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J. GUTIÉRREZGARCÍA
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Given a complete lattice(L,≤) equipped with an order-reversing involution′ (also called a

complete De Morgan algebra), we find conditions for the existence of a residuated binary op-

eration∗ on L such that the given order-reversing involution is determined by the residuation

associated to∗. As a consequence, in the case of completely distributive lattices with an order-

reversing involution, we find a necessary and sufficient condition for the desired residuated

binary operation∗ to exist.

Key Words: Order-Reversing Involution; Lattice With Residuation; Heyting Algebra;

Completely Distributive Lattice

1. INTRODUCTION

Not long after Zadeh published his famous paper [22], Goguen proposed [6] another approach to

fuzzy sets, replacing the unit interval with a complete lattice(L,≤).
The problem of finding an appropriate lattice-theoretic structure is essential in the development

of mathematics of fuzzy sets.

In this sense, it was also Goguen who proposed to enrich the structure of the lattice(L,≤) with

an additional binary operation∗ in such a way that(L,≤, ∗) becomes a complete lattice ordered

semigroup. Following this approach, different algebraic structures like lattices with residuation

(or residuated lattices),GL-monoids,MV -algebras, etc, have been considered as the underlying
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lattice-theoretic structures. The foundational papers [11] and [17] and the book [9] are probably the

best references for a comprehensive account on the role of all these algebraic structures in fuzzy

topology.

Another way to enrich the structure of the lattice(L,≤) consists in considering an order-

reversing involution onL. Hutton [12] was the first to consider an arbitrary complete, completely

distributive lattice with an order-reversing involution as the lattice-theoretic structure and it has been

widely used by researchers in the fields of fuzzy topology and fuzzy algebra (see [3, 18, 13, 19, 1,

14, 15, 8] etc.). Sometimes, such a lattice(L,≤, ′), is called a fuzzy lattice (see e.g., [19]), or briefly,

a fuzz (see, e.g., [3, 1]) or aF -lattice (see [15]) or a Hutton algebra (see [16]).

It is our intention in this paper to relate these two approaches. In this sense we shall prove that a

complete, completely distributive lattice with an order-reversing involution satisfying the following

condition:

∀α, β ∈ L α ∧ β = ⊥ =⇒ α ≤ β′

can be viewed as a commutative lattice(L,≤, ∗) with residuation
∗−→ such thatα

∗−→⊥ = α′ for

eachα ∈ L (see Corollary 3.6).

2. PRELIMINARIES

Our general reference for these lattice theoretical preliminaries will be [2]. Other references will be

quoted in proper places.

Let (L,≤) be a complete lattice with universal bounds⊥ and>. In particular
∨
∅ = ⊥ and∧

∅ = >. A unary operation′ is an order-reversing involution (or a quasi-complementation or a

polarity) if it is an involution (i.e.,(α′)′ = α for all α ∈ L) that inverts the ordering (i.e.,α ≤ β

impliesβ′ ≤ α′). In (L,≤, ′) the De Morgan laws hold:

(
∨

A)′ =
∧
{α′ : α ∈ A} and (

∧
A)′ =

∨
{α′ : α ∈ A}

for everyA ⊆ L. In particular,⊥′ = > and>′ = ⊥.

A po-groupoid (short for partially ordered groupoid) is a poset(L,≤) with a binary operation∗
onL which satisfies the isotonicity condition

α ≤ β implies α ∗ γ ≤ β ∗ γ and γ ∗ α ≤ γ ∗ β

for all α, β, γ ∈ L. When∗ is commutative or associative,(L,≤, ∗) is called a commutative po-

groupoid or po-semigroup, respectively.

In a po-groupoid(L,≤, ∗) an elementα is called a right-ideal element ifα ∗ β ≤ α for any

β ∈ L, and a left-ideal element ifβ ∗ α ≤ α for anyβ ∈ L. An element which is both a left- and a

right-ideal element is called an ideal element.

An upper bounded po-groupoid(L,≤, ∗) is called integral if the universal upper bound> acts

as unit element w.r.t.∗. In an integralpo-groupoid(L,≤, ∗) all elements are ideal and hence

α ∗ β ≤ α ∧ β for all α, β ∈ L.



ORDER-REVERSING INVOLUTIONS AND LATTICES WITH RESIDUATION 273

Let (L,≤, ∗) be apo-groupoid andα, β ∈ L. The left-residualα
∗−→lβ of β by α is the largest

γ ∈ L (if it exists) such thatγ ∗ α ≤ β; the right-residualα
∗−→rβ of β by α is the largest

γ ∈ L (if it exists) such thatα ∗ γ ≤ β. A lattice with residuation is a lattice orderedpo-groupoid

(L,≤, ∗) in whichα
∗−→rβ andα

∗−→lβ always exists for anyα, β ∈ L. Obviously, in case(L,≤, ∗)
is commutative,α

∗−→rβ andα
∗−→lβ coincide. We shall denote them byα

∗−→β and call it the

implication associated to∗. The existence of residuals implies that the operation∗ preserves all

existing joins in each argument; i.e., if
∨

A and
∨

B exist for A,B ⊆ L, then
∨{α ∗ β : α ∈

A, β ∈ B} exists and(
∨

A) ∗ (
∨

B) =
∨{α ∗ β : α ∈ A, β ∈ B}.

Note that the term lattice with residuation was first used by Ward and Dilworth, see [21], to

describe an integral, commutative lattice-ordered monoid with residuation, i.e they were assumed

to be associative.

A po-groupoid(L,≤, ∗) in which (α ∗−→l⊥) ∗−→r⊥ = α for every right-ideal elementα and

(β ∗−→r⊥) ∗−→l⊥ = β for every left-ideal elementβ is a Frobenius po-groupoid. In particular, if

(L,≤, ∗) is an integral, commutative lattice with residuation, then it is Frobenius if and only if

(α ∗−→⊥) ∗−→⊥ = α for everyα ∈ L.

A lattice (L,≤) is said to be a Heyting algebra if(L,≤,∧) is a lattice with residuation. An

elementp in a lattice(L,≤,∧) is called prime (or meet-prime) if the relationp ≥ α ∧ β always

impliesp ≥ α or p ≥ β; p is called irreducible (or meet-irreducible) if the relationp = α∧β always

impliesp = α or p = β. The dual notions coprime (or join-prime) and join-irreducible are dually

defined. Note that join-irreducible elements ofL are also called molecules in [18, 15], etc. The

sets of all prime elements and all coprime elements inL are, respectively, denoted bypr(L) and

copr(L). Recall that prime elements are irreducible and in caseL is distributive, then both notions

are equivalent (dually for coprime and join-irreducible elements).

3. ORDER-REVERSING INVOLUTIONS AND LATTICES WITH RESIDUATION

We shall try to answer the following question (which has been already studied by Esteva and Godo

in [4] in the case of bounded chains):

Given a complete lattice(L,≤) endowed with an order-reversing involution′, does

there exist a binary operation∗ such that the order-reversing involution is determined

by the implication
∗−→ associated to∗ (in the sense thatα

∗−→⊥ = α′ for eachα ∈ L)?

In order to have a positive answer, the residuation
∗−→ associated to∗ must satisfy(α ∗−→⊥)

∗−→⊥ = α for everyα ∈ L and consequently the lattice with residuation(L,≤, ∗) should be

Frobenius.

The answer to the previous question, without any additional restriction, is obviously NO in

general. In fact, we have the following example:

Example3.1 — LetL = {⊥, α, β,>} be the lattice and′ the order reversing involution defined

as follows:
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>
↗ ↖

α β
↖ ↗
⊥

α′ = α

β′ = β

Let us assume that there exists an integral, commutative Frobenius lattice(L,≤, ∗) such that the

order-reversing involution′ is determined by the implication
∗−→. Thenα ∗ β ≤ α ∧ β = ⊥ and so

β ≤ α
∗−→⊥ = α′ = α.

Consequently we see that in order to have a positive answer the lattice must satisfy some ad-

ditional condition. Particularly, the existence of such a binary operation requires that the order-

reversing involution must satisfy the following condition:

∀α, β ∈ L α ∧ β = ⊥ =⇒ α ≤ β′. (1)

Now we can reformulate the previous question:

Given a complete lattice(L,≤) with an order-reversing involution′ satisfying condition

(1), does there exist an integral, commutative Frobenius lattice(L,≤, ∗) such that the

order-reversing involution is determined by the implication
∗−→?

In order to have an answer to this question we shall make use of the residuation associated to the

meet operation and consequently, from now on, we shall assume that(L,≤) is a Heyting algebra.

It is easy to check that if(L,≤) is a Heyting algebra with an order-reversing involution′, then

condition (1) is equivalent to the following condition:

∀α ∈ L α
∧−→ ⊥ ≤ α′. (2)

We also have the following lemmas:

Lemma3.2 — Let(L,≤) be a Heyting algebra with an order-reversing involution′. Then for

eachα, β ∈ L such thatβ is coprime we have

α
∧−→ β′ =

{
>, if α ≤ β′;

β′, if α 6≤ β′.

Consequently, forβ coprime,

α′ ∨ (α ∧−→ γ) ≥ β ⇐⇒ γ ≥ α ∧ (α ∧−→ β′)′ =

{
⊥, if α ≤ β′;

α ∧ β, if α 6≤ β′.

PROOF: If β is coprime thenβ′ is prime and we have:

α 6≤ β′ =⇒ α
∧−→ β′ =

∨
{γ : α ∧ γ ≤ β′} =

∨
{γ : γ ≤ β′} = β′.
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Hence,α
∧−→ β′ =

{
>, if α ≤ β′;

β′, if α 6≤ β′.
On the other hand:

α ∧ (α ∧−→ β′)′ ≤ γ ⇐⇒ (α ∧−→ β′)′ ≤ α
∧−→ γ ⇐⇒ α

∧−→ β′ ≥ (α ∧−→ γ)′

⇐⇒ β′ ≥ α ∧ (α ∧−→ γ)′ ⇐⇒ β ≤ α′ ∨ (α ∧−→ γ).

¤
Lemma3.3 — Let(L,≤) be a Heyting algebra with an order-reversing involution′. Then for

eachα, β ∈ L such thatα andβ are coprime we have

(α ∧−→ β′)′ ∧ (β ∧−→ α′)′ = β ∧ (β ∧−→ α′)′ = (α ∧−→ β′)′ ∧ α.

Consequently, forα, β coprime,

(α ∧−→ β′)′ ∧ (β ∧−→ α′)′ ≤ γ ⇐⇒ α ≤ β′ ∨ (β ∧−→ γ) ⇐⇒ β ≤ α′ ∨ (α ∧−→ γ).

PROOF: It follows immediately from Lemma 3.2.

Let (L,≤) be a complete lattice with an order-reversing involution′. Thencopr(L) is sup-

generating (any element ofL is the join of all coprime elements below it) if and only ifpr(L)
is order-generating. Consequently, it follows from [5, Theorem I-3.15]) that ifcopr(L) is sup-

generating thenL is a Heyting algebra.

We are now in the condition to state the main result in the paper:

Theorem3.4— Let (L,≤) be a complete lattice with an order-reversing involution′ and such

that copr(L) is sup-generating. The binary operation∗, defined for eachq1, q2 ∈ copr(L) by

q1 ∗ q2 = (q1
∧−→ q′2)

′ ∧ (q2
∧−→ q′1)

′ =

{
⊥, if q1 ≤ q′2;

q1 ∧ q2, if q1 6≤ q′2;

and extended to allα, β ∈ L by

α ∗ β =
∨
{q1 ∗ q2 : q1, q2 ∈ copr(L), q1 ≤ α andq2 ≤ β}

=
∨
{q1 ∧ q2 : q1, q2 ∈ copr(L), q1 ≤ α, q2 ≤ β andq1 6≤ q′2},

determines a commutative lattice with residuation(L,≤, ∗).
Moreover, if(L,≤, ′) satisfies condition (1), then(L,≤, ∗) is an integral, commutative Frobe-

nius lattice satisfyingα
∗−→⊥ = α′ for eachα ∈ L.

PROOF: It is clear that(L,≤, ∗) is a commutative po-groupoid. On the other hand, it follows

from Lemmas 3.2 and 3.3 that, for eachα, β, γ ∈ L:
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α ∗ β ≤ γ ⇐⇒ ∀q1, q2 ∈ copr(L) s.t. q1 ≤ α andq2 ≤ β; q1 ∗ q2 ≤ γ

⇐⇒ ∀q1, q2 ∈ copr(L) s.t. q1 ≤ α andq2 ≤ β;

(q1
∧−→ q′2)

′ ∧ (q2
∧−→ q′1)

′ ≤ γ

⇐⇒ ∀q1, q2 ∈ copr(L) s.t. q1 ≤ α andq2 ≤ β; q1 ≤ q′2 ∨ (q2
∧−→ γ)

⇐⇒ ∀q2 ∈ copr(L) such thatq2 ≤ β; α ≤ q′2 ∨ (q2
∧−→ γ)

⇐⇒ α ≤
∧
{q′2 ∨ (q2

∧−→ γ) : q2 ∈ copr(L) andq2 ≤ β}.

Consequently(L,≤, ∗) is a commutative lattice with residuation
∗−→ given for eachβ, γ ∈ L

by

β
∗−→γ =

∧
{q′ ∨ (q ∧−→ γ) : q ∈ copr(L) andq ≤ β}.

In case(L,≤, ′) satisfies condition (1), then for eachα ∈ L andq ≤ α coprime, we have that

> =
∨

copr(L) =
∨
{q2 ∈ copr(L) : q2 ≤ q′} ∨

∨
{q2 ∈ copr(L) : q2 6≤ q′}

= q′ ∨
∨
{q2 ∈ copr(L) : q2 6≤ q′}

or equivalently⊥ = q ∧ ∧{q′2 : q2 ∈ copr(L) andq2 6≤ q′}, which because of (2) implies that

q ≤ ∨{q2 : q2 ∈ copr(L) andq2 6≤ q′} and consequently we haveq =
∨{q ∧ q2 : q2 ∈

copr(L) andq2 6≤ q′}. Hence

α =
∨
{q ∈ copr(L) : q ≤ α}

=
∨
{q ∧ q2 : q, q2 ∈ copr(L), q ≤ α andq2 6≤ q′} = α ∗ >

which means that(L,≤, ∗) is an integral, commutative lattice with residuation.

Finally, for eachα ∈ L because of (2) we have

α
∗−→⊥ =

∧
{q′ ∨ (q ∧−→ ⊥) : q ∈ copr(L) andq ≤ α}

=
∧
{q′ : q ∈ copr(L) andq ≤ α}

= (
∨
{q ∈ copr(L) : q ≤ α})′ = α′.

It follows that (L,≤, ∗) is an integral, commutative Frobenius lattice satisfyingα
∗−→⊥ = α′

for eachα ∈ L. ¤
As a consequence of the previous theorem we have the following corollaries:
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Corollary 3.5 — Let (L,≤) be a complete lattice with an order-reversing involution′ such

thatcopr(L) is sup-generating. Then there exists an operation∗ such that(L,≤, ∗) is an integral,

commutative Frobenius lattice in whichα
∗−→⊥ = α′ for eachα ∈ L if and only if condition (1) is

satisfied.

PROOF: The only if part follows from the fact that in any integral, commutative po-groupoid,

we have thatα ∗ β ≤ α ∧ β for eachα, β ∈ L.

If the lattice is continuous, then the condition ofcopr(L) being sup-generating is equivalent to

distributivity of the lattice (see [5, Theorem I-3.15]). Moreover, a complete lattice is completely

distributive if and only if it is continuous andcopr(L) is sup-generating (see [5, Theorem I-3.16]).

Consequently, we have the following:

Corollary3.6 — Let(L,≤) be a complete, completely distributive lattice with an order-reversing

involution ′. Then there exists an operation∗ such that(L,≤, ∗) is an integral, commutative Frobe-

nius lattice in whichα
∗−→⊥ = α′ for eachα ∈ L if and only if condition (1) is satisfied.

Particularly in the case of a bounded chain, condition (1) is always satisfied and we have the

following:

Corollary 3.7 — (Proposition A.4 in [4]) Let(L,≤) be a bounded chain with an order-reversing

involution ′. Then there exists an operation∗ such that(L,≤, ∗) is an integral, commutative Frobe-

nius lattice in whichα
∗−→⊥ = α′ for eachα ∈ L.

We finish this section with another application of the previous result. The following construction

was first introduced in [20] (under the assumption that the underlying lattice is a fuzzy lattice) in

order to prove that “intuitionistic” fuzzy sets are redundant in the sense that they areL-subsets for

some latticeL. This redundancy has been extended in [7] for some notions existent in the literature.

Example3.8 — Let(L,≤) a complete lattice with an order-reversing involution′ and take

D(L) = {(α1, α2) ∈ L× L : α1 ≤ α′2}

with the ordering≺ defined by(α1, α2) ≺ (β1, β2) iff α1 ≤ β1 and α2 ≥ β2. ThenD(L) (with ≺)

is a complete lattice with

∨

i∈J

αi = (
∨

i∈J

αi
1,

∧

i∈J

αi
2),

∧

i∈J

αi = (
∧

i∈J

αi
1,

∨

i∈J

αi
2)

and top and bottom elements(>,⊥) and(⊥,>), respectively, and the unary operator∗ : D(L) →
D(L) defined by(α1, α2)∗ = (α2, α1) is an order-reversing involution on(D(L),≺).

It is easy to check that(L,≤, ′) satisfies condition (1) iff(D(L),≺, ∗) satisfies the corresponding

condition.

We also have the following:

copr(D(L)) = {(α1, α
′
1) : α1 ∈ copr(L)} ∪ {(⊥, α2) : α2 ∈ pr(L)}.

It follows that, if copr(L) is sup-generating inL, alsocopr(D(L)) is sup-generating inD(L).
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As a consequence we have that if(L,≤, ′) is a complete lattice endowed with an order-reversing

involution ′ such thatcopr(L) is sup-generating inL, then there exists an operation? such that

(D(L),≤, ?) is an integral, commutative Frobenius lattice in which(α1, α2)
?−→ (⊥,>) = (α1, α2)∗

= (α2, α1) for each(α1, α2) ∈ D(L) if and only if condition (1) is satisfied.

4. ASSOCIATIVITY

As mentioned in the preliminaries, the term lattice with residuation was first used by Ward and

Dilworth in [21] to describe an integral, commutative lattice-ordered monoid with residuation, i.e.

they were assumed to be associative. In what follows we shall discuss the associativity of the

integral, commutative Frobenius lattice constructed in the previous section.

In this sense, the first thing to be pointed out is that the constructed integral, commutative

Frobenius lattice(L,≤, ∗) is not associative, in general, as the following example shows:

Example4.1 — LetL = {⊥, α1, α2, β, γ1, γ2,>} be the lattice and′ the order reversing invo-

lution defined as follows:
>

↗ ↖
γ1 γ2

↖ ↗
β

↗ ↖
α1 α2

↖ ↗
⊥

α′1 = γ1

α′2 = γ2

β′ = β

Then the binary operation∗ defined in the previous section is not associative. In fact we have:

(γ1 ∗ γ1) ∗ γ2 = β γ1 ∗ (γ1 ∗ γ2) = γ2

(γ2 ∗ γ2) ∗ γ1 = β γ2 ∗ (γ2 ∗ γ1) = γ1

Moreover, there is no integral, commutative and associative Frobenius lattice(L,≤, ∗) in which

α
∗−→⊥ = α′ for eachα ∈ L. In fact, in case it exists, then sinceγ1 = γ1 ∗ > = γ1 ∗ (γ1 ∨ γ2) =

(γ1 ∗ γ1) ∨ (γ1 ∗ γ2) andγ1 ∗ γ2 ≤ γ1 ∧ γ2 = β, it must beγ1 ∗ γ1 = γ1. Similarly γ2 ∗ γ2 = γ2.

Consequentlyγ1∗γ2 = (γ1∗γ1)∗γ2 = γ1∗(γ1∗γ2) ≤ γ1∗β = γ1∗(α1∨α2) = (γ1∗α1)∨(γ1∗α2) =
γ1 ∗ α2 ≤ α2 andγ1 ∗ γ2 = γ1 ∗ (γ2 ∗ γ2) = (γ1 ∗ γ2) ∗ γ2 ≤ b ∗ γ2 = (α1 ∨ α2) ∗ γ2 =
(α1 ∗ γ2)∨ (α2 ∗ γ2) = α1 ∗ γ2 ≤ α1. It follows thatγ1 ∗ γ2 ≤ α1 ∗α2 = ⊥ and soγ1 ≤ γ′2 = α2,

a contradiction.

However, under certain assumptions, we can ensure the associativity of the binary operation∗,
as we’ll show in what follows.

Let (L,≤) be a complete lattice with an order-reversing involution′ such thatcopr(L) is sup-

generating. Let∗ be the binary operation onL defined for eachα, β ∈ L by

α ∗ β =
∨
{q1 ∧ q2 : q1, q2 ∈ copr(L), q1 ≤ α, q2 ≤ β andq1 6≤ q′2}.
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We have the following:

Lemma4.2 — The binary operation∗ is associative if and only if

(α ∗ β) ∗ γ = α ∗ (β ∗ γ) for all α, β, γ ∈ copr(L).

PROOF: We only need to prove sufficiency. Letα, β, γ ∈ L, then since∗ distributes over

arbitrary joins, we have

(α ∗ β) ∗ γ = (
∨
{q1 ∗ q2 : q1, q2 ∈ copr(L), q1 ≤ α andq2 ≤ β}) ∗ γ

=
∨
{(q1 ∗ q2) ∗ q3 : q1, q2, q3 ∈ copr(L), q1 ≤ α, q2 ≤ β andq3 ≤ γ}

=
∨
{q1 ∗ (q2 ∗ q3) : q1, q2, q3 ∈ copr(L), q1 ≤ α, q2 ≤ β andq3 ≤ γ}

= α ∗ (
∨
{q2 ∗ q3 : q2, q3 ∈ copr(L), q2 ≤ β andq3 ≤ γ}γ}

= α ∗ (β ∗ γ).

¤
And finally we have the following necessary condition for the binary operation to be associative:

Proposition4.3 — If α ∧ β ∈ copr(L) for eachα, β ∈ copr(L), then∗ is associative.

PROOF: Let α, β, γ ∈ copr(L). If α ≤ β′, thenα ≤ (β ∧ γ)′ ≤ (β ∗ γ)′ and so

(α ∗ β) ∗ γ = ⊥ ∗ γ = ⊥ = α ∗ (β ∗ γ).

Similarly, if β ≤ γ′ or γ ≤ α′, then(α ∗ β) ∗ γ = ⊥ = α ∗ (β ∗ γ).
Finally, if α 6≤ β′, β 6≤ γ′ andγ 6≤ α′, thenγ 6≤ α′ ∨β′ = (α∧β)′ andα 6≤ β′ ∨ γ′ = (β ∧ γ)′.

Hence, sinceα ∧ β, β ∧ γ ∈ copr(L), we have

(α ∗ β) ∗ γ = (α ∧ β) ∗ γ = α ∧ β ∧ γ = α ∗ (β ∧ γ) = α ∗ (β ∗ γ).

As a consequence of this final proposition we can conclude that ifL is a bounded chain then all

elements are coprime and so the binary operation∗ is associative.

Finally, if the infimum of two coprime elements inL is coprime, then, sincecopr(D(L)) =
{(α1, α

′
1) : α1 ∈ copr(L)} ∪ {(⊥, α2) : α2 ∈ pr(L)}, we also have that the infimum of two

coprime elements incopr(D(L)) is coprime. In particular, ifL is a bounded chain then the binary

operation? defined in Example 3.8 is associative.
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