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In this paper, we classify ruled surfaces in a 3-dimensional Euclidean space satisfying some
algebraic equations in terms of the second Gaussian curvature, the mean curvature and the
Gaussian curvature.
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1. INTRODUCTION

The inner geometry of the second fundamental form has been a popular research topic for ages.
We will refer the term “non-developable,” and by a non-developable surface we mean that a surface
free of points of vanishing Gaussian curvature in a 3-dimensional Euclidean space. It is readily

seen that the second fundamental form of a surface is hon-degenerate if and only if a surface is
non-developable.

On a non-developable surfadé, we can consider the Gaussian curvatiirg of the second
fundamental form which is regarded as a new Riemannian metric. Theré&fgresan be defined
formally and it is the curvature of the Riemannian or pseudo-Riemannian maqibldl). Using
classical notation, we denote the component functions of the second fundamental ferfndnd
g. Thus we define the second Gaussian curvature by (cf. [2])
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It is well known that a minimal surface has vanishing second Gaussian curvature but that a
surface with vanishing second Gaussian curvature need not be minimal.
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For the study of the second Gaussian curvature, Koutroufiotis [9] has shown that a closed ovaloid
is a sphere ifk;; = cK for some constantor if K;; = VK, whereK is the Gaussian curvature.
Koufogiorgos and Hasanis [8] proved that the sphere is the only closed ovaloid satisfying H,
whereH is the mean curvature. Also,ilknel [10] studied surfaces of revolution satisfyiig; =
H. One of the natural generalizations of surfaces of revolution is the helicoidal surfaces. In [1]
Baikoussis and Koufogiorgos proved that the helicoidal surfaces satisfying= H are locally
characterized by constancy of the ratio of the principal curvatures. On the other hand, Blair and
Koufogiorgos [2] investigated a non-developable ruled surface in a 3-dimensional Euclidean space
R3 satisfying the condition

aKirr +bH = constant, 2a+ b # 0, (1.2)
along each ruling. Also, they proved that a ruled surface with vanishing second Gaussian curvature
is a helicoid.

Recently, the present author [15] studied a non-developable ruled surface in a 3-dimensional
Euclidean spacR®? satisfying the conditions

aH +bK = constant, a # 0, (1.3)
aKjr+bK = constant, a #0, (1.4)

along each ruling.

In particular, if it satisfies the condition (1.3), then a surface is called a linear Weingarten surface
(see [11]).

On the other hand, in [6] Kim and the present author investigated a non-developable ruled
surface in a 3-dimensional Lorentz-Minkowski space satisfying the conditions (1.2), (1.3) and (1.4).

In this article, we will study a non-developable ruled surface in a 3-dimensional Euclidean space
R3 satisfying the conditions

aH? + 2bHK + c¢K? = constant, a # 0, (1.5)
aH? +20HK 1 + cK?; = constant, a # —4(b+c),c # 0, (1.6)
aK? + 20K K + cK?; = constant, ¢ # 0. @.7)

If a surface satisfies the equations (1.5), (1.6) and (1.7), then a surface is saidHddbeaadric
surface,H Krr-quadric surface anfl K;r-quadric surface, respectively.

On the other hand, many geometers have been interested in studying submanifolds of Euclidean
and pseudo-Euclidean space in terms of the so-called finite type immersion. Also, such a notion can
be extended to smooth maps on submanifolds, namely the Gauss map [3, 5]. The GaGssmap
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a submanifoldV/ of a Euclidean space or pseudo-Euclidean space is said to be of pointwise 1-type
if AG = fG for some smooth functiori on M whereA denotes the Laplace operator defined on
M [5].

In [3] Choi and Kim proved the following theorem which will be useful to prove our theorems
in this paper.

Theorem1.1— ([3]). Let M be a non-cylindrical ruled surface in &dimensional Euclidean
space. Then, the Gauss map is of pointviggpe if and only ifM is an open part of a helicoid

2. MAIN RESULTS

In this section we classify a non-developable ruled surface in a 3-dimensional EuclideaiR3pace
satisfying the equations (1.5), (1.6) and (1.7). It is well known that a cylindrical ruled surface is
developable, i.e., the Gaussian curvatirés identically zero. Therefore, the second fundamental
form 11 is degenerate. Thus, non-cylindrical ruled surfaces are meaningful for our study.

Theorem2.1— Let M be a non-developable ruled surface iB-@imensional Euclidean space.
Then M is a H K-quadric surface if and only if\/ is an open part of a helicoid
PROOF: Let M be a non-developable ruled surfaceRih. Then the parametrization fai is
given by
x =x(s,t) = a(s) + t5(s)

suchthat s, 8) = 1, (3, 3') = 1 and(a/, 5') = 0. In this case is the striction curve of;, and the
parameter is the arc-length on the spherical cutvAnd we have the natural fran{e:s, z; } given
by z; = o’ + tf4’ andx; = 8. Then, the components of the first fundamental form are given by

E=(d,d) +t2, F={pB), G=1.

We putD =+ EG — F2. In terms of the orthonormal bas{®, 5’, 3 x 3’} we obtain

o = FB+QBxP, (2.1)
g = —B-JBxA, (2.2)
o xB = Q8 (2.3)

whereQ = (o/, B3 x 3') #0, J={(8",3 x B).
Thus, we get
D =+/Q?+12, (2.4)
from which the unit normal vecta¥ is written as

N = 50 x 410 x 0) = 5 (@F — 16 x 7).
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This leads to the componentsf andg of the second fundamental form

o= QP+ QI - Q) [=2 20, g=0.

Therefore, using the data described above, the mean curvafihe Gaussian curvatuf€ and

the second Gaussian curvatute; are given respectively by

_ 1Eg-2Ff+Ge 1 P B
H = 5 B2 _2D3(Jt Qt+Q(QJ —F)),

- @
EG — F? D4

and

K = ;4 <fft(fs - %et) - fQ(_%ett + fst)>
2QiDg (Jt' + Q(F +2QJ)* — 2Q*Q't + Q*(QJ — F)) .

We now differentiated, K and K;; with respect ta, the results are

— 1 _ 743 142 _ N2/
H, = 2D5( Jt0+2Qt° + Q(—QJ + 3F)t — Q°Q"),
2
and
(K1)t = %;Dsuﬁ +Q(2QJ — F)t3 +4Q*Q't?

+Q3(5F + QJ)t — 2QQ").

Suppose that a non-developable ruled surfa¢éis-quadric. Then we have (1.5)

CLHHt + b(HtK + HKt) + CKKt = O,
which implies we have

462 D* AT = a®*D* A3 + 8acD?* Ay A3 + 16¢ A3,

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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where we put

A = 5Q%Jt3 —6Q*Q't* + (5QYT — TQPF)t + Q*Q’,

Ay = JHP—3Q It — (AQJF — 2Q%J% — 2Q") — (2Q%Q'J + 5QQ F)t?
—(Q°Q" +4Q%JF — Q'J* = 3Q°F*)t - (Q°Q'F - Q*Q'),

Az = 4Q. (2.12)

Therefore, by using (2.4) and (2.12) we can show that the coefficient of the highest'draer
the equation (2.11) is
a?Jt = 0.

Sincea # 0, we infer that/ = 0. Therefore, we can rewrite (2.12) in the form

A = —-6Q*Qt —TQ*Ft + Q'Q),
Ay = 2078 +5QQ7F — (Q*Q” - 3Q*F)t — Q°Q'F,
Az = 4Q%. (2.13)

By (2.13) the coefficient of the highest orde? of the equation (2.11) is
4a*Q" =0,

from which@’ = 0. Therefore, (2.13) becomes

A = —TQ3Ft,
Ay = 3Q°*F%,
Az = 4QM,

since@’ = 0. Hence, from (2.11) we obtail = 0 andc = 0. ConsequentlyK;; = H = 0. In
this case, the surface is minimal, that is, helicoid. O

Remark2.1 : On a non-developable ruled surface in a 3-dimensional Euclidean space,
1. Kjp=0ifandonly if H = 0.
2. K;r=Hifand onIy ifK;p=H=0.

Theorem2.2— Let M be a non-developable ruled surface iB@imensional Euclidean space.
Then M is a H Kr;-quadric surface if and only if\/ is an open part of a helicoid

PROOF: As is described in Theorem 2.1 we assume that a non-developable ruled surface
parametrized by

x=z(s,t) = a(s) + tB(s)

such that 3, 3) = 1. (8, #') = 1 and(a/, ) = 0.
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Suppose that a non-developable ruled surfaé¢éhs ;-quadric. Then the equation (1.6) implies

aHH; + b(HtKU + H(K[[)t) + CKU(KH)t =0.

From (2.5), (2.7), (2.8), (2.10) and the above equation we have
a@Q*B1 +bQ?By + ¢B3 = 0, (2.14)
where we put
By = —J*°+3JQt" + (4QJF — 2Q%J? — 2Q"*)t* + (2Q*Q'J — 5QQ'F)t?
HQXQ® +4QPTF — QY7 = 3Q°F)t + (Q°Q'F - Q'Q'),
By = QJ+ (1Q°Q'J + 3QQ' F)t* + (3Q*JF — 8Q*Q"” + 4Q*F*)t
+(3QQ'J + 18Q3Q'F)t? + (8Q°JF — 8Q F? + 4Q'Q"*)t — 3Q°Q'(QJ — F),
By = J*4+4Q%J*" +2Q%Q'Jt5 + (6Q1J* + 4Q3TF — Q*F*)t5
+(2Q'Q'T + 6Q°Q F)t! + (4Q°J? + 8Q°JF + 6Q'F? — 8Q*Q"*)t*
—(2Q°Q"J + 16Q°Q'F)t? + (4Q°Q"* + Q3J? + 4Q" JF — 5Q°F?)t
-20'Q'(Q*J — Q°F). (2.15)
By (2.15) the coefficient of the highest order of the equation (2.14) is

eJ? =0.

Therefore, one findd = 0 sincec # 0, which implies (2.15) becomes

B = —2Q” - 5QQ'F +(Q*Q” - 3Q°F*)t + Q*Q'F,
By = 3QQFt'+ (—8Q*Q” +4Q*F)t* + 18Q°Q'Ft*
+(—8Q*F? + 4Q*Q"*)t + 3Q°Q'F,
By = —QF* +6Q°QFt' + (6Q'F? —8Q'Q")*
—16Q°Q'F* + (4Q°Q" — 5Q°F?)t + 2Q"Q'F. (2.16)

Similarly to Theorem 2.1, one easily sees thiat 0, F' = 0 andQ’Q(a + 4b + 4¢) = 0 since
c#0.1fa# —4(b+ ¢), thenQ' = 0 and the mean curvatui is identically zero by the help of
(2.5). Thus, the surface is minimal. O

Remark2.2 : In Theorem 2.2, it = —4(b + ¢), thenJ = F = 0 with arbitrary@’ implies the
equationK;; = 2H.

Without loss of generality, we may assum@) = (1,0, 0). Thus, by (2.23" = —3 implies

B(s) = (dy sins,dasin s, cos s + dg sin s)
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for some constanté,, ds, d3 satisfyingd? + d3 + d5 = 1. Since(s, 3) = 1, we haved? + d3 = 1
andds = 0. From this we can obtain

B(s) = (dysins,£4/1 — d?sin s, cos s),

where—1 < d; < 1. On the other hand, by (2.1) we have

a(s) = (zFM, dho) f(5) +E,

where f(s) = [ Q(s)ds andE = (ey, ez, e3) is constant vector. Thus, the surfat€ has the
parametrization of the form

x(s,t) = <:|: 1 —d?f(s) +tdysins+ ey, dif(s) Fty/1— d%SinS+62,tCOSS+€3) ,
(2.17)
where—1 < d; <1, f(s) = [ Q(s)ds and(ey, e, e3) is constant vector.
For specific functionf(s) and appropriate intervals afand¢ in (2.17), we have the graph
shown in Figure 1.

100 - e 0 -20 _4g -BO -80

Fic. 1.

287



288 DAE WON YOON
If d; = 0 ord; = %1, then, the surfac@/ is a right conoid. Therefore, a right conoid satisfies

the equationk;; = 2H.

Theorem2.3— Let M be a non-developable ruled surface iB-@imensional Euclidean space.
Then M is a K K r-quadric surface if and only if\/ is an open part of a helicoid

PrROOF: As is described in Theorem 2.1 we assume that a non-developable ruled surface
parametrized by

= z(s,t) = as) + tH(s)
suchthat 3, 3) = 1, (4, 5') = 1 and(c/, ') = 0.
Suppose that a non-developable ruled surfaééis ;-quadric. Then the equation (1.7) implies
aK K+ b(K K+ K(Krr)) + cKr(Krr)e =0,
which implies we obtain from (2.1), (2.3), (2.4), (2.6) and (2.7)
16a2Q8C% + > D*C3 + 8acQ* D?C1C3 — 40*°Q8D*C3 = 0, (2.18)
where

C, = —4QM,

Cy = 3Jt°+ (6Q%*J +5QF)t® —12Q%Q"t> + (3Q*J — 9Q*F)t + 2Q*Q’,

Cs = J* +4Q% %" +2Q%Q' Jt5 + (2Q%J? + 4Q3JF 4 2Q%*J — QF)t°
+(2Q'Q'T + 6Q3Q'F)t* + (6Q°J% + 8Q°JF + 6Q*F? — 8Q1Q")t?
—(2Q%Q'J + 16Q°Q'F)t2 + (4Q%Q"* + Q3 J% + 4Q"JF — 5Q° F2)t
-20'Q"(Q'J — Q°F). (2.19)

In this case we can also obtaih= F' = @’ = 0 anda = 0. Consequently, the surface is
minimal. O

Combining the results of Theorem 1.1, our Theorems 2.1, 2.2, 2.3 and main Theorems in [2,
15], we have

Theorem2.4— Let M be a non-developable ruled surface in a 3-dimensional Euclidean space.
Then, the following are equivalent:

1. M has pointwise 1-type Gauss map.

2. M satisfies the equationH? + 2bHK + cK? = constant,a # 0,b,c € R, along each
ruling.
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3. M satisfies the equatiant/? + 2bH K1 + cK?; = constant,a # —4(b+c),c # 0,b € R,

alon

g each ruling.

4. M satisfies the equationk? + 2bK K + cK?; = constant,c # 0,a,b € R, along each

rulin

g.

5. M satisfies the equatian/k;; + bK = constant, a # 0,b € R, along each ruling.

6. M satisfies the equatiand + bK = constant, a # 0,b € R, along each ruling.

7. M satisfies the equatiank;; + bH = constant, 2a + b # 0,b € R, along each ruling.

10.

11.

12.

REFERENCES

. C. Baikoussis and Th. Koufogiorgos, On the inner curvature of the second fundamental form of
helicoidal surfacesirch. Math, 68 (1997), 169-176.

. D. E. Blair and Th. Koufogiorgos, Ruled surfaces with vanishing second Gaussian curidkure,
Math., 113(1992), 177-181.

. M. Choi and Y. H. Kim, Characterization of the helicoid as ruled surfaces with pointwise 1-type Gauss
map,Bull. Korean Math. Sa¢38(2001), 753-761.

. F. Dillen and W. Kihnel, Ruled Weingarten surfaces in Minkowski 3-spabéemuscripta Math.98
(1999), 307-320.

. Y. H. Kimand D. W. Yoon, Ruled surfaces with pointwise 1-type Gauss hapeometry and Physics
34(2000), 191-205.

. Y. H. Kim and D. W. Yoon, Classification of ruled surfaces in Minkowski 3-spade§eometry and
Physics49 (2004), 89-100.

. O. Kobayashi, Maximal surfaces in the 3-dimensional Minkowski sga¢dokyo J. Math 6 (1983),
297-3009.

. Th. Koufogiorgos and T. Hasanis, A characteristic property of the spReve, Amer. Math. Soc67
(1977), 303-305.

. D. Koutroufiotis, Two characteristic properties of the sph&mc. Amer. Math. Soc44 (1974),
176-178.

W. Kilhnel, Zur inneren Kimmung der zweiten Grundforrivonatsh. Math 91 (1981), 241-251.

H. Rosenberg and R. Sa Earp, The geometry of properly embedded special surfaégs.m, sur-
faces satisfying H + bK = 1, wherea andb are positive Duke Math. J, 73 (1994), 291-306

R. Schneider, Closed convex hypersurfaces with second fundamental form of constant cuPvature,
Amer. Math. So¢35(1972), 230-233.



290 DAE WON YOON

13. D. J. Struik,Differential GeometryReading, MA: Addison-Wesley (1961).

14. 1. V. de Woestijne, Minimal surfaces in the 3-dimensional Minkowski sp&nmety and Topology
of submanifolds, |IWorld Scientific, Singapore (1990), 344—369.

15. D. W. Yoon, Some properties of the helicoid as ruled surfagBsJour. Geometry and Topology
(2002), 141-147



