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Weighted Iyengar type inequalities for functions whose higher derivatives satisfy the Lipschitz

condition are given. These results generalize results obtained by Milovanović in [4], Milo-

vanovíc and Pěcaríc in [5] and Guessab and Schmeisser in [1].
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1. INTRODUCTION

In 1938 Iyengar proved the following inequality ([2]):

Theorem 1 — Let f be a differentiable function on[a, b] and|f ′(x)| ≤ M . Then

∣∣∣∣
1

b− a

∫ b

a
f(x)dx− f(a) + f(b)

2

∣∣∣∣ ≤
M(b− a)

4
− (f(b)− f(a))2

4M(b− a)
. (1.1)

Inequality (1.1) can be written in a form:
∣∣∣∣A(f ; 1)− f(a) + f(b)

2

∣∣∣∣ ≤
M(b− a)

4
(1− q2), (1.2)

where

A(f ; w) =

∫ b
a w(x)f(x)dx∫ b

a w(x)dx
(1.3)

and

q =
|f(b)− f(a)|

M(b− a)
. (1.4)
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In [4], Milovanović generalized Theorem 1. He proved the following result:

Theorem2 — Let f be a differentiable function on[a, b] and |f ′(x)| ≤ M for eachx ∈ (a, b).
Letw be an integrable function on(a, b) and let there existλ ≥ 1 such that0 < c ≤ w(x) ≤ λc for

eachx ∈ [a, b]. Then

∣∣∣∣A(f ; w)− 1
2
(f(a) + f(b))

∣∣∣∣ ≤
M(b− a)

2
· (λ + q)(1− q2) + 2(λ− 1)q
2λ(1 + q)− (λ− 1)(1 + q2)

(1.5)

whereA(f ;w) andq are defined by (1.3) and (1.4), respectively.

Upon takingw(x) = 1(⇒ λ = 1), (1.5) reduces to(1.2).

For a functionf defined on an interval[a, b], we writef ∈ LipM (α) with M > 0 and0 < α ≤ 1
and say thatf satisfies a Lipschitz condition of orderα with the Lipschitz constantM , if

|f(t2)− f(t1)| ≤ M |t2 − t1|α, for each t1, t2 ∈ [a, b].

For notational convenience, the classLipM (1) is denoted simplyLipM .

From the proof of Theorem 2, it is clear that inequality (1.5) stands even under somewhat weaker

conditions. Namely, we can assumef ∈ LipM instead off being differentiable and satisfying

|f ′(x)| ≤ M .

Milovanović and Pěcaríc in [5] proved another generalization of Iyengar’s inequality (1.1). They

considered the class of functions whose derivatives are inLipM (α).

Theorem3 — Let functionf : [a, b] → R satisfy the following conditions:

1◦ f (n−1) ∈ LipM (α) ;

2◦ f (k)(a) = f (k)(b) = 0, k = 1, 2, . . . , n− 1 (n ∈ N).

Then we have
∣∣∣∣

1
b− a

∫ b

a
f(x)dx− 1

2
(f(a) + f(b))

∣∣∣∣

≤ M(b− a)α+n−1

(α + n)(n)

{
ζα+n−1 − q

2
[1 + (α + n− 1)(2ζ − 1)]

}
(1.6)

whereζ is the real root of the equation

ζα+n−1 − (1− ζ)α+n−1 = q,

q =
(α + n− 1)(n−1)

M(b− a)α+n−1
|f(b)− f(a)|, p(n) = p(p− 1) . . . (p− n + 1). (1.7)

Takingα = 1 andn = 1 in (1.6), produces Iyengar’s inequality (1.1).
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Forα = 1 andn = 2, inequality (1.6) reduces to

∣∣∣∣
1

b− a

∫ b

a
f(x)dx− 1

2
(f(a) + f(b))

∣∣∣∣ ≤
M(b− a)2

24
− 1

2
· (f(b)− f(a))2

M(b− a)2
. (1.8)

This inequality is called the Milovanović - Pěcaríc inequality.

The last generalization of Iyengar’s inequality we’ll consider in this paper is the one Guessab

and Schmeisser proved in [1]. They studied, for each real numberx ∈ [a, 1
2(a + b)], the more

general quadrature formula

1
b− a

∫ b

a
f(t)dt =

1
2

(f(x) + f(a + b− x)) + E(f ;x), (1.9)

with E(f ;x) being the remainder. They proved:

Theorem4 — Let f be a function defined on[a, b] and belonging toLipM . Then, for each

x ∈ [a, 1
2(a + b)], the remainder in (1.9) satisfies:

|E(f ; x)| ≤ M

4
· (2x− 2a)2 + (a + b− 2x)2

b− a
− (f(a + b− x)− f(x))2

4M(b− a)
. (1.10)

This inequality is sharp for each admissiblex. Equality is attained if and only iff =
±Mf∗(δ; ·) + c (c ∈ R) and

f∗(δ; t) :=





x− t, a ≤ t ≤ x

t− x, x ≤ t ≤ 1
2(a + b + δ)

a + b− x− t + δ, 1
2(a + b + δ) ≤ t ≤ a + b− x

t− a− b + x + δ, a + b− x ≤ t ≤ b,

whereδ ∈ R is any real number satisfying|δ| ≤ a + b− 2x.

Note that forx = a, we obtain the conclusion of Theorem 1 under a weaker hypothesis.

In this paper, generalizations of Theorem 2, Theorem 3 and Theorem 4 will be given. We shall

consider the weighted integral
∫ b
a f(x)w(x)dx where the weightw(x) is a non-negative integrable

function on[a, b].

2. MAIN RESULTS

First we’ll state the weighted version of Theorem 3:

Theorem5 — Let functionf : [a, b] → R satisfy the following conditions:

1◦ f (n−1) ∈ LipM (α) ;

2◦ f (k)(a) = f (k)(b) = 0, k = 1, 2, . . . , n− 1 (n ∈ N).
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Let w be a non-negative and integrable function on[a, b].

Then we have
∣∣∣∣
∫ b

a
f(x)w(x)dx− 1

2
(f(a) + f(b))

∫ b

a
w(x)dx

+
1
4

∫ b

a
(|f(b)− f(a)−G(x) + F (x)| − |f(b)− f(a) + G(x)− F (x)|) w(x)dx

∣∣∣∣

≤ 1
2

(∫ b

a

(
F (x) + G(x)

)
w(x)dx− 1

2

∫ b

a

(
|f(b)− f(a)−G(x) + F (x)|

+|f(b)− f(a) + G(x)− F (x)|
)
w(x)dx

)
(2.1)

where

F (x) = M
(x− a)α+n−1

(α + n− 1)(n−1)
, G(x) = M

(b− x)α+n−1

(α + n− 1)(n−1)
. (2.2)

PROOF : From condition1◦ it follows:

−M(x− a)α ≤ f (n−1)(x)− f (n−1)(a) ≤ M(x− a)α,

−M(b− x)α ≤ f (n−1)(b)− f (n−1)(x) ≤ M(b− x)α.

Using condition2◦ and(n− 1)-times successive integration of these two inequalities on(a, x)
and(x, b), respectively, we get

f(a)−M
(x− a)α+n−1

(α + n− 1)(n−1)
≤ f(x) ≤ f(a) + M

(x− a)α+n−1

(α + n− 1)(n−1)
,

f(b)−M
(b− x)α+n−1

(α + n− 1)(n−1)
≤ f(x) ≤ f(b) + M

(b− x)α+n−1

(α + n− 1)(n−1)
. (2.3)

Introducing notation from (2.2), we conclude

max {f(a)− F (x), f(b)−G(x)} ≤ f(x) ≤ min {f(a) + F (x), f(b) + G(x)}. (2.4)

It is easy to check that for eachα, β ∈ R we have:

min {α, β} =
1
2
(α + β − |β − α|), max {α, β} =

1
2
(α + β + |β − α|). (2.5)
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Applying (2.5) to (2.4) gives

1
2

(−F (x)−G(x) + |f(b)−G(x)− f(a) + F (x)|) ≤ f(x)− 1
2

(f(a) + f(b))

≤ 1
2

(F (x) + G(x)− |f(b) + G(x)− f(a)− F (x)|) . (2.6)

Now, multiply (2.6) byw(x) and then integrate on(a, b). We get:

− 1
2

∫ b

a

(
F (x) + G(x)

)
w(x)dx +

1
2

∫ b

a
|f(b)− f(a)−G(x) + F (x)|w(x)dx

≤
∫ b

a
f(x)w(x)dx− 1

2

(
f(a) + f(b)

)∫ b

a
w(x)dx ≤ 1

2

∫ b

a

(
F (x) + G(x)

)
w(x)dx

− 1
2

∫ b

a
|f(b)− f(a) + G(x)− F (x)|w(x)dx. (2.7)

Applying

A ≤ B ≤ C ⇔
∣∣∣∣B − C + A

2

∣∣∣∣ ≤
C −A

2
(2.8)

to (2.7) produces (2.1). Thus, the proof is complete. ¤

Corollary 1 — Let the assumptions of Theorem 5 be valid. Letw be a symmetric function about

the mid-pointa+b
2 , i.e. let it satisfyw(x) = w(a + b− x) for eachx ∈ [a, a+b

2 ]. Then we have

∣∣∣∣
∫ b

a
f(x)w(x)dx− f(a) + f(b)

2

∫ b

a
w(x)dx

∣∣∣∣

≤
∫ b

a
F (x)w(x)dx− 1

2

∫ b

a
|f(b)− f(a) + G(x)− F (x)|w(x)dx (2.9)

whereF (x) andG(x) are defined by (2.2).

PROOF: First, notice that

F (a + b− x) = M
(a + b− x− a)α+n−1

(α + n− 1)(n−1)
= G(x),

G(a + b− x) = M
(b− a− b + x)α+n−1

(α + n− 1)(n−1)
= F (x). (2.10)

Now, we start from (2.7). Its left side is:

−1
2

∫ b

a

(
F (x) + G(x)

)
w(x)dx +

1
2

∫ b

a
|f(b)− f(a)−G(x) + F (x)|w(x)dx.
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By substitutionx = a + b − t and using the symmetric-property of functionw together with

(2.10), we get

−
∫ b

a
F (x)w(x)dx +

1
2

∫ b

a
|f(b)− f(a)− F (t) + G(t)|w(t)dt

which is equal to the negative value of the right side of (2.7). Therefore, (2.9) is proved. ¤

Remark1: Takingw(x) = 1 in Corollary 1, produces Theorem 3.

For the proof of the next corollary (which generalizes Theorem 2), we will need the following

result ([8]).

Theorem6— Letf be an integrable function on (a, b) andm ≤ f(x) ≤ M for eachx ∈ (a, b).
Letw be an integrable function on (a, b) and let there existλ ≥ 1 such that0 < c ≤ w(x) ≤ λc for

eachx ∈ [a, b]. Then

λm(M − µ) + M(µ−m)
λ(M − µ) + (µ−m)

≤ A(f ; w) ≤ m(M − µ) + λM(µ−m)
(M − µ) + λ(µ−m)

(2.11)

whereA(f, w) is defined by (1.3) andµ = 1
b−a

∫ b
a f(t)dt.

Corollary 2 — Let the assumptions of Corollary 1 be valid and let there existλ ≥ 1 such that

0 < c ≤ w(x) ≤ λc for eachx ∈ [a, b]. Then

∣∣∣∣A(f ; w)− 1
2
(f(a) + f(b))

∣∣∣∣

≤ F (b)
2

[
(α + n)(1− λ) + λ2α+n−1 − 2

(α + n)(2α+n−2 − λ) + 2α+n−1(λ− 1)
− (q + 1)µ

F (b)λ(q + 1)− (λ− 1)µ

]

(2.12)

whereF (x) andG(x) are defined in (2.2), q = |f(b)−f(a)|
F (b) ,

ζ is the real root of the equation ζα+n−1 − (1− ζ)α+n−1 = q,

and µ =
2F (b)
α + n

(
1− ζα+n−1 +

q

2
[1 + (α + n− 1)(2ζ − 1)]

)
.

PROOF: We start from (2.9). Using the symmetric property of functionw and (2.10), write it in

a form
∣∣∣∣
∫ b

a
f(x)w(x)dx− f(a) + f(b)

2

∫ b

a
w(x)dx

∣∣∣∣

≤ 1
2

∫ b

a
[F (x) + G(x)]w(x)dx− 1

2

∫ b

a
|f(b)− f(a) + G(x)− F (x)|w(x)dx
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and then divide it by
∫ b
a w(x)dx. It follows

∣∣∣∣A(f ;w)− f(a) + f(b)
2

∣∣∣∣

≤ 1
2

∫ b
a [F (x) + G(x)]w(x)dx∫ b

a w(x)dx
− 1

2

∫ b
a |f(b)− f(a) + G(x)− F (x)|w(x)dx∫ b

a w(x)dx
.

Set

B =

∫ b
a [F (x) + G(x)]w(x)dx∫ b

a w(x)dx
.

We have :

4F (b)
2α+n

≤ F (x) + G(x) ≤ F (b),

for eachx ∈ [a, b]
and

µ =
1

b− a

∫ b

a
(F (x) + G(x))dx =

2F (b)
α + n

.

Now we can apply (the right side of) (2.11). We get:

B ≤
F (b)

[
4

2α+n

(
1− 2

α+n

)
+ λ

(
2

α+n − 4
2α+n

)]
(
1− 2

α+n

)
+ λ

(
2

α+n − 4
2α+n

)

= F (b)
(α + n)(1− λ) + λ2α+n−1 − 2

(α + n)(2α+n−2 − λ) + 2α+n−1(λ− 1)
. (2.13)

Similarly, for

C =

∫ b
a |f(b)− f(a) + G(x)− F (x)|w(x)dx∫ b

a w(x)dx
,

applying the left side of (2.11) we get

C ≥ (|f(b)− f(a)|+ F (b))µ

λ (|f(b)− f(a)|+ F (b))− (λ− 1)µ
=

F (b)(q + 1)µ
F (b)λ(q + 1)− (λ− 1)µ

. (2.14)

Namely, we have

0 ≤ |f(b)− f(a) + G(x)− F (x)| ≤ |f(b)− f(a)|+ F (b) = F (b)(1 + q)
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and

µ =
1

b− a

∫ b

a
|f(b)− f(a) + G(x)− F (x)|dx

= F (b)
∫ 1

0

∣∣q + (1− t)α+n+1 − tα+n+1
∣∣ dt.

From (2.3) it follows that|q| ≤ 1. On the other hand, function

h(t) = tα+n+1 − (1− t)α+n+1

is strictly increasing andh(0) = −1, h(1) = 1.

Therefrom we conclude there exists a real zeroζ ∈ [0, 1] of the integrand. Simple calculation

now gives

µ =
2F (b)
α + n

(
1− ζα+n−1 +

q

2
[1 + (α + n− 1)(2ζ − 1)]

)
.

Our statement follows from (2.13) and (2.14). ¤

Remark2 : Takingw(x) = 1 in Corollary 2, produces Theorem 3 again.

Remark3 : It should be noted that the first expression on the right side of (2.12) is of undeter-

minate form(0
0) for n = 1 andα = 1, but the limit of that expression, asα + n approaches 2, is

equal to 1 so this Corollary really is a generalization of Theorem 2.

The last generalization we shall prove is the one of Theorem 4. Before we proceed, we will

give an alternative proof of inequality (1.10) and then, using that technique of proof, we’ll give the

weighted version.

Notice that
b− a

2
(f(x) + f(a + b− x))

= (x− a)f(x) +
a + b− 2x

2
(f(x) + f(a + b− x)) + (x− a)f(a + b− x). (2.15)

Now

|(b− a)E(f ; x)| =
∣∣∣∣
∫ b

a
f(t)dt− b− a

2
(f(x) + f(a + b− x))

∣∣∣∣

≤
∣∣∣∣(x− a)f(x)−

∫ x

a
f(t)dt

∣∣∣∣

+
∣∣∣∣
a + b− 2x

2
(f(x) + f(a + b− x))−

∫ a+b−x

x
f(t)dt

∣∣∣∣

+
∣∣∣∣(x− a)f(a + b− x)−

∫ b

a+b−x
f(t)dt

∣∣∣∣ . (2.16)
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The idea is to apply Ostrowski’s inequality (which we’ll state in a moment) to the first and the

last expression on the right side and Iyengar’s inequality (1.1) to the middle one.

The well-known Ostrowski’s inequality is ([7]):

Theorem7 — Letf be a differentiable function on(a, b) and |f ′(x)| ≤ M for eachx ∈ (a, b).
Then

∣∣∣∣
1

b− a

∫ b

a
f(x)dx− f(x)

∣∣∣∣ ≤
(

1
4

+

(
x− a+b

2

)2

(b− a)2

)
(b− a)M, x ∈ (a, b) (2.17)

Now we have:

|(b− a)E(f ; x)|

≤ M(x− a)2
(

1
4

+

(
x− a+x

2

)2

(x− a)2

)

+
M

4
(a + b− 2x)2 − 1

4M
(f(a + b− x)− f(x))2

+ M(b− a− b + x)2
(

1
4

+

(
a + b− x− a+b−x+b

2

)2

(b− a− b + x)2

)

=
M

4
· (2x− 2a)2 + (a + b− 2x)2

b− a
− (f(a + b− x)− f(x))2

4M(b− a)

which is exactly (1.10).

For the proof of the weighted generalization of that inequality for the class of functions whose

derivatives are inLipM (α), we’ll need the following generalization of Ostrowski’s inequality which

was proved by Matíc, Pěcaríc and Ujevíc in [3]:

Theorem8 — Assumef (n) exists for eacht ∈ [a, b] whilen ∈ N ∪ {0}. Let f (n) ∈ LipM (α)
and letw be a non-negative and integrable function on[a, b]. Then, forx ∈ [a, b], we have

∣∣∣∣∣∣

∫ b

a
f(t)w(t)dt−

n∑

j=0

f (j)(x)
j!

∫ b

a
(t− x)jw(t)dt

∣∣∣∣∣∣

≤ M
Γ(α + 1)

Γ(α + n + 1)

∫ b

a
|t− x|α+nw(t)dt, (2.18)

whereΓ is the standard Gamma function.

Forw(x) = 1, (2.18) reduces to
∣∣∣∣∣∣

∫ b

a
f(t)dt−

n∑

j=0

f (j)(x)
(j + 1)!

[
(b− x)j+1 − (a− x)j+1

]
∣∣∣∣∣∣
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≤ MΓ(α + 1)
Γ(α + n + 2)

[
(b− x)j+1 + (x− a)j+1

]
. (2.19)

Now everything is set for:

Theorem9 — Let functionf : [a, b] → R satisfy the following conditions:

1◦ f (n−1) ∈ LipM (α) ;

2◦ f (k)(x) = f (k)(a + b− x) = 0, x ∈ [
a, a+b

2

]
, k = 1, 2, . . . , n− 1.

Let w be a non-negative and integrable function on[a, b] and such thatw(x) = w(a + b− x),
for eachx ∈ [

a, a+b
2

]
. Then we have

∣∣∣∣
∫ b

a
f(t)w(t)dt− 1

2
(f(x) + f(a + b− x))

∫ b

a
w(t)dt

∣∣∣∣

≤
∫ a+b−x

x
F (t)w(t)dt− 1

2

∫ a+b−x

x
|f(a + b− x)− f(x) + G(t)− F (t)|w(t)dt

+
2M

(α + n− 1)(n−1)

∫ x

a
|t− x|α+n−1w(t)dt (2.20)

where

F (t) = M
(t− x)α+n−1

(α + n− 1)(n−1)
, G(t) = M

(a + b− x− t)α+n−1

(α + n− 1)(n−1)
.

PROOF : We start from the left side of (2.20)

I =
∣∣∣∣
∫ b

a
f(t)w(t)dt− 1

2
(f(x) + f(a + b− x))

∫ b

a
w(t)dt

∣∣∣∣

=
∣∣∣∣
∫ a+b−x

x
f(t)w(t)dt− 1

2
(f(x) + f(a + b− x))

∫ a+b−x

x
w(t)dt

+
∫ x

a
f(t)w(t)dt +

∫ b

a+b−x
f(t)w(t)dt

− 1
2
(f(x) + f(a + b− x))

(∫ x

a
w(t)dt +

∫ b

a+b−x
w(t)dt

)∣∣∣∣ .

Functionw is symmetric about the midpoint so we have
∫ x

a
w(t)dt =

∫ b

a+b−x
w(t)dt.

Therefore

I =
∣∣∣∣
∫ a+b−x

x
f(t)w(t)dt− 1

2
(f(x) + f(a + b− x))

∫ a+b−x

x
w(t)dt
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+
∫ x

a
f(t)w(t)dt +

∫ b

a+b−x
f(t)w(t)dt− (f(x) + f(a + b− x))

∫ x

a
w(t)dt

∣∣∣∣

≤
∣∣∣∣
∫ a+b−x

x
f(t)w(t)dt− 1

2
(f(x) + f(a + b− x))

∫ a+b−x

x
w(t)dt

∣∣∣∣

+
∣∣∣∣
∫ x

a
f(t)w(t)dt− f(x)

∫ x

a
w(t)dt

∣∣∣∣

+
∣∣∣∣
∫ b

a+b−x
f(t)w(t)dt− f(a + b− x)

∫ b

a+b−x
w(t)dt

∣∣∣∣ .

We use the same idea again - apply the weighted generalization of Iyengar’s inequality (2.9)

to the first expression on the right side and the weighted generalization of Ostrowski’s inequality

(2.18) to the second and the third. It follows

I ≤
∫ a+b−x

x
F (t)w(t)dt− 1

2

∫ a+b−x

x
|f(a + b− x)− f(x) + G(t)− F (t)|w(t)dt

+M
Γ(α + 1)
Γ(α + n)

∫ x

a
|t− x|α+n−1w(t)dt

+M
Γ(α + 1)
Γ(α + n)

∫ b

a+b−x
|t− (a + b− x)|α+n−1w(t)dt.

Using the symmetric property of functionw, it is easy to check that the second and the third

expression on the right side are equal and thus inequality (2.20) is proved. ¤

Corollary 3 — Let functionf satisfy the assumptions of Theorem 9. Then we have

|E(f ; x)| ≤ M

(b− a)(α + n)(n)

[
2(x− a)α+n

+ (a + b− 2x)α+n
(
ζα+n−1 − q

2
[1 + (α + n− 1)(2ζ − 1)]

)]
(2.21)

whereζ is defined as in Theorem 3.

PROOF : Statement follows from Theorem 9 by takingw(x) = 1. It can, of course, be proved

directly, using the same idea and applying inequalities (1.6) and (2.19). ¤

Remark4 : Takingn = 1 andα = 1 in Corollary 3 produces Theorem 4.

If we weaken conditionf (n−1) ∈ LipM (α) to f (n−1) being continuous and satisfying

|f (n−1)(t1)− f (n−1)(t2)| ≤ M1|t1 − t2|α, t1, t2 ∈ [a, x]

|f (n−1)(t1)− f (n−1)(t2)| ≤ M2|t1 − t2|α, t1, t2 ∈ [x, a + b− x]

|f (n−1)(t1)− f (n−1)(t2)| ≤ M3|t1 − t2|α, t1, t2 ∈ [a + b− x, b] (2.22)
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by an analogous proof we would get:

∣∣∣∣
∫ b

a
f(t)w(t)dt− 1

2
(f(x) + f(a + b− x))

∫ b

a
w(t)dt

∣∣∣∣

≤
∫ a+b−x

x
F (t)w(t)dt− 1

2

∫ a+b−x

x
|f(a + b− x)− f(x) + G(t)− F (t)|w(t)dt

+
M1 + M3

(α + n− 1)(n−1)

∫ x

a
|t− x|α+n−1w(t)dt (2.23)

where

F (t) = M2
(t− x)α+n−1

(α + n− 1)(n−1)
, G(t) = M2

(a + b− x− t)α+n−1

(α + n− 1)(n−1)
. (2.24)

Inequality (2.20) would follow upon takingM1 = M2 = M3 and using concavity of function

tα for α ∈ ]0, 1].

Another interesting result from [1] is the following theorem.

Theorem10 — Let f be a differentiable function defined on[a, b] with f ′ ∈ LipM . Let x ∈[
a, a+b

2

[
, and suppose thatf ′(x) = f ′(a + b− x) = 0. Then the remainder in(1.9)satisfies

|E(f ; x)| ≤ 1
b− a

[
M

3
(x− a)3 +

M

32
(a + b− 2x)3 − (f(a + b− x)− f(x))2

2M(a + b− 2x)

]
. (2.25)

The inequality is sharp for eachx ∈ [
a, a+b

2

[
. Equality is attained for

f(t) = ±M
∫

f ′∗(t)dt + c with c ∈ R and

f ′∗(t) :=





x− t, a ≤ t ≤ 1
4(a + b + 2x)− δ =: x1

t− 1
2(a + b) + 2δ, x1 ≤ t ≤ 1

4(3a + 3b− 2x)− δ =: x2

a + b− x− t, x2 ≤ t ≤ b,

whereδ ∈ R is any real number satisfying|δ| ≤ 1
4(a + b− 2x).

Forx = a, inequality (2.25) is obviously an improvement of inequality (1.8).

Though Guessab and Schmeisser proved Theorem 10 forx ∈ [a, 1
2(a + b)[, it is in fact enough

to prove their statement forx = a. From that the more general case whenx ∈ [a, 1
2(a + b)[ would

follow. So, suppose we have

∣∣∣∣
1

b− a

∫ b

a
f(t)dt− 1

2
(f(a) + f(b))

∣∣∣∣ ≤
M

32
(b− a)2 − (f(b)− f(a))2

2M(b− a)2
. (2.26)
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We’ll use, again, the same idea as in proof of Theorem 2.20, or more precisely, we’ll now start

from (2.16). To the middle part we apply (2.26):
∣∣∣∣
∫ a+b−x

x
f(t)dt− a + b− 2x

2
(f(x) + f(a + b− x))

∣∣∣∣

≤ M

32
(a + b− 2x)3 − (f(a + b− x)− f(x))2

2M(a + b− 2x)
. (2.27)

To the first and the last part, we apply (2.19) forn = 1 andα = 1. In that case (2.19) reduces to

∣∣∣∣
∫ b

a
f(t)dt− f(x)(b− a)− f ′(x)(b− a)(b + a− 2x)

∣∣∣∣ ≤
M

2

∫ b

a
|t− x|2dt (2.28)

By assumption, functionf satisfiesf ′(x) = f ′(a + b− x) = 0, so from (2.28) follows
∣∣∣∣
∫ x

a
f(t)dt− (x− a)f(x)

∣∣∣∣ ≤ M

6
(x− a)3, (2.29)

∣∣∣∣
∫ b

a+b−x
f(t)dt− (x− a)f(a + b− x)

∣∣∣∣ ≤ M

6
(x− a)3. (2.30)

Addition of estimations (2.27), (2.29) and (2.30) produces (2.25).

Once again, replacing conditionf (n−1) ∈ LipM (α) with condition (2.22), would give us

|E(f ; x)| ≤ 1
b− a

[
M1 + M3

6
(x− a)3 +

M2

32
(a + b− 2x)3 − (f(a + b− x)− f(x))2

2M2(a + b− 2x)

]
.

Again, takingM1 = M2 = M3 would produce (2.25).
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