h)− f(x), for h, x ∈ R0.

In particular, iff ∈ C1
p := {f ∈ Cp : f ′ ∈ Cp}, p ∈ N0, then

||Bn(f ; m; .)− f ||p ≤ M1

n

for m,n ∈ N(M1 = constant > 0). The above inequalities show that the operatorsBn, n ∈ N,

give better degree of approximation of functionsf ∈ Cp andf ∈ C1
p than the usual Szász-Mirakjan

operatorsSn and(Bn(f)) converges uniformly tof onR0.

Similar results in exponential weighted spaces can be found in [14].

The Sźasz-Mirakjan operatorsSn are defined in terms of a sample of the given functionf on

the pointsk/n, called knots, fork ∈ N0, n ∈ N. For the operators introduced in [15] the knots

are the numbers(k + m)/(n(nx + 1)) for k ∈ N0, n ∈ N andx ∈ R0 (m being fixed). Thus
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the question arises, whether the knots(k + m)/(n(nx + 1)) cannot be replaced by a given subset

of points, which are independent ofx, provided this will not change the degree of convergence. In

connection with this question we introduce the operators (4).

Let Bp, p ∈ N be the set of all real-valued functionsf(x), continuous onR0 for which

wp(x)xkf (k)(x), k = 0, 1, 2, ....p, is continuous and bounded onR0 andf (p)(x) is uniformly con-

tinuous onR0. The norm onBp, p ∈ N is given by (3).

In this paper byMk(α, β) we shall denote suitable positive constants depending only on indi-

cated parametersα, β. Now we introduce the following class of operators inBp, p ∈ N.

Let p ∈ N, r ∈ R0, s > 0 be fixed numbers. For functionsf ∈ Bp, we define the operators

Ln(f ; p; r; s;x) =





1
Ir(nsx)

∞∑
k=0

(nsx)2k+r

22k+rk!Γ(r+k+1)

p∑
j=0

f (j)( 2k
ns )(x− 2k

ns )j

j! , x > 0;

f(0), x = 0,

(4)

n ∈ N, whereIr is the modified Bessel function (see e.g. [18])

Ir(t) :=
∞∑

k=0

t2k+r

22k+rk!Γ(r + k + 1)
, (5)

andΓ is the Euler-Gamma function.

In [4] the following Sźasz-Mirakjan type operators were investigated

Kn(f ; r; x) =





1
Ir(nx)

∞∑
k=0

(nx)2k+r

22k+rk!Γ(r+k+1)
f

(
2k
n

)
, x > 0;

f(0), x = 0,

for f ∈ Cp, p ∈ N0, r ∈ R0 andx ∈ R0. Let us introduce the notation

An(f ; r; s; x) =





1
Ir(nsx)

∞∑
k=0

(nsx)2k+r

22k+rk!Γ(r+k+1)
f

(
2k
ns

)
, x > 0;

f(0), x = 0,

(6)

for f ∈ Bp, p ∈ N0, x ∈ R0, n ∈ N, r ∈ R0 ands > 0.

Observe that

An(f ; r; 1;x) = Kn(f ; r; x),

for f ∈ Cp, p ∈ N0, r ∈ R0 andx ∈ R0.

In the present paper we shall state some estimates on the rate of convergence of the operators

Ln(f), defined by (4). The theorems of [1, 3, 5, 7–10, 13, 20] concern pointwise approximation.

We give a theorem on the degree of approximation of functions fromBp, p ∈ N, by operators

introduced, using the norms of these spaces. We apply the method used in [1, 3-4, 7, 10-11, 13-18].
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2. AUXILIARY RESULTS

In this section, we give some properties of the above operators, which we shall apply in the proofs

of the main theorems.

From (5) and (6) we easily derive the following formulas

An(1; r; s; x) = 1,

An(t; r; s; x) = x
Ir+1(nsx)
Ir(nsx)

,

An(t2; r; s; x) = x2 Ir+2(nsx)
Ir(nsx)

+
4xIr+1(nsx)
nsIr(nsx)

+
4

3n2s
, (7)

for every fixedr ∈ R0 and for alln ∈ N andx ∈ R0.

In above formulas as well as in the rest part of this paper the equalities forx = 0 are to be

understood in the asymptotic meaning with help of the equality

lim
t→0

2rIr(t)
tr

=
1

Γ(r + 1)
.

Herzog [4] obtained the following result:

Lemma1 — For allr ∈ R0 there exists a positive constantM(r) depending only onr such that

Ir+1(z)
Ir(z)

≤ M(r).

z

∣∣∣∣
Ir+1(z)
Ir(z)

− 1
∣∣∣∣ ≤ M(r),

for all z ∈ R0.

Using (5), (6) and the mathematical induction forq ∈ N we can prove the following lemma

(see [4]).

Lemma2 — Fix q ∈ N, r ∈ R0 ands > 0. Then there exist positive numbersαq,j , depending

only onj, q, 0 ≤ j ≤ q such that

An(tq; r; s;x) =
2q

nsqIr(nsx)

q∑

j=1

(
nsx

2

)j

αq,jIr+j(nsx), (8)

for all n ∈ N andx ∈ R0. Moreoverαq,j = 1 for q ∈ N.

Lemma3 — Let p ∈ N0, r ∈ R0 ands > 0 be fixed numbers. Then there exists a positive

constantM2 ≡ M2(p, r), depending only on the parametersp andr such that

||An(1/wp(t); r; s; .)||p ≤ M2, n ∈ N. (9)
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PROOF : The inequality (9) is obvious forp = 0 by (2), (3) and (7). Letp ∈ N. From Lemma

1, we get
Ir+j(z)
Ir(z)

≤ M(r, j), (10)

for r, z ∈ R0 andj ∈ N0.

From (10) and by (2) and (6) - (8), we have

wp(x)An(1/wp(t); r; s;x) = wp{1 + An(tp; r; s;x)}

=
1

1 + xp
+

2p

nspIr(nsx)(1 + xp)

p∑

j=1

(
nsx

2

)j

αp,jIr+j(nsx)

≤ 1 + M2(p)
p∑

j=0

xjIr+j(nsx)
(1 + xp)Ir(nsx)

≤ M2(p, r),

for x ∈ R0, n ∈ N, s > 0 andr ∈ R0, whereM2(p, r) is a positive constant depending only onp

andr. This completes the proof of Lemma 3.

Similarly we can prove the following lemma forAn(f).
Lemma4 — Let p ∈ N0, r ∈ R0 ands > 0 be fixed numbers. Then there exists a positive

constantM3 ≡ M3(p, r), depending only on the parametersp andr such that

sup
x∈R0

wp(x)xkAn(1/wp−k(t); r; s;x) ≤ M3, n ∈ N, k = 0, 1, 2, . . . ., p.

Lemma5 — Fix p ∈ N, r ∈ R0 ands > 0. Then for allx ∈ R0 andn ∈ N, we have

An((x− t)p; r; s;x) = xp
p∑

i=1

(
p

i

)
(−1)i

{
Ir+i(nsx)
Ir(nsx)

− 1
}

+
p∑

k=2

Ir+k−1(nsx)xp−k+1

Ir(nsx)ns(k−1)
αp,k, (11)

whereαp,k are numbers depending only on the parametersp andk.

PROOF : Let p ≥ 1. Applying (6) and Lemma 2, we get

An((x− t)p; r; s; x) =
1

Ir(nsx)

∞∑

k=0

(nsx)2k+r

22k+rk!Γ(r + k + 1)

(
x− 2k

ns

)p

=
1

Ir(nsx)

∞∑

k=0

(nsx)2k+r

22k+rk!Γ(r + k + 1)

p∑

i=0

(
p

i

)
(−1)ixp−i

(
2k

ns

)i

=
p∑

i=0

(
p

i

)
(−1)ixp−iAn(ti; r; s; x)

= xp +
p∑

i=0

(
p

i

)
(−1)ixp−i 2i

nisIr(nsx)

i∑

j=1

(
nsx

2

)j

αi,jIr+j(nsx)
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= xp −
(

p

1

)
xp Ir+1(nsx)

Ir(nsx)
+

p∑

i=2

(
p

i

)
(−1)ixp−i

×




i−1∑

j=1

xj

ns(i−j)2j−i
αi,j

Ir+j(nsx)
Ir(nsx)

+ xi Ir+i(nsx)
Ir(nsx)





= xp

{
1−

(
p

1

)
xp Ir+1(nsx)

Ir(nsx)
+

p∑

i=2

(
p

i

)
(−1)i Ir+i(nsx)

Ir(nsx)

}

+
p∑

i=2

(
p

i

)
(−1)i

i−1∑

j=1

xp−i+j

ns(i−j)2j−i
αi,j

Ir+j(nsx)
Ir(nsx)

= xp
p∑

i=0

(
p

i

)
(−1)i Ir+i(nsx)

Ir(nsx)
+

p∑

i=2

(
p

i

)
(−1)i

i−1∑

j=1

xp−i+j

ns(i−j)2j−i
αi,j

Ir+j(nsx)
Ir(nsx)

= xp
p∑

i=0

(
p

i

)
(−1)i Ir+i(nsx)

Ir(nsx)
+

p∑

i=2

(
p

i

)
(−1)i

i∑

k=2

xp−i+k−1

ns(i−k+1)2k−1−i
αi,k−1

Ir+k−1(nsx)
Ir(nsx)

.

From the above we receive the representation

An((x− t)p; r; s;x) = xp
p∑

i=0

(
p

i

)
(−1)i Ir+i(nsx)

Ir(nsx)

+
p∑

k=2

Ir+k−1(nsx)
Ir(nsx)

p∑

i=k

(
p

i

)
(−1)i xp−i+k−1

ns(i−k+1)2k−1−i
αi,k−1

= xp
p∑

i=0

(
p

i

)
(−1)i Ir+i(nsx)

Ir(nsx)
+

p∑

k=2

Ir+k−1(nsx)xp−k+1

Ir(nsx)ns(k−1)
αp,k,

whereαp,k are numbers depending only on the parameters andp andk.

Using the elementary identity
p∑

i=1

(
p

i

)
(−1)i+1 = 1, p ∈ N,

we get

An((x− t)p; r; s; x) = xp

{
1 +

p∑

i=1

(
p

i

)
(−1)i Ir+i(nsx)

Ir(nsx)

}
+

p∑

k=2

Ir+k−1(nsx)xp−k+1

Ir(nsx)ns(k−1)
αp,k

= xp
p∑

i=1

(
p

i

)
(−1)i

{
Ir+i(nsx)
Ir(nsx)

− 1
}

+
p∑

k=2

Ir+k−1(nsx)xp−k+1

Ir(nsx)ns(k−1)
αp,k.

Lemma6 — Fix p ∈ N andr ∈ R0. Then there exists a positive constantM4 ≡ M4(f, p, r),
depending only on functionf and parametersp, r, such that

||Ln(f ; p; r; s; .)||p ≤ M4. (12)
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Formulas (4), (5) and (12) show thatLn(f ; p; r; s; x) is well-defined on the spaceBp, p ∈ N.

PROOF : We first suppose thatf ∈ Bp, p ∈ N. From this, using the elementary inequality

(a + b)k ≤ 2k−1(ak + bk), a, b > 0, k ∈ N0, we get

|x− t|k|f (k)(t)| ≤ 2k−1|f (k)(t)|{xk + tk}

≤ M5(f ; p; k)
{

1
wp(t)

+
xk

wp−k(t)

}
, k = 01, 2, . . . , p; x, t ∈ R0,

whereM5(f ; p, k) is a positive constant depending only on the functionf and the parametersp and

k. This implies that

wp(x)|Ln(f ; p; r, s; x)|

≤ M6(f ; p)
wp(x)

Ir(nsx)

∞∑

k=0

(nsx)2k+r

22k+rk!Γ(r + k + 1)





1
wp((k + r)/ns)

+
p∑

j=0

xj

wp−j((k + r)/ns)





= M6(f ; p)wp(x)



An(1/wp(t); r; s; x) +

p∑

j=0

An(1/wp−j(t); r; s; x)



 .

From this and by Lemmas 3 and 4, we get

wp(x)|Ln(f ; p; r; s; x)| ≤ M(f ; p; r).

This completes the proof of (12).

3. THE APPROXIMATION THEOREMS

In this section, we shall study the properties ofLn(f ; p; r; s; x). We give theorem on the degree of

approximation off ∈ Bp, p ∈ N by these operators. Now we can state the main results of this

paper.

Theorem1 — Fix p ∈ N0, r ∈ R0 and s > 0. Then there exists a positive constantM8 ≡
M8(p, r, s) such that, for everyf ∈ B2p+1, we have

||Ln(f ; 2p + 1; r; s; .)− f ||2p+1 ≤ M8ω
(
f (2p+1); C0;n−s

)
, n ∈ N. (13)

PROOF : We first suppose thatf ∈ B2p+1, p ∈ N0. This implies thatf (2p+1) ∈ C0. Using the

modified Taylor’s formula

f(x) =
2p+1∑

j=0

f (j)
(

2k
ns

) (
x− 2k

ns

)j

j!

+

(
x− 2k

ns

)2p+1

(2p)!

∫ 1

0
(1− t)2p

[
f (2p+1)

(
2k

ns
+ t

(
x− 2k

ns

))
− f (2p+1)

(
2k

ns

)]
dt
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and with the definition of modulus of continuity and (4), (5), we obtain

w2p+1(x)|Ln(f ; 2p + 1; r; s; x)− f(x)|

≤ w2p+1(x)
Ir(nsx)

∞∑

k=0

(nsx)2k+r

22k+rk!Γ(r + k + 1)

∣∣∣∣∣∣

2p+1∑

j=0

f (j)
(

2k
ns

) (
x− 2k

ns

)j

j!
− f(x)

∣∣∣∣∣∣

≤ w2p+1(x)
Ir(nsx)

∞∑

k=0

(nsx)2k+r

22k+rk!Γ(r + k + 1)

∣∣x− 2k
ns

∣∣2p+1

(2p)!

∫ 1

0
(1− t)2p

∣∣∣∣f (2p+1)

(
2k

ns
+ t

(
x− 2k

ns

))
− f (2p+1)

(
2k

ns

)∣∣∣∣ dt

≤ w2p+1(x)
Ir(nsx)

∞∑

k=0

(nsx)2k+r

22k+rk!Γ(r + k + 1)

∣∣x− 2k
ns

∣∣2p+1

(2p)!

∫ 1

0
(1− t)2pω

(
f (2p+1);C0; t|x− 2k

ns
|
)

dt.

Observe that

ω

(
f (2p+1); C0; t|x− 2k

ns
|
)
≤

(
1 + t|x− 2k

ns
|ns

)
ω

(
f (2p+1); C0;n−s

)
.

From this, using the elementary inequality(a + b)k ≤ 2k−1(ak + bk), a, b > 0, k ∈ N0, and

(7), we get

w2p+1(x)|Ln(f ; 2p + 1; r; s;x)− f(x)| ≤ w2p+1(x)
Ir(nsx)

∞∑

k=0

(nsx)2k+r

22k+rk!Γ(r + k + 1)
[(

x− 2k

ns

)2p+2

ns +
∣∣∣∣x−

2k

ns

∣∣∣∣
2p+1

]
ω(f (2p+1); C0; n−s)

≤ w2p+1(x)
[
nsAn((x− t)2p+2; r; s;x) + An((t + x)2p+1; r; s;x)

]
ω(f (2p+1); C0; n−s)

≤ w2p+1(x)
[
nsAn((x− t)2p+2; r; s;x) + 22pAn(t2p+1; r; s;x) + 22px2p+1

]
ω(f (2p+1); C0; n−s).

From Lemma 1 and by elementary calculations, we get

z

∣∣∣∣
Ir+j(z)
Ir(z)

− 1
∣∣∣∣ ≤ M(r),

for all r, z ∈ R0 andj ∈ N0. From this, applying Lemmas 1, 2 and 5, (10) and (2), we immediately

obtain

w2p+1(x)|Ln(f ; 2p + 1; r; s;x)− f(x)| ≤ w2p+1(x)[x2p+1
2p+2∑

i=1

(
2p + 2

i

)
nsx

∣∣∣∣
Ir+1(nsx)
Ir(nsx)

− 1
∣∣∣∣
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+
2p+2∑

k=2

∣∣∣∣
Ir+k−1(nsx)

Ir(nsx)

∣∣∣∣
x2p−k+3

ns(k−1)
|α2p+2,k|+ 24p+1

ns(2p+1)

2p+1∑

j=1

(
nsx

2

)j

α2p+1,j

∣∣∣∣
Ir+j(nsx)
Ir(nsx)

∣∣∣∣

+22px2p+1]ω(f (2p+1); C0;n−s)

≤ M7(p, r, s)ω(f (2p+1); C0; n−s),

for x, r ∈ R0, n ∈ N, s > 0.

This completes the proof of Theorem 1.

Theorem2 — Fix p ∈ N0, r ∈ R0 and s > 0. Then there exists a positive constant

M9 ≡ M9(p, r, s) such that, for everyf ∈ B2p+2, we have

||Ln(f ; 2p + 2; r; s; .)− f ||2p+2 ≤ M9(p, r, s)
ns

||f (2p+2)||0, n ∈ N. (14)

PROOF : We first suppose thatf ∈ B2p+12, p ∈ N0. This implies thatf (2p+2) ∈ C0. Arguing as in

the first part of the proof of Theorem 1, we obtain

w2p+2(x)|Ln(f ; 2p + 2; r; s; x)− f(x)| ≤ w2p+2(x)
Ir(nsx)

∞∑

k=0

(nsx)2k+r

22k+rk!Γ(r + k + 1)

(
x− 2k

ns

)2p+2

(2p + 1)!

∫ 1

0
(1− t)2p+2

{∣∣∣∣f (2p+2)

(
2k

ns
+ t

(
x− 2k

ns

))∣∣∣∣ +
∣∣∣∣f (2p+2)

(
2k

ns

)∣∣∣∣
}

dt

From this and by our assumption we get

w2p+2(x)|Ln(f ; 2p + 2; r; s;x)− f(x)|

≤ 2||f (2p+2)||0 w2p+2(x)
Ir(nsx)

∞∑

k=0

(nsx)2k+r

22k+rk!Γ(r + k + 1)

(
x− 2k

ns

)2p+2

= 2||f (2p+2)||0w2p+2(x)An((x− t)2p+2; r; s;x).

From this, applying Lemma 5, (10) and (2), we immediately obtain

w2p+2(x)|Ln(f ; 2p + 2; r; s; x)− f(x)| ≤ 2n−s||f (2p+2)||0w2p+2(x)

{
x2p+1

2p+2∑

i=1

(
2p + 2

i

)
nsx

∣∣∣∣
Ir+i(nsx)
Ir(nsx)

− 1
∣∣∣∣ +

2p+2∑

k=2

∣∣∣∣
Ir+k−1(nsx)

Ir(nsx)

∣∣∣∣
x2p−k+3

ns(k−2)
|α2p+2,k|

}

≤ M9(p, r, s)
ns

||f (2p+2)||0

for x ∈ R0, n, r ∈ N, s > 0.

This completes the proof of Theorem 2.
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From above Theorems we obtain the following:

Corollary — For every fixedr ∈ R0, p ∈ N, s > 0 andf ∈ Bp, we have

lim
n→∞ ||Ln(f ; p; r; s; .)− f ||p = 0.

Remark: For the Śasz-Mirakjan operatorsSn, defined by (1). Becker [1] proved that if

f ∈ Cp, p ∈ N0,then the following inequality hold true:

wp(x)|Sn(f, x)− f(x)| ≤ M9ω2

(
f ; Cp; (xn−1)1/2

)
, x ∈ R0, n ∈ N,

whereM10 = constant > 0 andω2(f ; .) is the modulus of smoothness defined by the formula

ω2(f ; Cp; t) := sup
0≤h≤t

||42
hf ||p, t ∈ R0,

with 42
hf(x) := f(x)− 2f(x + h) + f(x + 2h). In particular, iff ∈ C1

p , p ∈ N0, then

wp(x)|Sn(f ; x)− f(x)| ≤ M10

√
x

n
,

for x ∈ R0 andn ∈ N(M10 = constant > 0). Similar results for the operatorsKn Herzog ob-

tained in [4].

Theorems 1–2 and Corollary of our paper show that operatorsLn(f ; 1; r; 1), n ∈ N, r ∈ R0

give better degree of approximation of functionsf ∈ B1, than that ofSn and operators examined

in [4, 7].
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