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We consider some linear operators in weighted spaces of functions of one variable and study
approximation properties of these operators, including theorems on the degree of approxima-
tion.
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1. INTRODUCTION

Approximation properties of $&z-Mirakjan operators

= (nz)*
Sn(f;a;)::e*”xz( ') f(:i),xERO:—[0,00),n€N:—{1,2,...} Q)

k!
k=0

in polynomial weighted spaces, were examined in [1]. The spa€g,,p € Ny := {0,1,2,...},
considered in [1] is associated with the weighted function

wo(z) := Lwy(z) == (1+2P)" L p>1, 2

and consists of all real-valued functiofigr), continuous o, for whichwy,(z) f(z) is uniformly
continuous and bounded dty. The norm onC), is defined by

11y = [1£O)lp := sup wp(@)|f ()] 3)

r€Rg
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Becker [1] estimated the global approximation theorems fas&Mirakjan and Baskakov op-
erators in polynomial weight spaces i.e. foe C,. From these theorems it was deduced that

lim S, (f;2) = f(z),

n—oo

foreveryf € Cp,p € Ng andz € Ry.

The Sasz-Mirakjan operators are important in approximation theory. They have been studied
intensively, and are known their connections with different branches of analysis, such as numerical
analysis and probability theory.

In the recent years many researchers have introduced several modifications of the well-known
positive linear operators. In particular, we cite works of Ismail [5], Lehnhoff [8], Linsen and Xiaop-
ing [9], Sinhaet al. [11], Shunsheng and Qiulan [12], Wood [19], Xiehua [20].

Approximation properties of modified 8zz-Mirakjan operators

= (nz +1)2 k+m
B,(f;m;x) = ) Ry, N,
(fsm;z) g((nx—i—l — (k+m)! (n(n:c+1)> v fo,n e
where )
>t
g(t;m):zm, t e Ry,m € N,
k=0

in polynomial weighted spaces which were examined in [15].
In [15] it was proved that iff € C,,p € Ny, then for the operators,, one has the following
inequality

1
[[Brn(f;m;.) = fllp < Mow: <f;0p; n> ., m,né€N,

whereM, = constant > 0 andw; (f; Cp;.) is the modulus of continuity defined by the formula
wi(f;Cpit) == sup || &p fllp, t € Ro,
0<h<t

whereay, f(z) = f(x + h) — f(x), for h,x € Ry.
In particular, iff € C} := {f € C, : f' € Cp}, p € Ny, then

M
|1Ba(f;m;.) = fllp < =

n

for m,n € N(M; = constant > 0). The above inequalities show that the operassn € N,
give better degree of approximation of functiofis C), andf & C; than the usual $’sz-Mirakjan
operatorsS,, and(B,(f)) converges uniformly t¢ on Ry.

Similar results in exponential weighted spaces can be found in [14].

The Sasz-Mirakjan operator§,, are defined in terms of a sample of the given functfoon
the pointsk/n, called knots, fork € Ny,n € N. For the operators introduced in [15] the knots
are the numbersk + m)/(n(nx + 1)) for k € No,n € N andz € Ry (m being fixed). Thus
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the question arises, whether the kn@ts+ m)/(n(nx + 1)) cannot be replaced by a given subset
of points, which are independent ©f provided this will not change the degree of convergence. In
connection with this question we introduce the operators (4).

Let B,,p € N be the set of all real-valued function§x), continuous onR, for which
wy ()2 f*F)(2),k = 0,1,2, ....p, is continuous and bounded @t and f*) (z) is uniformly con-
tinuous onRy. The norm onB,, p € N is given by (3).

In this paper byMy(a, 3) we shall denote suitable positive constants depending only on indi-
cated parameters, 3. Now we introduce the following class of operatorsiip, p € N.

Letp € N,r € Ry, s > 0 be fixed numbers. For functiorfse B,,, we define the operators

z)2k+r p F@ (2£)(z— L’;j
o 10 (e )

Z; 22k+rklr (k1) & , >0
Ln(fipsrssi@) = - ” @)
f(0), x=0,
n € N, wherel, is the modified Bessel function (see e.g. [18])
0 t2k+7’
I.(t) = ,
®) kzzo SRR (r + k1) ®)
andr is the Euler-Gamma function.
In [4] the following SAsz-Mirakjan type operators were investigated
2k+r 2%k .
mc) Z 22k+rklr(r+k+1)f (Z)v x > 0;
Kn(firiz) =
f(o)v x =0,
for f € Cp,p € No,r € Rp andx € Ry. Let us introduce the notation
nse 2k+7
Z 22k+wr r+k+1)f( 5. x>0
Ap(firssiw) = (6)
f(0)7 x = 07
for f € By,p € No,z € Ry,n € N,r € Ry ands > 0.

Observe that
An(fim; 1 2) = Kn(f; 75 2),

for f € C),p € No,7 € Rp andx € Ry.

In the present paper we shall state some estimates on the rate of convergence of the operators
L,(f), defined by (4). The theorems of [1, 3, 5, 7-10, 13, 20] concern pointwise approximation.
We give a theorem on the degree of approximation of functions fRyyp € NV, by operators
introduced, using the norms of these spaces. We apply the method used in [1, 3-4, 7, 10-11, 13-18].
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2. AUXILIARY RESULTS

In this section, we give some properties of the above operators, which we shall apply in the proofs
of the main theorems.
From (5) and (6) we easily derive the following formulas

An(Lirysyz) = 1,
I+1(n°x)

An(tirssie) = w——rs,
(t;r;s;7) x I, (n°7)

Iio(nz)  dxl,1(n’x) 4
I (nsx) nsI.(nx) 3n2s’

for every fixedr € Ry and for alln € N andz € Ry.

Ap(t3r; s32) = 22

(7)

In above formulas as well as in the rest part of this paper the equalities for0 are to be
understood in the asymptotic meaning with help of the equality
2"I.(t) 1

I - .
e T T(r+1)

Herzog [4] obtained the following result:
Lemmal — For allr € Ry there exists a positive constahf(r) depending only om such that

I41(2)

Ijéz) < M(r).
Ir41(2) . r
I.(2) 1‘ < M(r).

forall z € Ry.

Using (5), (6) and the mathematical induction foe N we can prove the following lemma
(see [4]).

Lemma2 — Fixq € N,r € Ry ands > 0. Then there exist positive numbets ;, depending
only onj,q,0 < j < ¢ such that

24 L sz’ s
s 5) = oy 32 (%) o) o
T
=1

J

foralln € N andx € Ry. Moreovera, ; = 1forg € N.

Lemma3 — Letp € Ny, r € Ry ands > 0 be fixed numbers. Then there exists a positive
constantVs = Mas(p, ), depending only on the parameterandr such that

1 An(1/wP (£); 73 53 )]l < Mo, € N. (9)



UNIFORM CONVERGENCE WITH CERTAIN LINEAR OPERATORS 263

PrRoOF: The inequality (9) is obvious fgy = 0 by (2), (3) and (7). Lep € N. From Lemma
1, we get
i) < ppir, ), (10)

forr,z € Ry andj € Np.
From (10) and by (2) and (6) - (8), we have

wp(2) A (L/wy(t);7; 832) = wp{1+An(t”'T'5'93)}

1 p
- 1+x1’+nSPI (1 + 2P) Z( ) Ap,jlr (")
J=

P
< 14 Ms(p Z
j=

@I Iy j(n x)
(1+ aP)I,.(nsz)

< M2(p7 T),

forx € Rg,n € N,s > 0 andr € Ry, whereM,(p,r) is a positive constant depending only pn
andr. This completes the proof of Lemma 3.

Similarly we can prove the following lemma fat,, (f).

Lemma4 — Letp € Ny,r € Ry ands > 0 be fixed numbers. Then there exists a positive
constantMs = Ms(p, r), depending only on the parameterandr such that

sup wy(2)z* A, (1/wy_1(t);r;852) < Mz,n € N,k =0,1,2,....,p
€ Ry

Lemmab — Fixp € N,r € Ry ands > 0. Then for allz € Ry andn € N, we have
An((x —t)P;rys52) = Z»PZ() i{%—l}

k+1
+k 1(n°x)aP™
+§; I - (1)

whereq, ;. are numbers depending only on the parametensdk.
PROOF: Letp > 1. Applying (6) and Lemma 2, we get

1 > (nsx)2k+r 2k
An((x =) s50) =
(@ = )55 s52) I (n°z) kzo kT (r + k+ 1) \© e

1 > (nsx)2k+r p p .9k i
= -1 1P~ | T
I.(nsx) kz—o 2k EID(r + k + 1) ; i (=1 ns

& i p—1 T gee o
_ ;(9(_1)% A (s s;.2)

S

= gF +§ <§>(_1)ixpi7ﬁh2(iwsx) 2 <n2

T

J
) aiJ‘IT_H'(TLS%)
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= 2 Iyj(n°z)  I4i(n°z)
— o Yiyj +x
ns(i—j)i—i I.(n%x) I (nz)

()t S (e i)

P — —i+j (S
p i P (i)
+Z (i>(_1) 2 ns=9)2i—1 " T (nsz)

i-1 "
] Ir+i (nsw) - p i aP~rI IT+j (nSZC)

e —1)! o
D ay t 2 )¢ );nsﬁ—w—z% I, (n°7)

_l’_

P (S p i p—it+k—1 I s
= 23 (P) ) g (P) gy 2 I =)
’ lz:%(z (=1) I, (nfx) Z i ( )éns(i—k+1)2k—1—ialvkl I(n°z)
From the above we receive the representation

Ap((@—t)P Tsx—g;PZ() m

p 1 1
+Z r-‘rk 1(n°x) Z i l”p e ,
i~k 1) gh—1— ikl

1=

u 50\ p—k+1
P M Lyp1(noz)aP
Hh Z < ) (nsx) + Z Ir(nsx)ns(k—l) Qp ks

k=2

wherea,, ;, are numbers dependlng only on the parametergpamtik.

Using the elementary identity

P
p z+1
=1,peN,
> (1) =1

=1
we get

b nsx P _1(nfx)aP~ Rt
A"((:E o t)p; T8 x) = {1 + Z < ) W} + Z Ir—;]:(vigm)nz(kl) “pk

k=2

_ z' r+z(n z r+k— 1 n x)$p kil
= e (e (B b D o

Lemma6 — Fixp € N andr € Ry. Then there exists a positive constad = My(f,p,r),
depending only on functioli and parameters, r, such that

Ln(f5p37585 )|lp < My, (12)
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Formulas (4), (5) and (12) show thbj,( f; p; r; s; «) is well-defined on the spad,,p € N.
PROOF: We first suppose that € B,,p € N. From this, using the elementary inequality
(a+b)F < 2F1(a* + V%), a,b > 0,k € Ny, we get

@ = t/*f 0] < 27 FP (@) {2* + ")

1 xk
< Ms(f;p; k k=01,2,...,p;x,t
> 5(f7p7 ){U)p(t) +wp_k(t)}’ 0 )y <y 7p7x7 €R07

whereM;(f; p, k) is a positive constant depending only on the funcifand the parametegsand
k. This implies that

wp(x)‘Ln(f;p; r,S; l‘)|

o wp(®) > (n°z) Y
SMG(f’p)Ir(TLSfE) ;022k+7’]{;!1—‘(7‘+k7+1) { ((k‘—l—’l" /nS +ZIUp ] /nS)}

2k+r

j=0

= Ms(f; p)wp(x) {An(l/wp(t); risix) + ) An(L/wp—j(t); 75 ﬂ:)} :
j=0

From this and by Lemmas 3 and 4, we get

wp ()| Ln(f5 0575 832)] < M(f5p57).
This completes the proof of (12).

3. THE APPROXIMATION THEOREMS

In this section, we shall study the properties/of( f; p; r; s; ). We give theorem on the degree of
approximation off € B,,p € N by these operators. Now we can state the main results of this
paper.

Theoreml — Fix p € Ny, € Ry ands > 0. Then there exists a positive constait =
Mg(p, r, s) such that, for every € By, 1, we have

1La(F520+ 157555 = fllapsa < My (F&D;Coin™) sm € N, (13)

PROOF : We first suppose that € Bs,.1,p € No. This implies thatf ?»*1) € Cj. Using the
modified Taylor’s formula

204l p() (2K (p — 2k
oy = 3G -y

Jj=0

(x — )P 1 2% 2% 2%
g e e (S (o= 5)) - ()
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and with the definition of modulus of continuity and (4), (5), we obtain

Wap 11 ()| Ln(f;2p + 1;73552) — f(2)]

s W1 p(s .
wap41(2) Z (nsx)?k+r Pl () (2£) (z — 2£)’
Ip(nx) = 2PRRID(r +k+1) | J!

- f(=)

k=0

2%k 2p+1

B N i
- I.(n°z) 2h+rEID(r +k+1)  (2p)!
1
Ja-o
0
(nsx)2k+r ‘x _ %
n

wapt1(x)
- I.(n%z) kzo 2h+rEID(r+k4+1)  (2p)!

! 2k
/ (1—1t)%uw (f@P“);Co;t\x - nS\) dt.
0

k=0

Jaany <2k +t (x _ %>> — F@rt1) <2k> ' dt
ns ns ns

2p+1

Observe that
w <f(2p+1); Cos tla — i’g) < <1 F itz — i]z|n5> w (f(2p+1);00;n_5) .

From this, using the elementary inequality+ b)* < 2*=1(a* + b¥),a,b > 0,k € Ny, and
(7), we get

wap+1(7) f: (n®z)?ktr

Ln(f;2p+ Lir;ys32) — <
Wwap+1 ()| L (f32p + Lirs s32) — f ()] I (n°z) 2= 2R kI (r + k + 1)

2k 2p+2
(fL’ — S> ns +
n

< wapr1 (@) [0°An((z — ) 7 s32) + Ap((t+ 2) P 1y s32) | w(FPPFD; Cosn ™)

k=0

2k
xr— —
ns

2p+1
] w(fFY; Cosn )

< wapt1(x) [nsAn((x — )2 six) + 2P AL, (1P e s 1) 22px2p+1] w(f(QpH); Co;n™%).

From Lemma 1 and by elementary calculations, we get

| I+ (2)
I.(2)

forall r, z € Ry andj € Ny. From this, applying Lemmas 1, 2 and 5, (10) and (2), we immediately
obtain

—1’ < M(r),

I+1(n°x)

2p+2
2p 42
w2p+1(:v)!Ln(f;2p+lsr;s;x)—f(w)lSw2p+1(w)[x2p+1z< i )” I (n*2)

i=1

_1‘
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2p+2

_ 2p+1 ]
I j_q(nsx) | x2p—k+3 24p+1 nsz\’ I :(nz
+ Z e 1) oy ezl + —m Z X2p+1,j i)
= I, (nfx) | nsk—1) ns(2p+1) = 2 I (n%x)

+22px2p+1}w(f(2p+1); Co;n™®)

< My(p, 7, s)w(f*H; Co;n*),
forz,r € Ry,n € N,s > 0.

This completes the proof of Theorem 1.

Theorem2 — Fix p € No,» € Rpands > 0. Then there exists a positive constant
Mg = My(p, r, s) such thatfor everyf € By, 2, we have
My(p,r,s)

ns

|| Ln(f;2p 4 2575 8;.) — fllapte < 1 f 2|0, n € N. (14)

PROOF: We first suppose that € Ba, 112, p € Ny. This implies thatf(?»+2) ¢ Cy. Arguing as in
the first part of the proof of Theorem 1, we obtain

)2k+r

wapt2(7) G (n°z
Ln(fi2p+2yr;832) — =
wopt2(x)| Ly (f;2p + 2575 852) — f(x)] I,(n°z) kzzo 22k kD (r + k + 1)

g — k)P0 2% 2% 2%k
oo ool (Bee (o= 20))| + o (55 o

From this and by our assumption we get

wopt2() | Ln(f;2p + 2573 532) — f(2)]

P TR GOl S U sy (O e
= O (nfx) £~ 22K+ kD (r + k + 1) ns

k=0
= 2/ fP7) | gwaps2(x) An((@ — )% 7y 552).
From this, applying Lemma 5, (10) and (2), we immediately obtain

wap42(2) | Ln(f32p + 27 812) — f(2)] < 2070 fPH2)|gwapa(2)

2p+2 9p+2 -
2 2 I ; S I - S D
4t § : S T Lyiln'z) 1| - Z el (102) | 2 |lav2p+2.k]

My(p,r,s
< 9(ps >”f(2p+2)‘|0

forz € Ry,n,r € N,s > 0.
This completes the proof of Theorem 2.
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From above Theorems we obtain the following:
Corollary — For every fixed- € Ry,p € N,s > 0 andf € B,, we have

lim [|L,(f;p;7;s;.) — fllp = 0.
n—oo

Remark For the &isz-Mirakjan operators,,, defined by (1). Becker [1] proved that if
f € Cp, p € Ny,then the following inequality hold true:

wy(2)|Sn(f,) = f(@)] < Maws (f5Cpi (wn™)"/?) ;€ Ro,n € N,
whereMy = constant > 0 andws(f;.) is the modulus of smoothness defined by the formula

wa(f; Cpit) = sup. |AE fllps t € Ro,

with A2 f(z) == f(z) — 2f(x + h) + f(z + 2h). In particular, if f € C}, p € Ny, then

wp(@)]Sa(f:2) — F(2)] < Mw\/f,

forx € Ry andn € N (Mo = constant > 0). Similar results for the operato#s,, Herzog ob-
tained in [4].

Theorems 1-2 and Corollary of our paper show that operdip(g; 1;7;1),n € N,r € Ry
give better degree of approximation of functiohs B, than that ofS,, and operators examined
in[4, 7].
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