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Weighted lyengar type inequalities for functions whose higher derivatives satisfy the Lipschitz
condition are given. These results generalize results obtained by Milovamojd], Milo-
vanovic and Peéaric in [5] and Guessab and Schmeisser in [1].
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1. INTRODUCTION

In 1938 lyengar proved the following inequality ([2]):
Theorem 1 — Let f be a differentiable function ofa, b] and|f’(x)| < M. Then

Lo fla)+fO)| - Mb—a) (fb) -~ f(a))’
'b—a/af(x)d‘f_ 2 ‘é 4 4M@®b—a) (3.1)
Inequality (1.1) can be written in a form:

Ay - L IO MO0 g 1.2

where fb

) — Ja w(z) f(x)dx

A(fiw) = ¥ (w)da (1.3)

and )
,_ [10) = f(@) "
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In [4], Milovanovit generalized Theorem 1. He proved the following result:

Theorem2 — Let f be a differentiable function ofa, b] and | f'(z)| < M for eachz € (a,b).
Letw be an integrable function ofu, b) and let there exisk > 1 such that) < ¢ < w(z) < Ac¢for
eachz € [a,b]. Then

1 Mb—a) A+q)(1—¢*)+2(A—1)q

A<f§w)_7(f(a)+f(b)) < 9 '2)\(1+q)_(>\_1)(1+q2)

- (1.5)

whereA(f; w) andgq are defined by (1.3) and (1.4), respectively.

Upon takingw(z) = 1(= A = 1), (1.5) reduces t¢1.2).

For a functionf defined on an intervad:, b], we write f € Lipys (o) with M > 0and0 < o < 1
and say thay satisfies a Lipschitz condition of ordearwith the Lipschitz constant/, if

|f<t2) — f(t1)| < M|t2 — tl‘a, for each t1,t9 € [(I, b]

For notational convenience, the clds@;(1) is denoted simply.ipy;.

From the proof of Theorem 2, it is clear that inequality (1.5) stands even under somewhat weaker
conditions. Namely, we can assurfiec Lip,; instead off being differentiable and satisfying
|f'(z)] < M.

Milovanovic and Péaric in [5] proved another generalization of lyengar’s inequality (1.1). They
considered the class of functions whose derivatives afgzfy; («).

Theorem3 — Let functionf : [a, b] — R satisfy the following conditions
10 fn-1) ¢ Lipy () ;
2° fF(a)=fF@)=0, k=1,2,....,n—1 (n€N).

Then we have

b
o [ - @ s0)
—a)® n—1
el Cant RS

where( is the real root of the equation
Ca+n71 . (1 . C)a+n71 =g,

atn— 1)1
O e IO - Sl B =g Dot @)

Takinga = 1 andn = 1 in (1.6), produces lyengar’s inequality (1.1).
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Fora = 1 andn = 2, inequality (1.6) reduces to

b Y — )2
s [ s G pep| < MO - L TBETEE g

This inequality is called the Milovano¥i Pe&aric inequality.

The last generalization of lyengar’s inequality we’ll consider in this paper is the one Guessab
and Schmeisser proved in [1]. They studied, for each real number|a, %(a + b)], the more
general quadrature formula

b
bia/a f(t)dt:%(f(x)+f(a+b—x>)+E(f;x), (1.9)

with E(f; x) being the remainder. They proved:

Theorem4 — Let f be a function defined ofa, b] and belonging talip;,;. Then, for each
z € [a, 1(a + b)), the remainder in (1.9) satisfies

%' (22 —20)° + (a+b—22)> (fla+b—2)— f(2))* (1.10)

|E(f;2)] < — 0 —a)

This inequality is sharp for each admissible Equality is attained if and only iff =
+Mf.(6;-) +c(ceR)and

T —1t, a<t
t—x, <t
atb—z—t+6, 3(a+
t—a—-b+xz+46, a+bd

f(6;t) ==

whereo € R is any real number satisfying| < a + b — 2.
Note that forr = a, we obtain the conclusion of Theorem 1 under a weaker hypothesis.

In this paper, generalizations of Theorem 2, Theorem 3 and Theorem 4 will be given. We shall

consider the weighted integrﬁf f(x)w(z)dz where the weightv(x) is a non-negative integrable
function on[a, b].

2. MAIN RESULTS

First we’'ll state the weighted version of Theorem 3:
Theorem5 — Let functionf : [a, b] — R satisfy the following conditions

1° f=V € Lipy () ;
20 fRa)=fBB)=0, k=1,2,....,n—1 (neN).
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Letw be a non-negative and integrable function[onb].

Then we have

b
Ry — 2 (f(a) + 1 (1)) / w(z)dz

b
J& / (1f () = f(a) = G(z) + F(x)| = [f(b) — f(a) + G(z) — F(z)]) w(z)dz

+£(b) = f(a) + G(a) - F<m>|)w<m>dx> 2.1)

where
(l‘ o a)a—i—n—l
(a+n—1)0n-1 "7

(b _ x)a—i—n—l

Fle)=M (a+n—1)E-D

2.2)

ProoOF: From conditionl® it follows:
—M(z —a)® < fOV(z) - fV(a) < M(z — a)%,
—M(b—2)* < f0) - f (@) < M(b—2)*

Using conditior2® and(n — 1)-times successive integration of these two inequalitie&:omn)
and(z, b), respectively, we get

flay - T ) < oy + BT
(@ +n—1)m=1— - (a+n—1)n-D
— a+n—1 —x a+n—1
J®) - M(oz([il-nzl)(”—l) < fl@) < JO)+ (a([il—nzl)(”—l)' (2:3)

Introducing notation from (2.2), we conclude
max {f(a) — F(z), f(b) — G(z)} < f(z) <min{f(a) + F(z), f(b) +G(z)}.  (2.4)

It is easy to check that for eaech 5 € R we have:

min {a, f} = (Oé+ﬂ 6 —al), max{a,f} = (a+ﬁ+|ﬁ—04|) (2.5)
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Applying (2.5) to (2.4) gives

(=F(x) = G(x) +|f(0) = G(z) = fa) + F(z)]) < f(x) - % (f(a) + £(b))

DN | =

<

(F(z) + G(z) = [f(b) + G(2) = f(a) = F(z)]). (2.6)

N

Now, multiply (2.6) byw(x) and then integrate of, b). We get:

, b
_ ;/a (F(m) + G(ﬂt?))ﬂ/(d:)da: + ;/a £ () = fa) = G(z) + F(2)|w(z)d

[ -3 (s + 10) [(wwi < ) [ (P + 6w)uw

<
1 b
- 5 [ 10 = £@) + 6(a) - Fl@)lw(a)da, @7)
Applying
Angc@’B—C;A’gC;A 2.8)
to (2.7) produces (2.1). Thus, the proof is complete. d

Corollary 1 — Let the assumptions of Theorem 5 be valid. dwdie a symmetric function about
the mid-point2£?, i.e. let it satisfyw(z) = w(a + b — z) for eachr € [a, %F2]. Then we have

(a) + f(b)
da:— 5 / w(x)dx

< / dr— 1 / £(0) (2) - F@lw(@)ds  (2.9)

whereF(z) andG(z) are defined by (2.2).

PROOE First, notice that

Fla+b—z) = M (@ tn_ DD = G(x),
Gla+b—1) = M(b*“*b”)::n 1:F(a;). (2.10)

Now, we start from (2.7). Its left side is:

b b
_;/a (F(:B) + G($)>w(aj)dﬂc+ ;/a 1£(b) = f(a) — G(z) + F(2)|w(z)dx.
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By substitutionz = a + b — ¢ and using the symmetric-property of functiontogether with
(2.10), we get

b 1 b
—/ F(z)w(x)dr + 2/ |£(b) — f(a) — F(t) + G(t)|w(t)dt

which is equal to the negative value of the right side of (2.7). Therefore, (2.9) is proved. O
Remarkl: Takingw(x) = 1 in Corollary 1, produces Theorem 3.

For the proof of the next corollary (which generalizes Theorem 2), we will need the following
result ([8]).

Theorem6— Let f be an integrable function on (a, b) amd < f(x) < M foreachx € (a,b).
Letw be an integrable function on (a, b) and let there exist 1 such thal) < ¢ < w(z) < Acfor
eachz € [a,b]. Then

Am(M — p) + M(p—m)
MM = p) + (p—m)

m(M — p) + AM(p —m)
(M — p) + A(p —m)

< A(fsw) < (2.11)

whereA(f, w) is defined by (1.3) ang: = ﬁ f;’ f(t)dt

Corollary 2 — Let the assumptions of Corollary 1 be valid and let there exist 1 such that
0 <c<w(z) < Aforeachr € [a,b]. Then

i) = (@) + 1)
< F) (+n)(1—A)+ X201 2 (g+D)u
<5 [r O A E G T RO - G T

(2.12)

whereF(z) andG(z) are defined in (2.2), ¢= w,

( is the real root of the equation ¢t ~1 — (1 — )+t = ¢,

m (1 _ ol % 1+ (a+n-1)2¢— 1)])'

PrROOF: We start from (2.9). Using the symmetric property of functioand (2.10), write it in
aform

and "=

b
dm_ﬂ@+ﬂ®/‘()m

b
g;£[<>+c< Dz~ 3 [170) - 5@ + 6) - Futds
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and then divide it by w(z)da. It follows

A @S0
< Uf[F(w) + G(o)]w(z)ds ;ff |£(b) — f(a) + G(z) — F(z)|w(x)dz
o2 f; w(x)ds 2 ffw(m)d:c
Set
5 JalF(@) + Gla)w(x)de
f;w(m’)dw
We have :
z;i‘f;) < F(x)+ G(z) < F(b)
for eachr € [a, b]
and ,
p= s [ F@ + G = 250

Now we can apply (the right side of) (2.11). We get:
4 (12 2 4
e e e )

- 2 2 4
(1— M) +)‘(T+n_ 2a+n)

(a@+n)(1—A)+ 20t 2

— ( )(Oé 4 n)(2a+n—2 _ )\) + 2a+n—1()\ — 1) . (213)
Similarly, for
o II®) ~ f(@) + Gla) — P@)lw(a)da
J w(w)dx ’
applying the left side of (2.11) we get
(fO) = f@+FO)p  _ Fb)g+1p
C> N|fB) = fl@)|+Fb)— A—DLp  FOMNg+1) —(A—Dp’ (2.14)

Namely, we have

0<[f(b) — fla) + G(z) — F(z)| < [f(b) — f(a)] + F(b) = F(b)(1+q)
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and

1

b
b= s [ 150 = 1@+ Glo) - Fla)lis

1
_ F(b)/ ‘q + (1 _ t)a-i-n-i-l _ ta-l—n—i—l‘ dt.
0
From (2.3) it follows thatq| < 1. On the other hand, function
h(t) — ta+n+1 _ (1 _ t)a+n+1

is strictly increasing and(0) = —1, h(1) = 1.

Therefrom we conclude there exists a real zéra [0, 1] of the integrand. Simple calculation
now gives

_ 2F(b) a+n—1 Q
“_a+n(1_< +2[1+(a+n—1)(2C—1)]).
Our statement follows from (2.13) and (2.14). O

Remark? : Takingw(z) = 1 in Corollary 2, produces Theorem 3 again.

Remark3 : It should be noted that the first expression on the right side of (2.12) is of undeter-
minate form(%) forn = 1 anda = 1, but the limit of that expression, as+ n approaches 2, is
equal to 1 so this Corollary really is a generalization of Theorem 2.

The last generalization we shall prove is the one of Theorem 4. Before we proceed, we will
give an alternative proof of inequality (1.10) and then, using that technique of proof, we’ll give the
weighted version.

Notice that
b—a
2

(f(z) + fla+b—x))

— (- a)f(@) + a“’%%(m) b fa4b—1))+ (z—a)fla+b—2). (2.15)

Now

(b —a)E(f;2)| =

b —a
[ =" )+ a0 a))

<[ -are - [
a — 2% at+b—z
BB @ + faro-a) - [ s
b
+ (a:—a)f(a+b—x)—/+b f(t)dt’. (2.16)
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The idea is to apply Ostrowski's inequality (which we’ll state in a moment) to the first and the
last expression on the right side and lyengar’s inequality (1.1) to the middle one.

The well-known Ostrowski’s inequality is ([7]):

Theorem7 — Let f be a differentiable function ofu, ) and|f/(z)| < M for eachz € (a,b).

Then
b
= [t g

Now we have:

(b= a)E(f;x)]

(1 ) (b—a)M €(a,b)  (217)
<13 b= a) a)M, z € (a, :

(VAN
=

&

|

&

(3]
VRS
| —
+
—

I}
+
N
N~

1
- g (fla+b—2) = f(2))?

1 (a+b—a— atbsztd)?
4 (b—a—b+x)?

+ Mb—a—b+z)? <+

M (2x—2a)?+ (a+b—22)> (fla+b—1x)— f(z))?
4 b—a AM (b — a)
which is exactly (1.10).

For the proof of the weighted generalization of that inequality for the class of functions whose
derivatives are ifl.ip,s (o), we'll need the following generalization of Ostrowski’s inequality which
was proved by Mati, P&aric and Ujeve in [3]:

Theorem8 — Assumef (™) exists for eacht € [a,b] whilen € N U {0}. Let f(™) € Lipy(a)
and letw be a non-negative and integrable functionjand]. Then, forx € [a, b], we have

- f(j)(x) ’ j
(t)dt—jgo j! /G(t—:c) w(t)dt

a+1
t— 2]ty 2.18
=M Tla+tnt1) / il (t)dt (2.18)

wherel is the standard Gamma function.

Forw(z) = 1, (2.18) reduces to
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MT'(a+1) : ;

< N7 7 BV E . N\j+1 ) .

S Taini) [(b— 2yt + (2 —a)’t] (2.19)
Now everything is set for:

Theorem9 — Let functionf : [a, b] — R satisfy the following conditions

10 fn=1) ¢ Lipy () ;

2° f(k)(x) :f(k)(a+b—x) =0, € [a,“TH’] , k=1,2,...,n—1.

Letw be a non-negative and integrable functionjenb] and such thatv(z) = w(a + b — z),

for eachz € [a, «tb]. Then we have

b
t)dt — f(f(x) —I—f(a+b—x))/ w(t)dt‘

a+b—z atb—zx
< / Fwdi—5 [ 1fa+b=1) = f() + G(O) ~ FOlw()de

a+n—1
e | el et

(t o x)a+n—1
(a+n—1)0-1

where
(a+b—x—t)yvtnt

(a+n—1)0-1

F(t)=M , G(t) =

PrROOF: We start from the left side of (2.20)

b
I = dt—(f(:n)—l—f(a—l—b—x))/ w(t)dt‘
at+b—zx 1 at+b—z
- fOwd - 3@+ fa+b-o) [

/ FOw(t)dt + / RO

- %(f(a:)+f(a+b—z)) </:w(t)dt+/a

b

w(t)dt> ‘ .

+b—x

Functionw is symmetric about the midpoint so we have

/a " w(t)dt = / ibx w(t)dt.

a+b—2x 1 a+b—x
/ FOwBdt — 2(F(z)+ fla+b—2)) / w(t)dt

Therefore

I =
2

(2.20)
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+b—x

x b x
+/ f(t)w(t)dt+/ f(t)w(t)dt—(f(m)+f(a+b—:z))/ w(t)dt’

<

a+b—z 1 a+b—x
/x Fleyw(t)dt — 3 (f() + flatb— ) / w(t)dt‘

+

[ 10wt g [“otar
b

b
+

[, seud s rb-a [

w(t)dt‘ .
a+b—zx

We use the same idea again - apply the weighted generalization of lyengar’s inequality (2.9)

to the first expression on the right side and the weighted generalization of Ostrowski’s inequality
(2.18) to the second and the third. It follows

a+b—x at+b—z
I < / F(tyw(t)dt — % / fla+b—a)— f(z)+ G(t) — F(O)|w(t)dt

Fa+1) [* _
_ |atn—1
+M Tlatn) /a |t — x| w(t)dt

D(a41) [° .
M—’ t— b— x)|*T" L (t)dt.
- F(a+n) /a+b—a:| (a+b-a) w(t)

Using the symmetric property of functian, it is easy to check that the second and the third
expression on the right side are equal and thus inequality (2.20) is proved. O

Corollary 3 — Let functionf satisfy the assumptions of Theorem 9. Then we have

M
‘E(faw)’ < (b—a)(a—i—n)(")[

2(x — a)*™"

¥ (a+b—2z)0tm (ga+n—1 - % [+ (a+n—1)2 - 1)])} (2.21)
where( is defined as in Theorem 3.

PrROOF: Statement follows from Theorem 9 by takingz) = 1. It can, of course, be proved
directly, using the same idea and applying inequalities (1.6) and (2.19). O

Remark4 : Takingn = 1 anda = 1 in Corollary 3 produces Theorem 4.

If we weaken conditiorf 1) e Lipy;(a) to f(*~1 being continuous and satisfying
[FOD () = D (k)| < Mifty — ], b € [a,2]
1FPD @) = fOD ()| < Moty — t2|®,  ti,t2 € [,a+b— 7]
1FO D) — fO D ()] < Malty — to]®,  ti,ta € [a+b— 2, b] (2.22)
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by an analogous proof we would get:

b
dt—(f(x)+f(a+b—:c))/ w(t)dt‘

< / T yw(tyde - % / T Ha b — 1) — )+ Gl — P ()t
ey [ el (2.29
where
Fle) = Mo (a(:_nxia:;:n  Glt) = M (aﬁ; 129:;():?_1 (2.24)
Inequality (2.20) would follow upon taking/; = = M3 and using concavity of function

t* for a €0, 1].
Another interesting result from [1] is the following theorem.

Theorem10 — Let f be a differentiable function defined ¢m b] with f* € Lipy,. Letz €
[a, 2 [, and suppose thaf' (z) = f'(a + b — x) = 0. Then the remainder i(L.9) satisfies

1 [ M (flatb—)— f(x))*
B(fio)l < g | gl —af + gplatb—20) - pmo

(2.25)

The inequality is sharp for eache [ ‘IT“’[ Equality is attained for
f(t) = £M [ f.(t)dt + cwith ¢ € R and

T —t, a§t§%(a—|—b—|—2x)—5::a:1
fult): =< t—3(a+0b)+25, 1 <t<:(3a+3b—22)— 6=
a+b—x—t, x9 <t <D,

wheres € R is any real number satisfying| < 1(a +b — 22).
Forx = a, inequality (2.25) is obviously an improvement of inequality (1.8).

Though Guessab and Schmeisser proved Theorem 10ddu, 1 (a + b)], it is in fact enough
to prove their statement far = a. From that the more general case whea [a, % (a + b)[ would
follow. So, suppose we have

3%(1) a)2 _ (f(b) — f(a))2 (2.26)

b
[ st —5 @+ 1) < e

’b_a a



WEIGHTED GENERALIZATIONS OF IYENGAR TYPE INEQUALITIES 303

We'll use, again, the same idea as in proof of Theorem 2.20, or more precisely, we’ll now start
from (2.16). To the middle part we apply (2.26):

a+b—z a — 9
[ i " @)+ fas b - )

s (flat+b—2)— f@)*

<
- 2M(a + b — 2x)

M
32

(a+b—2x) (2.27)

To the first and the last part, we apply (2.19) fo= 1 anda = 1. In that case (2.19) reduces to

b
/ F(B)dt — F(@)(b—a) — f'(z)(b— a)(b+a — 2z)

M b
< 2/ |t — z|?dt (2.28)

By assumption, functiorf satisfies/’(z) = f’(a + b — z) = 0, so from (2.28) follows

/ it~ - a)f@)| < e (2.29)
b
‘ / f@)dt —(zr—a)fla+b—2x) < %(x—aﬁ (2.30)
at+b—2x

Addition of estimations (2.27), (2.29) and (2.30) produces (2.25).

Once again, replacing conditig”~) € Lipy(«a) with condition (2.22), would give us

M (flatb—x)—~ f(x))*
G (:E—a)3—|—3722(a—|—b—2x)3— SMy(a b= %)

Again, takingM; = My = M3 would produce (2.25).
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